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ARTICLE INFO ABSTRACT

MSC: Alexandroff spaces include finite spaces and have a wide range of applications in
53i 45 many areas such as computer graphics and image analysis. We give results on small
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inductive dimension of Alexandroff Ty-spaces. Particularly, we characterize the

6530 small inductive dimension through connected tuples and study standard properties
of Dimension Theory using this characterization. Also, we investigate the relations
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Small inductive dimension between the small inductive dimension, the large inductive dimension, and the

Ty-space covering dimension in the class of all Alexandroff Ty-spaces. We finally put questions

Alexandroff space on dimension of Alexandroff Ty-spaces.
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1. Introduction and preliminaries

By an Alezandroff space (see [1]) we mean a space such that every point has a minimal open neighborhood.
This is also equivalent to the fact that the intersection of every family of open sets is open. For every
Alexandroff space X and x € X we denote by U, the smallest open set of X containing the point x.

A topological space X is called Tg-space if for every pair of distinct points of X, at least one of them has
an open neighborhood not containing the other.

Specialization order on Alexandroff spaces is an additional algebraic structure. In [9] it was shown that
poset dimension A coincides with small inductive dimension of Alexandroff Ty-spaces. Thus dimension of
Alexandroff Tg-spaces can be calculated formally algebraically.

The presented paper is continuation of this approach to study dimensions of Alexandroff Ty-spaces. In
Section 2 we give subspace, addition, sum, and product theorems for the height h of Alexandroff spaces.
In Section 3 we prove addition, decomposition, and structure theorems concerning the small inductive
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dimension for Alexandroff Ty-spaces. We use structure characterization of ind to sharpen results on sum
and product theorems from [3] without restriction on number of factors. Relations of the structure of sum and
finite product and factors are given. In Section 4 we investigate the relations between the small inductive
dimension, large inductive dimension and covering dimension in the class of all Alexandroff Ty-spaces.
Finally, in Section 5 we present some questions.

4

In what follows we consider two symbols, “—1” and “oco”, for which we suppose that:

(1) =1 <k < oo for every k € {0,1,...}.
(2) co+k=k+oo=o00and —1+k=Fk+ (—1) =k for every k € {0,1,2,...} U{-1,00}.

Also, if X is a topological space and @ a subset of X, then by Clx (@) and Bdx (Q) we denote the closure
and the boundary of @ in X, respectively.

2. Height of Alexandroff spaces

Definition 2.1. Let X be an Alexandroff space. Any 1-tuple («), where a € X, is called connected. Also,
an (m + 1)-tuple (ag,...,am), m = 1, of distinct elements of X is called connected if and only if o;—1 €
Clx({a;}), for every i € {1,...,m}.

The following two propositions can be easily proved.

Proposition 2.2. Let X be an Alexandroff space and av, . . ., am, m > 1, distinct elements of X. The following
statements are equivalent:

(1) The (m + 1)-tuple (ao, ..., m) is connected.
(2) Clx({ai-1}) C Clx({as}), for every i € {1,...,m}.
(3) a; € Uy, ,, for every i € {1,...,m}.

Proposition 2.3. Let X be an Alexandroff space and'Y a subspace of X. If an (m + 1)-tuple (ag, ..., am) of
distinct elements of Y is connected in'Y, then this tuple is connected in X .

Definition 2.4. The height of an Alexandroff space X, denoted by h(X), is defined as follows:

(i) h(X) = —1 if and only if X = 0.
(ii) h(X) = k, where k € {0,1,...}, if and only if there exists a connected (k + 1)-tuple (ao,...,asx) of
distinct elements of X and any (k -+ 2)-tuple of distinct elements of X is non-connected.
(iii) h(X) = oo if and only if for every k € {0,1,...} there exists a connected (k + 1)-tuple of distinct
elements of X.

