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ABSTRACT The problem of trajectory planning is relevant for the proper use of costly robotic systems to
mitigate undesirable effects such as vibration and even wear on the mechanical structure of the system. The
objective of this study is to design trajectories that are devoid of collision, velocity, acceleration, jerk and
snap discontinuities so that the cycle time required to complete the process can be reduced. The trajectory
design was constructed for all the six joints, using a 9th order Bezier curve to accommodate the ten boundary
conditions required to satisfy the continuity constraints for joints displacement, velocity, acceleration,
jerk and snap. The scheme combines the multi-objective genetic algorithm and the multi-objective goal
attainment algorithm to solve the problem of total tracking error reduction during arc welding. The use of a
hybrid multi-objective algorithm shows an improved average spread, average distance, number of iteration
and computational time. Also, it can be concluded from the constraints studied, that the optimal path in
terms of the robots dynamic constraints can achieve the expected tracking ability in terms of the optimal
joint angles, velocities, acceleration, jerk, snap and torque.

INDEX TERMS Industrial robots, optimization, multi-objective genetic algorithm, trajectory planning, jerk,
snap.

I. INTRODUCTION
Industrial robots (IRs) have changed the face of manu-
facturing since their debut in the last decades, leading to
tremendous advances in efficiency, capability and technology
adoption. IRs have been applied to operations like material
handling, arc-welding, painting, machining, assembly, mate-
rial removal, part transfer and machine tending. In most of
these IRs operations, the end-effector must move precisely in
a smooth continuous routine along a specified trajectory. One
of the most used applications of the industrial robot is robotic
welding. Robotic welding is a term used to describe the use of
an industrial robot to automate a welding process by perform-
ing the weld and handling part. Arc welding and resistance
spot welding, employed in very high production applications,
find huge aptness in robotic welding. Arc welding involves
the use of a generated electric arc between an electrode and
metal to heat and weld components together, permanently.
As the torch is used to bond parts together, the shielding gas
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FIGURE 1. (a) Rail car body shell [1]; (b) Rail car bogie frame [2].

is used to prevent the sullying of the molten weld pool to
ensure a strong weld and to minimise post-weld clean up. For
example, in railcar manufacturing, the welding process of the
bogie frame and the body shell (see FIGURE 1) are usually
made up of hundreds of complex welded joints components,
which are known as tubular TYK. The schematic of the
TYK joints is illustrated in FIGURE 2. The weldable parts
constitute considerable size and complex geometry that needs
to be joined along a curved path.

The welding process of the bogie frame is usually executed
manually; it requires very high expertise by the operator and
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FIGURE 2. Common complex joints in various welding applications.

takes four days for two welders to implement. Even though
commercially existing robotic welding systems are fortified
using advanced welding technologies, automated welding
solutions for this kind of complex joint without human inter-
vention are near impossible due to the non-uniform and irreg-
ular geometries of the welding grooves.

Two essential methods exist for robot programming of
robot task: On-line manual programming and Off-line pro-
gramming have been applied to program robots for demand-
ing tasks. On-line programming refers to physically teaching
the robot the required trajectory, through interaction with the
aid of a teach pendant or similar device; it has the benefit
of being applied to the real-time situation since no testing
is required. However, it has some setbacks including the
possibility of collision; it is costly; the robot must be avail-
able; the production process has to be terminated [3]; and
it requires technical expertise to understand the processes
and programming skill of the robot. Off-line programming
refers to graphical simulation frameworks that allow running
manufacturing processes by using models of the real work-
cells. The industrial robot is programmed into the simulator;
hence, testing is required. The use of Off-line programming
holds significant advantages. First, the cycle time can be
determined beforehand. Second, no need to learn any of
the robot programming languages but only the simulation
language. Third, it is possible to build a work-cell around
industrial robots by planning trajectories to avoid collisions.
A robotic work-cell is used to denote robot, controller, and
peripherals. It is still tricky for off-line programming to
adequately represent the real world with maximum accuracy
since programsmay still need adjustment after they have been
applied to the real robot [4].

The full benefits of industrial robots can only be achieved
through proper trajectory planning. The problem of trajectory
planning is relevant for appropriate use of the costly robotic
systems to mitigate undesirable effects such as vibration and
even wear on the mechanical structure of the system [5]–[7].
Rough and jerky motions cause increased wear and fluc-
tuations in the robot by the excitation of resonance in the
manipulator. Also, optimal trajectory planning plays a vital
role in improving efficiency and reduction of the cycle time
of the arc welding work-cell, even in the presence of con-
straints [5]. For example, a discontinuity in velocity leads to
impulsive acceleration; a discontinuity in acceleration leads
to impulsive jerk. Also, a discontinuity in jerk leads to impul-
sive snap. The snap, as used to denote the derivative of
the jerk; is rarely considered as a constraint in trajectory
planning of robotic work-cells. The significant contribution

of this paper is in solving the problem of discontinuity in
jerk within the framework of the dynamic robot model during
welding by the introduction of the Snap continuity constraint.
The model uses a hybrid scheme that combines the global
multi-objective genetic algorithm with the multi-objective
goal attainment method; the hybrid scheme gives the advan-
tages of both optimisation methods while counterweighing
their disadvantages.

The rest of the paper is structured as follows. Section II
discusses related works on the application of trajectory plan-
ning in robotic welding of complex joints. Section III and IV
describe the trajectory design and formulation of the sys-
tem, while section V describes the optimisation methodology
used.