Definition 2.5. The height of an Alexandroff space X at the point © € X, denoted by h,(X), is defined as
follows:

(i) hy(X) = k, where k € {0,1,...}, if there exists a connected (k + 1)-tuple (ayp,...,ax) of distinct
elements of X with {ao,...,ax} N U, = {ax} and any (k4 2)-tuple (ag, ..., a; ;) of distinct elements
of X with {ag,...,a} 1} N U, = {aj_} is non-connected.

(ii) hy(X) = oo if and only if for every k € {0,1,...} there exists a connected (k + 1)-tuple (ayg,...,ay) of
distinct elements of X with {ap,...,ar} N U, = {ax}.
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Proposition 2.6. Let X be an Alexandroff To-space with h(X) < co. Then,
h(X) = max{h,(X): z € X}.

Proof. The inequality max{h,(X): z € X} < h(X) obviously holds. We prove that h(X) < max{h,(X):
x € X}. Let h(X) = k, where k € {0,1,...}. There exists a connected (k + 1)-tuple (ayg,...,qax) of
distinct elements of X. We have o € U,, C --- C U,,. Therefore, since the space X is a Ty-space,
{ag,...,ar} NU,, = {ar}. This means that h,, (X) > k and, consequently, max{h,(X): z € X} > k.
Thus, max{h;(X): z € X} > h(X). O

Proposition 2.7. Let X be an Alexandroff To-space with h(X) < oo. Then, the set D = {z € X: {x} is open}
is a dense subset of X.

Proof. Let U be a non-empty open subset of X. It suffices to prove that U N D # (). Since U # (0, there
exists ag € U. If {ap} is open, then ag € U N D and, therefore, we are done. Suppose that U,, # {ap}.
Let aq € Uy, \ {@}. Then, U,, C U,, and the 2-tuple (ap, 1) of distinct elements of X is connected.
Since the space X is T, we have ag ¢ Uy, . If {a1} is open, then we are done. Suppose that U,, # {1}
Let ag € Uy, \ {a1}. Then, U,, € U,, C U,, and the 3-tuple (ag, a1, a2) of distinct elements of X
is connected. Since the space X is Ty, we have a; ¢ U,,. Continuing in the same manner, for every
k € {0,1,...}, we construct a connected (k + 1)-tuple (ap, ..., ) of distinct elements of X. Therefore,
h(X) = oo which is a contradiction. Thus, there exists k& € {0,1,...} such that oy € U N D. This means
that UND #0. O

Proposition 2.8. Let X be an Alezandroff To-space with h(X) < oco. Then, there exists xo € X with {xo}
open subset of X such that h(X) = hy, (X).

Proof. Let h(X) = k, where k € {0,1,...}. Then, there exists a connected (k + 1)-tuple (ayo,...,ax) of
distinct elements of X. Since the set of all open singletons is dense (see Proposition 2.7), there exists a point
a1 € X such that the singleton {ag41} is an open set and ay11 € U,,. We observe that if api1 = «y
for some i € {0,...,k — 1}, then U,, = {«;} which is a contradiction with «) € U,,. Thus, axy1 ¢
{ag,...,ar—1}. Also, if ag41 # ax, then the (k + 2)-tuple (ao, ..., g, ar+1) of distinct elements of X is
connected which is a contradiction. Therefore, a1 = oy and Uy, = {ax}. Since (o, . . ., ax) is a connected
(k 4+ 1)-tuple of distinct elements of X with {ag,...,ar} N U,, = {ax}, we have h,, (X) > k. Moreover,
ha, (X) < h(X) = k. Setting z¢g = ay, we have that {zo} is an open subset of X and h(X) = h,,(X). D

By Propositions 2.6 and 2.8 we have the following corollary.
Corollary 2.9. Let X be an Alezandroff To-space with h(X) < co. Then,
h(X) = max{hy(X): = € X with {x} open subset of X }.
The following proposition can be easily proved.

Proposition 2.10 (Subspace Theorem for h). Let Y be a subset of an Alexandroff space X. Then, h(Y) <
h(X).