II. RELATED WORK
For decades, trajectory planning for complex tasks in manu-
facturing work-cells has gained lots of attention from indus-
trial robotics researchers. The objective of trajectory planning
is to reduce cost angles, joint velocities, and joint accel-
eration function when subjected to joint jerks, torques and
gripping force constraints by considering dynamics of the
robot [8]. Trajectory planning is an integral part of robotic
welding applications. The high operating speed requirement
of robotic welding makes it imperative to design trajectories
with suitable characteristics, to achieve meaningful output
regarding quality and ease of performing the required motion.
The capacity to generate trajectories with given characteris-
tics, in terms of quality and ease of performing the required
motion, especially, at high operating speeds required in many
robotic applications is sacrosanct [9]. Robotic welding oper-
ations involve the end effector tracking a distinct trajectory,
in three-dimensional space, as approximately, as attainable,
while keeping the preferred velocity practically possible.
Trajectory planning is not a trivial problem, bearing in mind
the constraints imposed by the joint acceleration, end-effector
velocity, and trajectory error. Disregarding these constraints
gives rise to poor tracking performance: deviations of the
end effector, overshoots, undue velocity fluctuations, rough
and jerky motion. Several techniques have been used to
design trajectory for robotic welding. For example, in [10],
the authors used a trajectory generation methodology for a
robotic Shielded metal arc welding (SMAW), whose execu-
tion time is a function of the melting rate of the electrode,
and independent of the welding speed given by the welding
parameters while keeping the electric arc length constant.
The application establishes promising support for process
design and manual welding training; however, the model
did not factor jerk constraints. Efforts have been made by
researches to solve the problem of jerk constraints. For exam-
ple, Mattmüller and Gisler [11] designed a smooth and a
near time trajectory to determine optimal jerk-constrained
trajectories along three times differentiable paths in a non-
perturbative manner. In [12], they designed a scheme which
uses quantic and quartic polynomials to satisfy the continuity
of the joints’ positions, velocity, and acceleration; together
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with the controllability of the acceleration at the end-path
point. This was done to avoid the overshoot effect and
system vibration and guarantee the stability of the robot
motion. Chen and Li [13] employed acceleration and smooth
jerk constraints to determine an optimal solution and trans-
forming Kinematics constraints into the limitations on the
optimal variables to reformulate the objective function in
a matrix form; however, the model neglects the effect of
robot dynamics. Also, Rubio, et al. [14] investigated the
impact of torque, power, jerks, and energy consumed con-
straints on the design of minimum-time collision-free tra-
jectories for industrial robots, whose algorithm works in a
discrete configuration space, and inverse dynamics scheme.
The scheme was analysed using cubic interpolation func-
tions amid two adjacent configurations; improvement in the
performance of the robot, by way of linking satisfactorily,
the values of torque, power, jerk, and energy consumed was
achieved. Freeman also follows a minimum jerk approach.
In Freeman [15], the method of generating minimal jerk tra-
jectories for redundant robots by using an algorithm based
on the concept of a pseudo-spectral optimisation method was
proposed. These models did not put the robot dynamic model
into consideration.

Many recently proposed the use of off-line and vir-
tual reality-based methods for robotic welding. Liu also
made an effort to simulate a robotic arc welding process.
In Liu, et al. [16], the authors introduced a simulation system
for arc welding design and task planning that converts the
design features (including connection and constraints) of the
workpiece to the machining features (including seam axis,
normal, start and endpoints) of the seams, and then directs
the robot to perform the welding task.

Furthermore, optimisation models have been applied to
plan paths for welding robots. Chen also proposed a method
for solving partitioning of the path during welding. In [17],
they defined welding paths of tube-sphere intersection based
on the established J-groove joint robot; the point inversion
module using particle swamp optimisation (PSO) was pro-
posed to address the difficulty of the partitioning of the path
required in the welding process.

New methodologies have been proposed for solving the
trajectory problem in industrial robotics. [18], designed a
real-time path smoothing method for DELTA parallel using
a 5th order Bezier to blend the adjacent linear segments. [19],
proposed a robot path planning method in which the weld-
ing task is divided into multiple intervals. The trajectory
is modelled as both a line and arc interpolation transition,
to complete the welding task from both joint and Cartesian
coordinate space planning. Reference [20] achieved a signif-
icantly shorter cycle time with stable motion performance of
velocities, accelerations, and jerk using a methodology based
on the 3-4-5 polynomial motion and Quintic Pythagorean-
Hodograph (PH) curves. Time-optimal trajectory planning
in real-time, using pseudoinverse-based, path-constrained for
a kinematically redundant robot under torque and velocity
constraints robot has been reported [21], [22].

Unlike the methods as mentioned above, we designed a
trajectory for the six joints, using a nonic Bezier curve to
accommodate the ten boundary conditions required to satisfy
the continuity constraints for joints displacement, velocity,
acceleration, jerk and snap. The control point at the initial and
final condition during welding is premised on the assumption
that the robot is at rest initially, and comes to a full stop at the
end of the trajectory. The algorithm developed uses a hybrid
scheme that combines the global multi-objective genetic
algorithm with the multi-objective goal attainment method;
the hybrid scheme gives the advantages of both optimisation
methods while counterweighing their disadvantages.

III. TRAJECTORY DESIGN
Trajectory planning and generation of motion of the
arc-welding gun are vital in the welding of complex joints
found in railcar manufacturing. The task requires that the
arc-welding gun pass a warped curve, like those experienced
at the seam of the warped surfaces found in the underframe
of a rail wagon and the bogie frame. The use of a six-degree
of freedom robot ensures the welding torch can reach an
arbitrary posture and finish the welding task.

A. PATH ORIENTATION USING EULER ANGLES
To provide orientation information during arc welding,
the authors employed Euler angles. Euler angles are more
humanly comprehensible and ideal for decomposing rota-
tions into degrees of freedom based on the joint kinematics.
The orientation is defined using ZYZ convention and within
the Cartesian coordinates system. The roll, pitch and yaw vec-
tors defines the coordinate frame and describes the orienta-
tion of the industrial robot joints (see Appendix FIGURE 13).
Digital Enterprise Lean Manufacturing Interactive Applica-
tion (DELMIA), and Catia 3D software uses the ZYZ con-
vention that is also good for the alignment of notation and
convention. See the Appendix Section for the Euler angles
equations (26)-(28), defined by using the ZYZ convention.
Also, to find a robust, optimal solution during arc welding,
a nonic Bezier curve is derived to address the limitation of
using a higher-order polynomial caused by numerical prob-
lems due to bad conditioning. The objective of the optimisa-
tion problem is to carry out the welding task with minimum
movement of the joint angles along with the weld points,
in the presence of both kinematic and dynamic constraints.

B. KINEMATIC AND DYNAMIC MODEL OF THE ROBOT
The dynamic equation of the industrial robot is derived
using Lagrangian, which is the difference between the kinetic
energy and its potential energy. The dynamic equation of the
systems in terms of the Euler-Lagrangian method and incor-
porating friction terms and path constraints are summarised
in (1).

Zmin =

N∑
j=1

(
M (θ) θ̈ + H

(
θ, θ̇

)
+ G (θ)+ τfric

(
θ, θ̇

))
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s.t. constraints∣∣θj∣∣ ≤ θmax
j = displacement∣∣θ̇j∣∣ ≤ θ̇max
j = velocity∣∣θ̈j∣∣ ≤ θ̈max
j = acceleration∣∣...θ j∣∣ ≤ ...
θ
max
j = jerk∣∣....θ j

∣∣ ≤ ....
θ

max
j = snap (1)

where, Zmin is the objective function depicting the joint torque
vector τ , M is the joint space symmetric inertia matrix,
H is the vector of centrifugal and Coriolis forces, G is the
gravity force vector, τfric is the frictional forces and θ, θ̇ , θ̈
are the joint angles velocity and acceleration vectors. The
descriptions of all the variables in (1) are reported in Table 1.

TABLE 1. Description of variables of the robot dynamic equations.

C. WELDING SYSTEM
The robotic welding system is made up of sub-systems:
arc welding industrial robot, workpiece positioners/fixtures,
power source, wire feeder, welding gun or torch, torch
cleaner, risers, control systems, tool centre point (TCP) cali-
bration unit, and so forth. The industrial robot whose dynamic
model is described in (1) and TABLE 1 is a fundamental
sub-system of the welding systems, and it influences the
quality of the weld. The Denavit Hartenberg (DH) approach
is applied to define the industrial robot coordinate system.
For ease of analysis of the kinematic equation, the last three
joints are set as a reference point on the wrist, and the first
three joint axes intersect at one point, the reference point in
the wrist.

The framework described in FIGURE 3 is used to build
the robotic work cell. Tags, as used in this section, denote
coordinate points used to carry welding operations; they are
constructed to guarantee a consistent path for the robot. The
path is re-ordered after it is created or in the middle of the pro-
cess. The created tags are grouped in a tag list where it is used
to define and assign a task to the industrial robot. The created
tags are placed around the points to be welded followed by the
creation of a task that fuses the tags points across the product.
See FIGURE 4 for a screenshot on the use of the Delmia
robotics to manipulate the Process Product Resource (PPR)
and design the work cell, containing robot, riser, Bogie and
the positioner. FIGURE 5 shows the work-cell simulation of

FIGURE 3. Framework adopted for off-line programming.

FIGURE 4. Screenshot of designed arc welding work cell for KUKA KR90.

FIGURE 5. Work cell simulation Arc welding.

the arc welding. The simulation results provide inputs used to
determine the control points of the Bezier curve for t ∈ [0, 1].
The riser provides a platform for mounting the industrial
robot. Tags are used to define points on the bogie frame to be
welded, and the positioner grips the bogie during arc welding.

158756 VOLUME 7, 2019



J. Ogbemhe et al.: Optimal Trajectory Scheme for Robotic Welding Along Complex Joints Using HMOGA

IV. TRAJECTORY FORMULATION
The trajectory was constructed for all the six joints by
using the nonic Bezier curve, and the Bezier function θi (t)
is defined on the interval [ti, ti+1]. The continuity of Dis-
placement, Velocity, Acceleration, Jerk and Snap (DVAJS)
is assumed all through the formulation. Ten boundary con-
ditions are required to impose these continuity constraints.
It is convenient to use the polynomial function of a degree n
in normalised form, for example as

θN (t) = c0 + c1t + c2t2 + c3t3 + c4t4 + . . .+ cntn (2)

In order to determine the parameters cn in (2), the mathemat-
ical relationship in (3) is defined as

Dc = b, (3)

where c = [c0, c1, c2, c3, . . . , cn]T . The vector b, containing
the boundary conditions of displacement, velocity, accelera-
tion, jerk and snap will take the form in (4).

b = [q0, v0, a0, j0, s0, q1, v1, a1, j1, s1]T (4)

Lastly, the coefficient matrix D is defined by imposing the
boundary conditions on (5). The parameters c are determined
using

c = D−1b (5)

As the degree of the polynomial increases, the computation
of D−1 may give numerical issues. This research uses the
Bezier form of polynomials to address the shortcoming of the
conventional polynomial scheme. The Bezier polynomial is
expressed in the form of

θN (t) =
n∑
i=0

(
n
i

)
t i (1− t)n−1 pi, 0 ≤ t ≤ 1 (6)

where
(
n
i

)
is the binomial coefficient defined as

(
n
i

)
=

n!
i!(n−i) ; t is the parameter that influences the distribution of

the interpolation points;
(
n
i

)
t i (1− t)n−1 are the Bernstein

polynomials and pi are known as the control points. The
relationship between the control points pi and coefficients ci
is shown in (7) [23].

cj =
n!