Proposition 2.11 (Addition Theorem for h). Let X be an Alexandroff space and X, Xo subsets of X. Then,
hMX1UX5) < h(Xy) + h(X2) + 1.
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Proof. In the case where h(X;) = oo or h(X2) = co the inequality is true. Let h(X1) = m; and h(X2) = ma,
where my,mg € {0,1,...}. We prove that h(X; U X3) < my + mo + 1. It suffices to prove that any
(mq + ma + 3)-tuple of distinct elements of X; U X5 is non-connected. Indeed, let (v, . .., Qm,+mq+2) be a
connected (my + ma + 3)-tuple of distinct elements of X; U X5. Consider the following two cases:

Case 1. There exist m; + 2 distinct elements

i07~--7im17im1+1 S {0,...,m1+m2+2}

such that ig < -+ < ipm, < im,+1 and {@ig, ... i, ,a;, .} C© Xi. In this case the (my + 2)-tuple
(Qigy s, i, ) of distinct elements of X; is connected. This contradicts the equality h(X1) = m;.

Case 2. For every my + 2 distinct elements
00y - s bmys bmy+1 € {0, ..., m1 +mo + 2}
we have {a,, ..., i, i, ., } € X1 In this case there exist ¢ distinct elements
i0y ..., 0t € {0,...,my +mao + 2},

where t > mg such that iy < --- < i, and {e,,...,q;,} C Xa. Therefore, the (¢t + 1)-tuple (o, ..., ;) of
distinct elements of X5 is connected. This contradicts the equality h(Xs) = ma.

Thus, h(X; UXy) <my+me+1. O

Proposition 2.12 (Sum Theorem for h). Let X be an Alexandroff space and Xx, A € A, closed subspaces
of X. Then,

(U0 A€ 4}) =sup{a(X)): A€ 4}, (2.1)
Proof. If h(X,) = oo for some A € A, then A({J{X: X € A}) = oo. Let h(X)) € {0,1,...} for every
A€ A, sup{h(X,): A€ A} € {0,1,...}, and (ayp,...,a;) be a connected (¢ + 1)-tuple of distinct elements
of J{Xx: A € A}. Then,

ag € Cly ({O{l}), R a1 € Clx({at})

We prove that {ag,...,a:} C X for some A € A. Indeed, let ay, and ay,, where Ag, Ay € {0,...,t} and
Ao < A1, be two distinct elements of the union [J{Xx: A € A} such that

ax, € Xy, ay, & X for every A # Ao
and
ay, € Xa,, ay, & X for every A # Aq.

Then, ay, € Clx({ax,}). Since ay, € X, we have Clx ({a, }) € X, and, therefore, oy, € X, which is
a contradiction. Thus, there exists A € A such that {«ap,...,a:} € Xy. This means that

h(U{XA: A e A}) < h(Xy) <sup{h(Xy): A€ A},
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Also, sup{h(X): A € A} < h(U{Xx: A € A}). So the relation (2.1) is true. Finally, if h(X)) € {0,1,...}
for every A € A and sup{h(Xx): A € A} = oo, then A({U{Xx: A € A}) =sup{h(X)): A€ A} =c0. DO

Proposition 2.13 (Finite Product Theorem for h). For Alexandroff To-spaces X andY we have h(X xY) =
h(X)+ h(Y).

Proof. If h(X) = oo or h(Y) = oo, then we observe that h(X x Y) = co. Let h(X) = my and h(Y) = ma,
where mq,mg € {0,1,...}. We prove that h(X x Y) = mj + mo. There exist a connected (m; + 1)-tuple
(g, .-, Qy, ) of distinct elements of X and a connected (mg + 1)-tuple (5o, ..., Bm,) of distinct elements
of Y. We observe that the (mq + ma + 1)-tuple

((OZOa BO)a (ala 50)a BN (amuﬂO)» (amuﬂl)v (amUBQ)a R (amuﬁmz))

of elements of X x Y is connected.
We prove that any (mj + mg + 2)-tuple of elements of X x Y is non-connected. Let

((96‘0; yo), ($1, yl), s ($m1+m2+1, ym1+m2+l))

be an arbitrary connected (my + mo + 2)-tuple of distinct elements of X x Y. We prove that there exist
only the following two cases:

Case 1. There exist m; + 2 distinct elements
iO;ilv"'aiml-l—l € {07"'7m1 + ma +2}
such that iy < i1 < -+ < im,4+1 and x;, # z;, # -+ F Tipy i1+

In this case there exists a connected (m +2)-tuple of distinct elements of X. This contradicts the equality

Case 2. There exist mo + 2 distinct elements
io,il,...,im2+1 S {0,...,m1 + Mo +2}
such that 7o < i1 < -+ < imy41 and y;, # Y, # -+ # Yimyi1-

In this case there exists a connected (msq+2)-tuple of distinct elements of Y. This contradicts the equality
Let k be the maximum element of {0,1,...,m1 + mg + 1} for which there exist k + 1 distinct elements

io,i17...,ik6{07...7m1+m2+2}

such that ig < iy < -+ < iy and z;, # x;, # -+ # x;,. We prove that for every p € {0,...,k — 1} and
ip < i < ipy1 We have x; € {x;,,%;,,,}. Indeed, by the definition of k& we have x; € {x;),zi,,..., 7}
If 2; € {x;,... ,:L'ip_l}, then x;, € U, and z; € Uzip which contradicts the fact that the space X
is a To-space. Therefore, z; ¢ {z,,...,2;,_,}. Similar we can prove that x; ¢ {2 ..., Zm,+mot+1}-
Since the space Y is a Ty-space and the pairs (z4,,%:,), .-, (Zi,,,,¥i,.,) are distinct, at least i,41 — i,
elements of y; ,...,y;,,, are distinct. Similar we can prove that the elements yo, ..., y;, and the elements
Yigs - - - » Ymi+ma+1 are distinct. By the above, there exist

o+ 14+i1—(Gio+ 1) +ia— (1 +1)+--+mi+ma+1l—ig=mi+ma+2—k
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distinct elements of {yo, ..., Ym,+mo+1}- Therefore, if k < mj + 1, then there exist at least mq + 2 distinct

elements of {yo, - .., Ym,+mao+1}-
Thus, h(X X Y) =mi+me. 0O

Proposition 2.14 (Product Theorem for h). Let Xy, A € A, be non-empty Alexandroff To-spaces. Then,

h(H{XA: Ae /1}) = maX{Z{h(X,\): red}: Ne Aﬁn},

where Agy, is the family of all finite subsets of A, if max exists, and

h(H{XAI A€ A}) =00
otherwise.

Proof. Let A’ € Ag,. We prove that

So{rx): Ae Ay <n([{xn: A€ a}).

By Proposition 2.13,

(TT{xn: Ae a}) =S {n(xa): Ae A},

So, it suffices to prove that

n(TT{xn Ae o) <n(I[Hx0 Ae ).

Let A(J[{Xx: A € A’'}) = k, where k € {0,1,...}. Then, there exists a connected (k + 1)-tuple ({z{}rca,
oy {2k} renr) of distinct elements of the product [[{Xx: A € A’}. We choose a point 2} € X for every
A € A\ A" and consider the points {*z4{ }rea, i =0,...,k of [[{Xx: A € A} such that

i z, if A e A,
A ey, ifag A

Then, ({*2Q}xea,-- -, {*25}rea) is a connected (k + 1)-tuple of distinct elements of [[{Xy: A € A}. There-
fore, h(I[{Xx: A€ A}) > k.

Conversely, let h(J[{Xx: A € A}) = k, where k € {0,1,...}. Then, there exists a connected (k + 1)-tuple
({*2%}xen, - -, {*25 }aea) of distinct elements of [[{Xx: A € A}. Since k is a positive integer, there exist
A" € Agy and distinet points {29} xears - .., {25 haear of [[{X: A € A’} such that 2§ = *z§ for every A € A'.
Therefore, ({2%}xears .., {z5}ren) is a connected (k + 1)-tuple of distinct elements of [[{Xx: A € A'}.
This means that A(J[{Xx: A € A'}) > k and, therefore, max{d> {h(Xy): A € A'}: A" € Ag,} > A(J[{Xx:
Aed}). O

Proposition 2.15. Let k € {0,1,...}, X be an Alexandroff To-space and x € X. Then, h,(X) < k if and
only if h(Bdx (U;)) < k—1.