(n− j)

j∑
i=0

(−1)i+j

i! (j− i)!
pi, j = 0, 1, . . . , n. (7)

Similarly, the control points pi are calculated by imposing the
boundary conditions on (6) at both the initial and final points.

A. PATH MODELLING USING NONIC BEZIER CURVE
Applying the generalised Bezier polynomial function in (6)
yields the expression in (8)

θN (t) =
(
−t9 + 9t8 − 36t7 + 84t6 − 126t5

+126t4 − 84t3 + 36t2 − 9t + 1

)
p0

+

(
9t9 − 72t8 + 252t7 − 504t6 + 630t5

−504t4 + 252t3 − 72t2 + 9t

)
p1

+

(
−36t9 + 252t8 − 756t7 + 1260t6

−1260t5 + 756t4 − 252t3 + 36t2

)
p2

+

(
84t9 − 504t8 + 1260t7 − 1680t6

+1260t5 − 504t4 + 84t3

)
p3

+

(
−126t9 + 630t8 − 1260t7 + 1260t6

− 630t5 + 126t4
)
p4

+

(
126t9 − 504t8 + 756t7 − 504t6 + 126t5

)
p5

+

(
−84t9 + 252t8 − 252t7 + 84t6

)
p6

+

(
36t7(1− t)2

)
p7 +

(
9t8(1− t)

)
p8 +

(
t9
)
p9

(8)

Differentiating the expression in (8) yields the acceleration
continuity expression in (9).

θ̇N (t) =
(
−9t8 + 72t7 − 252t6 + 504t5

−630t4 + 504t3 − 252t2 + 72t − 9

)
p0

+

(
81t8 − 576t7 + 1764t6 − 3024t5+
3150t4 − 2016t3 + 756t2 − 144t + 9

)
p1

+

(
−324t8 + 2016t7 − 5292t6 + 7560t5

−6300t4 + 3024t3 − 756t2 + 72t

)
p2

+

(
756t8 − 4032t7 + 8820t6 − 10080t5

+6300t4 − 2016t3 + 252t2

)
p3

+

(
−1134t8 + 5040t7 − 8820t6 + 7560t5

− 3150t4 + 504t3
)
p4

+

(
1134t8−4032t7+5292t6−3024t5+630t4

)
p5

+

(
−756t8 + 2016t7 − 1764t6 + 504t5

)
p6

+

(
324t8 − 576t7 + 252t6

)
p7

+

(
−81t8 + 72t7

)
p8 +

(
9t8
)
p9 (9)

Differentiating the expression in (9) yields the acceleration
continuity expression in (10).

θ̈N (t) =
(
−72t7 + 504t6 − 1512t5 + 2520t4−
2520t3 + 1512t2 − 504t + 72

)
p0

+

(
648t7 − 4032t6 + 10584t5 − 15120t4

+12600t3 − 6048t2 + 1512t − 144

)
p1

+

(
−2592t7+14112t6 − 31752t5 + 37800t4

−25200t3 + 9072t2 − 1512t + 72

)
p2

+

(
6048t7 − 28224t6 + 52920t5−
50400t4 + 25200t3 − 6048t2 + 504t

)
p3

+

(
−9072t7 + 35280t6 − 52920t5

+37800t4 − 12600t3 + 1512t2

)
p4

+

(
9072t7 − 28224t6 + 31752t5

−15120t4 + 2520t3

)
p5

+

(
−6048t7 + 14112t6

−10584t5 + 2520t4

)
p6
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+

(
2592t7 − 4032t6 + 1512t5

)
p7

+

(
−648t7 + 504t6

)
p8 +

(
72t7

)
p9 (10)

Differentiating the expression in (10) yields the jerk continu-
ity expression in (11).
...
θ N (t)

=

(
−504t6 + 3024t5 − 7560t4 + 10080t3

−7560t2 + 3024t − 504

)
p0

+

(
4536t6 − 24192t5 + 52920t4 − 60480t3

+37800t2 − 12096t + 1512

)
p1

+

(
−18144t6 + 84672t5 − 158760t4+
151200t3 − 75600t2 + 18144t − 1512

)
p2

+

(
42336t6 − 169344t5 + 264600t4

−201600t3 + 75600t2 − 12096t + 504

)
p3

+

(
−63504t6 + 211680t5 − 264600t4

+151200t3 − 37800t2 + 3024t

)
p4

+

(
63504t6 − 169344t5 + 158760t4

− 60480t3 + 7560t2
)
p5

+

(
−42336t6 + 84672t5 − 52920t4 + 10080t3

)
p6

+

(
18144t6 − 24192t5 + 7560t4

)
p7

+

(
−4536t6 + 3024t5

)
p8 +

(
504t6

)
p9 (11)

Differentiating the expression in (11) yields the snap conti-
nuity expression in (12).
....
θ N (t) =

(
−3024t5 + 15120t4 − 30240t3

+30240t2 − 15120t + 3024

)
p0

+

(
27216t5 − 120960t4 + 211680t3

−181440t2 + 75600t − 12096

)
p1

+

(
−108864t5 + 423360t4 − 635040t3

+453600t2 − 151200t + 18144

)
p2

+

(
254016t5 − 846720t4 + 1058400t3

−604800t2 + 151200t − 12096

)
p3

+

(
−381024t5 + 1058400t4 − 1058400t3

+453600t2 − 75600t + 3024

)
p4

+

(
381024t5 − 846720t4 + 635040t3

−181440t2 + 15120t

)
p5

+

(
−254016t5 + 423360t4

− 211680t3 + 30240t2
)
p6

+

(
108864t5 − 120960t4 + 30240t3

)
p7

+

(
−27216t5 + 15120t4

)
p8 +

(
3024t5

)
p9

(12)

B. DETERMINATION OF THE CONTROL POINT AT INITIAL
AND FINAL CONDITION
The parameters pi in (6) are computed by first imposing
the boundary conditions on θN (t), by using (8)-(12). The

resulting boundary condition is provided in (13)-(14).

θN (0) = q0; θ̇N (0) = v0; θ̈N (0) = a0;
...
θ N (0) = j0;

....
θ N (0) = s0. (13)

θN (1) = q1; θ̇N (1) = v1; θ̈N (1) = a1;
...
θ N (1) = j1;

....
θ N (1) = s1. (14)

Re-writing (3) in terms of the control points at t = 0
yields (15).

D0p0= b0, (15)

with

D0 =


1 0 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0
1 −2 1 0 0 0 0 0 0 0
−1 3 −3 1 0 0 0 0 0 0
−1 −4 6 −4 1 0 0 0 0 0

 ;

b0 =



q0
v0
n
a0

n (n− 1)
j0

n (n− 1) (n− 2)
s0

n (n− 1) (n− 2) (n− 3)


(16)

Similarly, the control points at t = 1 yields (17).

D1p1= b1, (17)

with

D1 =


1 0 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0 0
1 −2 1 0 0 0 0 0 0 0
−1 3 −3 1 0 0 0 0 0 0
−1 −4 6 −4 1 0 0 0 0 0

 ;

b1 =



q1
v1
n
a1

n (n− 1)
j1

n (n− 1) (n− 2)
s1

n (n− 1) (n− 2) (n− 3)


(18)

The control points for both the initial and final condition
are calculated by using the expression p0 = D−10 b0 and
p1 = D−11 b1, derived from (16) and (18). The parameters in
b0 and b1 are obtained from the result of the robotic off-line
simulation.

These control points values are substituted in (8)-(12)
to arrive at the much-needed continuity condition
(see TABLE 3), on the assumption that the robot is at rest
initially, and comes to full rest at the end of the trajectory.

TABLE 2 shows the control points used at the initial and
final condition and TABLE 3 gives the velocities, accel-
eration, jerk, and snap constraints for KR90-R3100-Extra
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TABLE 2. Control points at initial and final points.

TABLE 3. Kinematic constraint for KR90-extra robot.

FIGURE 6. Optimisation approach.

robot [24]; the maximum permissible torque for the robot is
35000Nm.

V. OPTIMISATION APPROACH
FIGURE 6 presents an overall analysis of the algorithm and
code development that incorporates both the dynamic model
shown in (1) and the constraints formulated in Section IV.
Evolutionary Algorithms (EA) are suitable for solving Multi-
Objective Problems (MOPs), thanks to their ability to provide
the decision-makers with a set of trade-off solutions in a
single run and also for their insensitivity to the geometric fea-
tures of the objective space. A MOP consists of minimising

or maximising an objective function vector under constraints.
The generalised robotic model in the form of MOPs is as
follows:

Minτ (x) = [τ1 (x) , τ2 (x) , . . . , τN (x)]T

γj (x) ≥ 0 j = 1, . . . ,Q
hk (x) = 0 κ = 1, . . . ,R
xLi ≤ xi ≤ x

U
i i = 1, . . . , n

(19)

where N is the number of the objective functions, Q is the
number of the inequality constraints, R is the number of
equality constraints, xLi and xUi are the lower and upper
bounds. The solution xi satisfying the constraints Q + R is
feasible, and the set of all feasible solutions defines the feasi-
ble search space denoted by� in (19). A trade-off solution is
achieved during the determination of the MOP; this solution
is known as the Pareto optimal solutions.

An optimisation is a process of manipulating inputs into a
model to find the minimum or maximum result; this process
will be referred to here as the evaluation function. An optimi-
sation algorithm finds the optimum solution among so many
local minima. It is of interest to know that some optimisation
schemes are better equipped for finding a local minimum
rather than finding a global minimum. The genetic algorithm
is a search algorithm founded on the mechanism of natural
genetics and natural selections. GA, a branch of the evolu-
tionary, computation techniques applies the physical survival
of the fittest with genetic operators abstracted from nature
to form a very robust search mechanism that has become
popular with optimal robotics problems [25]. The use of GA
involves a pool of possible solution space to the evaluation
function; undergoing mutation, creating new offspring and
the process repeated in a series of generations. The use of
GA as a non-derivative optimisation scheme has numerous
advantages, such as:
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1. More efficient than the traditional methods of
optimisation,

2. Excellent parallel computing capabilities for both contin-
uous, discrete function and multi-objective problems,

3. GA finds good application for large search space, and with
lots of parameters.

However, the use of GA comes with its challenges including
inconsistency of search space solutions; its time-consuming
nature and difficulty dealing with equality constraints.
To address this setback, this paper adopts the Multi-objective
GA and goal attainment algorithm as a hybrid optimisation
scheme. This hybrid scheme optimises the joint angles so
that the end-effector tracks the prescribed trajectory smoothly
and accurately in the presence of velocity, jerk, and snap
continuity.