Proof. Let h,(X) < k. We prove that h(Bdx(U,)) < k — 1. Consider a connected (¢ + 1)-tuple (ayg, ..., aq)
of distinct elements of Bdx (U,). We prove that ¢ < k. Suppose that ¢t > k. Since oy € Bdx(U,,), we have
U,, NU, # (. Let apy1 € Uy, NU,. Then, oy € Clx({at41}). Also, since {ay,...,a:} € Bdx(U,) and
ary1 € Uy, we have ayq1 ¢ {ag,. .., ar}. Therefore, the (¢t + 2)-tuple (ag,. .., ar, az11) of distinct elements
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of X is connected and {ap,...,as, arp1} N U, = {azy1} which is a contradiction with h,(X) < k. Thus,
h(BdX(Ua:)) < k—1.

Conversely, let h(Bdx(U;)) < k — 1. We prove that h,(X) < k. Consider a connected (¢ + 1)-tuple
(o, ..., a¢) of distinct elements of X with {ao, ..., }NU, = {a}. We prove that t < k. First we show that
a; € Bdx(U,) for every i € {0,...,t — 1}. Indeed, let i € {0,...,t — 1}. Then, «; € Clx(U,,) C Clx(U,).
Also, a; ¢ U,. Thus, o; € Bdx(U,). By the above the t-tuple (ag,...,a:—1) of distinct elements of
Bdx (U,) is connected. Hence, by assumption, t — 1 < k — 1 or ¢t < k. Thus, h,(X) <k. O

3. Small inductive dimension of Alexandroff spaces

The small inductive dimension of a topological space X (see for example [4] and [8]), denoted by ind(X),
is defined as follows:

(i) ind(X) = —1 if and only if X = ().
(if) ind(X) < k, where k € {0,1,...}, if for every point z € X and each open set U of X with z € U there
exists an open set V' of X such that

reV CU and ind(BdX(V)) <k-1

(iii) ind(X) =k, where k € {0,1,...}, if ind(X) < k and ind(X) > k — 1.
(iv) ind(X) = oo if ind(X) > k for k € {-1,0,1,...}.

The following fact is evident.

Fact 3.1. Let X be an Alexandroff space. Then, ind(X) < k, where k € {0,1,...}, if and only if for every
x € X we have ind(Bdx(U,)) < k— 1.

From the definitions of ind and h we have result which is given in [9].
Proposition 3.2. For every Alexandroff To-space X we have ind(X) = h(X).

Corollary 3.3. Let X be an Alexandroff To-space. Then, ind(X) = k, where k € {0,1,...}, if and only if
there exists a connected (k+1)-tuple (ap, ..., ax) of distinct elements of X and any (k+ 2)-tuple of distinct
elements of X is non-connected.

Corollary 3.4. Let X be a finite To-space of n elements. If n > 1, then ind(X) < n — 1.
Corollary 3.5. (/2]) Let X be an Alezandroff To-space. Then, ind(X) = 0 if and only if X is discrete.

Remark 3.6. We observe that Proposition 3.2 is not true in the case where X is not a Ty-space. Indeed, let
X = {x1, 29,13, 74, x5} with the topology 7 = {0, {z2}, {1, 22, x3}, {x2, x4, x5}, X }. We observe that X is
not a To-space, ind(X) =1, and h(X) = 2.

Also, this example shows that Lemma 1 of [2] is not true if X is not a Ty-space.