A. OPTIMISATION PROBLEMS AND THE DESIGN
VARIABLES CONSTRAINTS
The mathematical statement of the optimisation problem for
the robots, regarding dynamics, is as stated in (1); subject to
joints constraints in (20), velocity constraints in (21), accel-
eration constraints in (22), jerk constraints in (23), and snap
constraints in (24) respectively.

x1 ≤ θ1 = 1850;−x1 ≤ θ1 = 185; x2 ≤ θ2 = −50;

−x2 ≤ θ2 = −1400; x3 ≤ θ3 = 1550;

− x3 ≤ θ3 = 1200; x4 ≤ θ4 = 3500;−x4 ≤ θ4 = 3500;

x5 ≤ θ5 = 1250;−x5 ≤ θ5 = 1250; x6 ≤ θ6 = 3500;

−x6 ≤ θ6 = 3500 (20)

x7 ≤ θ̇1 = 105 deg s−1; x8 ≤ θ̇2 = 101 deg s−1;

x9 ≤ θ̇3 = 107 deg s−1; x10 ≤ θ̇4 = 292 deg s−1;

x11 ≤ θ̇5 = 258 deg s−1; x12 ≤ θ̇6 = 284 deg s−1 (21)

x13 ≤ θ̈1 = 52 deg s−2; x14 ≤ θ̈2 = 50 deg s−2;

x15 ≤ θ̈3 = 80 deg s−2; x16 ≤ θ̈4 = 136 deg s−2;

x17 ≤ θ̈5 = 178 deg s−2; x18 ≤ θ̈6 = 206 deg s−2 (22)

x19 ≤
...
θ 1 = 75 deg s−3; x20 ≤

...
θ 2 = 75 deg s−3;

x21 ≤
...
θ 3 = 82 deg s−3; x22 ≤

...
θ 4 = 100 deg s−3;

x23 ≤
...
θ 5 = 190 deg s−3; x24 ≤

...
θ 6 = 200 deg s−3 (23)

x25 ≤
....
θ 1 = 100 deg s−4; x26 ≤

....
θ 2 = 100 deg s−4;

x27 ≤
....
θ 3 = 95 deg s−4; x28 ≤

....
θ 4 = 90 deg s−4;

x29 ≤
....
θ 5 = 105 deg s−4; x30 ≤

....
θ 6 = 150 deg s−4 (24)

Finally, the dynamic constraint is expressed in (25).

τi ≤ τimax (25)

The expression τi and τimax is the torque and the maxi-
mum torque of the ith link, respectively. The design and
optimisation techniques involve the search and identification
of the best configuration that minimises the joints angle
movements. These techniques guarantee that the end-effector
tracks the prescribed arc weld trajectory smoothly and accu-
rately in the presence of dynamic and kinematic constraints,

thereby minimising the torque requirement of the robot.
The trajectory optimisation constraints equations, described
in (20)-(25) were employed to run the optimisation itera-
tions. Figure 3 shows the flow chart of the optimal trajectory
planning using the hybrid, multi-objective goal attainment
optimisation scheme.

B. HYBRID OPTIMISATION PARAMETERS
The hybrid optimisation scheme, which integrates the ben-
efits of the multi-objective genetic algorithm and the
multi-objective goal attainment algorithm is proposed in this
section. The hybrid optimisation uses adaptive parameters
to regulate the probabilities of the mutation, cross-over and
population size operators until the maximum solution space
is achieved. The crossover probability is used to describe
how repeatedly the crossover can be performed, for example,
if there is no crossover, the offspring are the same copy as
that of the parents, and if there is a crossover, the offspring
is made from parts of the parent’s chromosome. A cross over
the probability of 0%, indicates a new generation is produced
from the exact copies; while a 100% crossover probability
indicates that all offspring are produced by crossover. The
mutation is a critical parameter that stops the GA from being
function at a score range of 0 and a maximum number of the
individual at 7 see FIGURE 8. The mutation is a caught up
in local minima. The mutation probability is used to describe
how parts of the chromosome are mutated. A mutation prob-
ability of 100% indicates that the whole chromosome is
changed while a 0% mutation probability indicates that noth-
ing is changed. The optimisation parameters are as shown in
TABLE 4.
The relationship between the average speeds of the gener-

ational chromosomes gives the average spread of 0.0373923,
as shown in FIGURE 8. The average distance between the
individuals 500 generation is described in FIGURE 8. The
selection function by using tournament, in terms of the num-
ber of children and its chromosomes show the number of
children as seven in a population size of 200; see FIGURE 8.
The score histogram gives an optimal multi-objective
evaluation.

VI. RESULT AND DISCUSSION OF THE OPTIMISATION
SIMULATION ANALYSIS
The fundamental assumption made in this section is that the
robot is at rest initially, and comes to a full stop at the end
of the trajectory. The ensuing dynamic equation modelled as
a function of (DVAJS) constraints were optimised using the
multi-objective genetic and multi-objective goal attainment
algorithm of the global optimisation toolbox in MATLAB
2019a. The effects of the defined constraints on the optimised
Snap is reported and discussed in this section. However,
the result of the defined constrained on displacement, veloc-
ity, jerk and torque are shown in the Appendix section. The
coefficient of determination, known as R-SQUARE, gives the
goodness of fit of the observed data.
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FIGURE 7. Flow chart of optimal trajectory planning using hybrid multi-objective and goal attainment optimisation scheme.

A. EFFECT OF THE DEFINED CONSTRAINTS ON THE
OPTIMISED JOINT DVAJS
To validate the effect of the defined constraints on the
joint snap, the classical Multi-Objective Genetic Algorithm

(MOGA) and the Hybrid Multi-Objective Genetic Algo-
rithm (HMOGA) optimisation were used. The coefficient of
determination, known as R-SQUARE, gives the goodness
of fit of the observed data. FIGURE 9 and FIGURE 10
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FIGURE 8. (a) Average spread; (b); Average distance between individuals;
(c) The selection function; (d) Distance of individuals; (e) Score
histogram; (f) Stopping criteria.

shows the optimum joints snap as a function of the robots
dynamic model and the constraints defined in (20)-(25). The
figures show that the snap variation of the first, second,
third, fourth, fifth and sixth joints are smooth, stable, and
meet the continuity requirement for snap defined in (20)-(25).
The R-SQUARE values for the joints snap shows significant
improvement from 0.46, 0.46, 0.46, 0.14, 0.19 and 0.5, for
joints shown in FIGURE 9 (a-f) to 0.77, 0.47, 0.69, 0.42, 0.67
and 0.59, for joints shown in FIGURE 10(a-f), with the use of
HMOGA (see TABLE 5). This improvement is an indication

TABLE 4. Parameter of the hybrid algorithm.

of how the observed data points fit into the regression model
and an indication of the smoothness of the motion.

B. EFFECT OF THE DEFINED CONSTRAINTS ON THE
OPTIMISED JOINT TORQUE
To validate the effect of the defined constraints on the joint
torque, the classical MOGA and the HMOGA optimisation
were used. FIGURE 11 and FIGURE 12 shows the results
of the variation of the Torques after applying the hybrid
optimisation scheme on the welding manipulator. The multi-
objection optimisation function is defined and evaluated
under the kinematic and dynamic constraints for each link.
These dynamic constraints include torque limit at the actuator
of each link. The uniqueness of the results of the optimal
torques is in the inclusion of the snap constraints (rate of
change of jerk) in the objective function. FIGURE 11 and
FIGURE 12 shows that the torque variation of the first,
second, third, fourth, fifth and sixth joints are smooth, stable,
and meet the continuity requirement. The R-SQUARE values
for the joints torque show a significant improvement from
−0.092, −0.094, −0.10, −0.10, −0.11, −0.11 for joints
shown in FIGURE 11(a-f), to 0.57, 0.62, 0.63, 0.62, 0.52 and
0.52, for joints shown in FIGURE 12(a-f) with the use of
HMOGA (see TABLE 6). This improvement is an indication
of how the observed data points fit into the regression model
and the smoothness of the motion.

TABLE 5. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint snap.
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TABLE 6. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint torque.

FIGURE 9. Results for designed trajectory along the geometric path using
MOGA in terms of the time history of joint snap.

To verify the effect of the defined constraints on the
joint angle position, the classical Multi-Objective Genetic
Algorithm (MOGA) and the Hybrid Multi-Objective Genetic
Algorithm (HMOGA) optimisation were used. The opti-
mised running graphs of each joint angle is plotted in
Appendix FIGURE 14 and FIGURE 15. The coefficient of
determination, known as R-SQUARE, gives the goodness
of fit of the observed data. The figures show that the angle
variation of the first, second, third, fourth, fifth and sixth
joints are smooth, stable, and meet the continuity require-
ment for joint angle displacement as defined in (20)-(25).
The R-SQUARE values for the joint angles show significant
improvement from 0.38,0.05,0.19,−0.08,−0.026 and −0.12
for joints shown in FIGURE 14(a-f), to 0.57, 0.711, 0.23, 0.66
and 0.72 shown in FIGURE 15 (a-f), with the use of HMOGA
(see TABLE 8). The curve becomes smoother after the use

FIGURE 10. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of joint snap.

of HMOGA, and it is an indication of how the displacement
data points fit into the regression model; this is seen from
the kinematic parameters of the optimal joint displacement
shown in Appendix TABLE 8.
To validate the effect of the defined constraints on the joint

velocity, the classical MOGA and the HMOGA optimisation
were used. FIGURE 16 and FIGURE 17 shows the effects of
the defined constraints in (20)-(25), within the framework of
the robots dynamic model on the joints velocity. The figures
show that the velocity variation of the first, second, third,
fourth, fifth and sixth joints are smooth, stable, and meet the
continuity requirement for velocity defined in (20)-(25). The
R-SQUARE values for the joints velocity shows a significant
improvement from 0.09, 0.104, 0.45, 0.43, 0.42 and 0.31 for
joints shown in FIGURE 16(a-f) to 0.49, 0.74, 0.70, 0.72, 0.53
and 0.4 for joints shown in FIGURE 17(a-f), with the use of
HMOGA (see TABLE 9). This improvement is an indication
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FIGURE 11. Results for designed trajectory along the geometric path
using MOGA in terms of the time history of joint torque.

FIGURE 12. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of joint torque.

of how the observed data points fit into the regression model
and smoothness of the motion.

To validate the effect of the defined constraints on the
joint acceleration, the classical MOGA and the HMOGA
optimisation were used. FIGURE 18 and FIGURE 19 shows
the minimised joints acceleration as a function of the robots
dynamic model and the constraints defined in (20)-(25). The
figures show that the acceleration variation of the first, sec-
ond, third, fourth, fifth and sixth joints are smooth, stable, and
meet the continuity requirement for acceleration defined in
(20)-(25). The R-SQUARE values for the joints acceleration
shows a significant improvement from 0.26, 0.29, −0.01,
0.38, 0.39 and 0.51 for joints shown in FIGURE 18(a-f)
to 0.52, 0.53, 0.91, 0.91, 0.77 and 0.49 for joints shown in
FIGURE 19(a-f) with the use of HMOGA (see TABLE 10).
This improvement is an indication of how the observed data

FIGURE 13. Euler angles.

points fit into the regression model and smoothness of the
motion. These joints acceleration result is not only seamless
but also in agreement with the research work of Jorge [26];
except for the non-inclusion of the jerk and dynamic con-
straints. Therefore, the results realised the optimal trajectory
in terms of the robots dynamic constraints and achieved
the expected tracking ability in terms of its optimal joint
acceleration.