The small inductive dimension of a topological space X at the point x € X (see for example in case of
regular spaces [4]), denoted by ind,(X), is defined as follows:

(i) ind,(X) < k, where k € {0,1,...}, if for every open neighborhood U C X of the point = there exists
an open set V of X such that

reV CU and ind(BdX(V))gk—l.
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(ii) ind;(X) = k, where k € {0,1,.. .}, if ind,(X) < k and ind,(X) > k — 1.
(iii) ind,(X) = oo if ind,(X) > k for k € {-1,0,1,...}.
The following fact is evident.

Fact 3.7. Let X be an Alexandroff space and z € X. Then, ind,(X) = k, where k € {0,1,...}, if and only
if we have ind(Bdx (U,)) =k — 1.

Proposition 3.8. For every Alexandroff To-space X and for any x € X we have ind,(X) = hy(X).

Proof. First we prove the inequality ind,(X) < h,(X). If hy(X) = oo, then the inequality is true. Let
h:(X) = k, where k € {0,1,...}. By Proposition 2.15 we have h(Bdx(U,)) < k — 1. Hence, by Proposi-
tion 3.2, ind(Bdx(U,)) < k — 1.

Now, we prove the inequality h,(X) < ind,(X). If ind,(X) = oo, then the inequality is true. Let
ind, (X) = k, where k € {0,1,...}. Then, ind(Bdx (U,)) = k—1. By Proposition 3.2 we have h(Bdx (U,)) <
k — 1. Therefore, by Proposition 2.15, h,(X) < k. O

Proposition 3.9. Let X be an Alezandroff To-space with ind(X) < co. Then, there exists xo € X with {xo}
open subset of X such that ind(X) = indg, (X).

Proof. The proof of this proposition follows straight by Propositions 2.8, 3.2 and 3.8. O

Remark 3.10. We observe that Proposition 3.9 is not necessarily true in the case where X is not a Ty-space.
Indeed, let X = {1, za, x3, x4} with the topology

T = {(Da {1‘1}7 {an 'T3}7 {.’1,'1, x2, .’Eg}, {1‘2) x3, 1'4}, X}
We observe that X is not a Ty-space, ind(X) = 1, and ind,, (X) = 0.
Example 3.11. Let & € {0,1,...}. Then, there exists an Alexandroff Ty-space X such that ind(X}) = k.

Indeed, we consider the Alexandroff Ty-space (X, 7x), where X = {0,1,2,...} and 74 is the topology
generated by the family

B={0tu{{o},{0,1},....{0,1,.. .k} u{{i}: i=k+1,k+2,...},
that is the family 3 is a base for the topology 7. Then,

U - {0,1,2,...,i}, ifi€{0,1,2,...,k},
R ifi ¢ {0,1,2,...,k}.

We observe that the (k+1)-tuple (k, ..., 2,1,0) of distinct elements of X is connected. Also, by the definition
of the topology 7k, any (k + 2)-tuple of distinct elements of X is non-connected. Thus, ind(X) = k.

4. Addition, decomposition, structure, sum and product theorems for Alexandroff To-spaces

Using Corollary 3.3 we can prove easily, without induction, theorems concerning the small inductive
dimension for Alexandroff Ty-spaces.

Proposition 4.1 (Addition Theorem). Let X be an Alezandroff To-space and X1, Xo two subspaces of X.
Then, Hld(Xl U XQ) < 1nd(X1) + 1nd(X2) + 1.
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Proof. The proof of this proposition follows straight by Propositions 2.11 and 3.2. O

Remark 4.2. (1) We note that the inequality in Proposition 4.1 cannot be replaced by equality. Indeed, let
X ={a, b, c,d} with the topology

= {0, X, {a}, {b},{a,b},{a,b,c}},
X1 = {a}, and X5 = {b}. We observe that (X, 7) is a finite Tp-space. Moreover,
1nd(X1) = 1nd(X2) = 1nd(X1 @] X2) =0.

Therefore, ind(X; U X3) =0 < 1 =ind(X;) 4+ ind(X3) + 1.
(2) We note that the inequality

ind(X; U X5) < ind(X7) + ind(X3) +1
in Proposition 4.1 cannot be replaced by the inequality
il’ld(Xl U Xg) < 1nd(X1) + ll’ld(XQ)

Indeed, let X = {a,b,c} with the topology 7 = {0, X, {b},{a,b}}, X1 = {a}, and X = {b,c}. We observe
that (X, 7) is a finite Tg-space,

ind(X;) =0, ind(X2) =1, and ind(X;UXsy)=2.
Therefore, ind(X; U X3) =2 > 1 = ind(X;) + ind(X3).

Proposition 4.3 (First Decomposition Theorem). Let X be an Alexandroff To-space. If ind(X) = k, where
k € {0,1,...}, then X is union of two disjoint sets Xo and X; with Xy discrete in itself such that Xy is
open and dense in X, ind(Xo) =0, and ind(X;) =k — 1.

Proof. Let ind(X) = k, where k € {0,1,...}. By Proposition 3.2 we have h(X) = k. We consider the
sets Xg = {z € X: {z} isopen} and X; = X \ X,. By Proposition 2.7, X is dense X. Also, it is clear
that Xy is open in X and discrete in itself. We observe that h(Xy) = 0 and, therefore, ind(Xy) = 0. We
prove that ind(X;) = k — 1 or equivalently h(X;) = k — 1. Since h(X) = k, there exists a connected
(k + 1)-tuple (ayg,...,ax) of distinct elements of X. We observe that ag,...,ar—1 € X;. Therefore, the
k-tuple («o,...,ar—1) of distinct elements of X; is connected in the subspace X;i. It suffices to prove
that any (k 4+ 1)-tuple of distinct elements of X; is non-connected in the subspace X;. We suppose that
there exists a connected (k + 1)-tuple (Bo,...,0Bk) of distinct elements of X; in the subspace X;. Since
Br ¢ Xo, Ug, # {Bk} and, therefore, there exists Bx1+1 € Xo such that 811 C Ug,. Hence the (k+ 2)-tuple
(Bos - - Br, Bry1) of distinct elements of X is connected. Since h(X) = k, this is a contradiction. Thus,
h(X1) =k — 1 or equivalently ind(X;) =k—1. O

By Propositions 4.1 and 4.3 we have the following proposition.

Proposition 4.4 (Second Decomposition Theorem). Let X be an Alexandroff To-space. Then, ind(X) < k,
where k € {0,1,...}, if and only if X is a union of k+ 1 discrete sets X;, i =0,...,k.

The following proposition characterizes dimension ind in the class of all Alexandroff Ty-spaces.
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Proposition 4.5 (Structure Theorem). Let X be an Alexandroff To-space. Then, ind(X) = k, where k €
{0,1,...}, if and only if X is a union of k + 1 disjoint sets X;, discrete in themselves, i = 0,...,k, such
that X; is open and dense in X; U---UXy, 1 =0,...,k.

Proof. Applying Proposition 4.3 we have:

X is union of two disjoint sets Xy and X{ with X discrete in itself such that X, is open and dense
in X, ind(Xp) =0, and ind(X]) =% — 1.

X is a union of two disjoint sets X; and X} with X; discrete in itself such that X; is open and dense
in X7, ind(X;) =0, and ind(X})=(k—-1)—-1=k—2.

X/ is a union of two disjoint sets X5 and X} with X5 discrete in itself such that X5 is open and dense
in X}, ind(X3) =0, and ind(X%) = (k—2)— 1=k —3.

Continuing in the same manner we have:

X,’F1 is a union of two disjoint sets X;_1 and X with X_; discrete in itself such that X;_; is open
and dense in X;_;, ind(X,_1) =0, and ind(Xy) =k —k =0.

Therefore, we have constructed subsets Xg, X1, ..., Xy of X which have the following properties:

(1) X=XoUuX3U---UX.

(2) X;NX,; =0 for every i,j € {0,1,...,k} with ¢ # j.

(3) ind(X; U---UXy) =ind(X\ (XoU---UX; 1)) =ind(X])=k—1i,i=1,....k.

(4) Xy is open and dense in XoU---U X, = X and X; is open and dense in X; U--- U X, = X \ (XoU
cUX) =X i=1,... k.