To confirm the effect of the defined constraints on the joint
jerk, the classicalMOGAand theHMOGAoptimisationwere
used. FIGURE 20 and VII shows the optimised joints jerk as
a function of the robots dynamic model and the constraints
defined in (20)-(25). The figures show that the jerk varia-
tion of the first, second, third, fourth, fifth and sixth joints
are smooth, stable, and meet the continuity requirement for
jerk continuity defined in (20)-(25). The R-SQUARE values
for the joints jerk shows a significant improvement from
0.50, 0.54, 0.43, 0.37, 0.39 and 0.167 for joints shown in
FIGURE 20(a-f) to 0.83, 0.51, 0.71, 0.48, 0.81 and 0.38 for
joints shown in FIGURE 21(a-f) with the use of HMOGA
(see TABLE 11). This improvement is an indication of how
the observed data points fit into the regression model and
the smoothness of the motion. These joint jerks results are
seamless and incorporate dynamic constraints. Furthermore,
the results realised the optimal trajectory in terms of the
robots dynamic constraints and achieved the expected track-
ing ability in terms of its optimal jerk acceleration.

VII. CONCLUSION
This work demonstrates the use of a hybrid multi-objective
optimisation approach for trajectory planning. The objective
considered in this work is to carry out the welding task with
minimum movement of the joint angles, accelerations, jerks
and snap along the weld points keeping in mind the dynamic
robot model formulated using the Euler-Lagrangian method
and incorporating friction terms. The trajectory design was
constructed for all the six joints, using a 9th order Bezier
curve to accommodate the ten boundary conditions required
to satisfy the continuity constraints for joints displacement,
velocity, acceleration, jerk and snap. The control point at the
initial and final conditions during welding was premised on
the assumption that the robot is at rest initially, and comes
to a full stop at the end of the trajectory. The scheme com-
bines the multi-objective genetic algorithm and the multi-
objective goal attainment algorithm to solve the problem of
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TABLE 7. Comparison of results obtained after optimisation.

TABLE 8. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint displacement.

TABLE 9. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint velocity.

FIGURE 14. Results for designed trajectory along the geometric path
using MOGA in terms of the time history of Joint displacement.

the total tracking error reduction during arc welding. After
designing the trajectory optimisation function for all the con-
straints using the nonic Bezier curve, the optimisation was
carried out using MOGA and HMOGA. Global optimum

FIGURE 15. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of Joint displacement.

solutions using HMOGA are compared and analysed with
that of MOGA. It was that HMOGA gives better results
than MOGA (see TABLE 7). Also, HMOGA converges
faster than MOGA. The ensuing optimised trajectories from
HMOGA and MOGA have DVAJS within their bounds and
only need minimal actuator effort. The mean and maximum
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FIGURE 16. Results for designed trajectory along the geometric path
using MOGA in terms of the time history of joint velocity.

FIGURE 17. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of joint velocity.

values of the kinematic parameters obtained using MOGA
and HMOGA are shown in TABLE 5-TABLE 6 and also
Appendix TABLE8 to TABLE11. The values of these param-
eters are within the kinematic constraints imposed on the
manipulator. A summary of key performance indicators from
a comparison of results obtained after optimisation is shown
in TABLE 7. The use of HMOGA shows an improved average
spread, average distance, number of iteration and computa-
tional time. It can be concluded that from the constraints
studied, the optimal path in terms of the robot’s dynamic

FIGURE 18. Results for designed trajectory along the geometric path
using MOGA in terms of the time history of joint acceleration.

constraints can achieve the expected tracking ability in terms
of the optimal DVAJS.

APPENDIX
A. EULER ANGLES Z-Y-Z CONVENTION
The Euler angle conventions used to describe orientation are
Z-X-Z, X-Y-X, Y-Z-Y, Z-Y-Z, X-Z-X, and Y-X-Y. The Euler
angle transformation used in this work is the Z-Y-Z convention
(see FIGURE 13).

The Z−Y−Z Euler angle transformation is shown in (26),
as shown at the bottom of the next page.
The Euler angles represent three rotations relative to the three
major axes of the coordinate frame. They are denoted as
Roll ϕ for x − axis rotation, Pitch β for y − axis rotation
and Yaw ψ for z− axis.
The sequel shows the solution for extracting Z − Y − Z

Euler angles. Given

Rz,ϕRy,βRz,ψ =

 r11 r12 r13
r21 r22 r23
r31 r32 r33

 , (27)

Then if sinβ 6= 0, it follows that

β = arctan 2
(√

r231 + r
2
32, r33

)
,

ϕ = arctan 2
(
r23
/
sinβ,r13

/
sinβ

)
,

ψ = arctan 2
(
r32
/
sinβ,−r31

/
sinβ

)
. (28)

B. EFFECT OF THE DEFINED CONSTRAINTS ON THE JOINT
ANGLE POSITION
See Figures 14, 15, and Table 8.
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TABLE 10. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint acceleration.

TABLE 11. Values of various kinematic parameters after optimisation using MOGA and HMOGA for joint jerk.

FIGURE 19. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of joint acceleration.

C. EFFECT OF THE DEFINED CONSTRAINTS ON THE
OPTIMISED JOINT VELOCITIES
See Figures 16, 17, and Table 9.

FIGURE 20. Results for designed trajectory along the geometric path
using MOGA in terms of the time history of joint jerk.

D. EFFECT OF THE DEFINED CONSTRAINTS ON THE
OPTIMISED JOINT ACCELERATION
See Figures 18, 19, and Table 10.

RZYZ = Rz,ϕRy,βRz,ψ =

 cosϕ cosβ cosψ − sin sϕ sinψ − cosϕ cosβ sinψ − sin sϕ cosψ cosϕ sinβ
sin sϕ cosβ cosψ + cosϕ sin sψ − sin sϕ cosβ sinψ + cosϕ cosψ sin sϕ sin sβ

− sin sϕ cosψ sin sϕ sinψ cosβ

 (26)
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FIGURE 21. Results for designed trajectory along the geometric path
using HMOGA in terms of the time history of joint jerk.

E. EFFECT OF THE DEFINED CONSTRAINTS ON THE
OPTIMISED JOINT JERK
See Figures 20, 21, and Table 11.
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