Conversely, let us prove by induction that for ¢ =0,1,...,k

9 )

ind(X; U---UXg) =k —i.

For i = k, ind(X)) = 0. Suppose that ind(X; U---U Xj) = k — i, where ¢« = 1,..., k. We prove that
ind(X;_1 UX,U---UXy) =k—i+ 1. By Proposition 4.1,

ind(Xi_l U Xz U---uy Xk) g ind(Xi_l) + Hld(Xl J---u Xk) +1
=0+ (k—i)+1=k—i+1.

By Corollary 3.3 there exists a connected (k — i + 1)-tuple («p,...,ag_;+1) of distinct elements of the
union X; U --- U Xj. Since X;_1 is dense in the union X; ; U X; U --- U Xy, there is ax_;12 € X;—1
such that U,, .., € Uq,_,.,. Hence (ao, ..., ak_it1,ar—it2) is a connected (k — i + 2)-tuple of distinct

elements of X; 1 U X; U---U Xj. Thus, ind(X;_; UX; U---UX) = k — i + 1. Particularly, ind(X) =
lnd(XoUUXk):k a

Corollary 4.6. Let X be an Alezandroff To-space with ind(X) = k, where k € {0,1,...}. Then, for the
decomposition from Proposition 4.5, we have

ind(X;U---UXp)=k—i, i=0,...,k

The Structure Theorem allows to sharpen results from [3].
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Proposition 4.7 (Finite Sum Theorem for ind). Let X be an Alezandroff To-space and X1, Xo are closed
subspaces of X with X = X1UXs. Then, ind(X) = max{ind(X,),ind(X>)}. Moreover, if X1 = J;~, X} and
Xy = U?:o Xf are decompositions of X; and Xs due to the Structure Theorem, then X = U;njg{m’k} Xz,

where

X: = (X1\ X)) U (Xj N (U X?)) U (Xf n (U Xf)) U (X3 X),

is the decomposition of X.

Proof. By Propositions 2.12 and 3.2 we have ind(X) = max{ind(X;),ind(X2)}. We prove the second part
of proposition. By assumption we observe that X = Uf::g{m’k} Xrand XXNX;=0for s#t.

Let s € {0,...,max{m, k}}. First we prove that the space X is discrete. Let z € X . It suffices to prove
that U, N X} = {x}. We consider the following cases:

(1) Let z € X!\ Xo. Since X! is discrete, U, N X! = {z}. Moreover, since X5 is closed subset of X and
z € X \ Xa, we have U, C X \ Xy. Therefore, U, N X} =U, N (X! \ X3) = {x}.

(2) The case x € X2\ X; is examined analogously.

(3) Let z € X! n(Ui_y X?). We prove that U, N X} C U, N (X! UX?2). Indeed, let a € U, N X}. Then,
a € U,. Also, by the definition of X7, a € X! or a € X2 which means that a € U, N (X! U X?). Hence,

U,NX:CU,N(X}UuX?)=(U,nX!)U (U, NnX2). (4.1)

Since z € X! and X! is discrete, U, N X! = {z}. We prove that either U, N X2 = {z} or U, N X2 = (.
Indeed, since = € |Ji_, X2, either z € X2 or z € |JJ—) X2. If z € X2, then U, N X2 = {z} because X2
is discrete. If x € Uf;é X7, then there exists ig € {0,...,s — 1} such that € X2 . Since X7 is open in
Uf:io X2, we have U, N Uf’:io X7 € X7 . Also, since X7 N X2 = (), we have U, N X? = (). Thus, by relation
(4.1) we have U, N X = {«}.

(4) The case z € X2 N (U;_, X}) is examined analogously.

Now, we prove that the space X is open in Umax{m’k}

i X7 Let x € X. It suffices to prove that
U, nUmtmM X € X7 or U, N X7 =0 for t > 5. We consider the following cases:

(1) Let € X!\ Xs. Since X! is open in |J;*, X}, we have U, NnJ~, X} C X! and, consequently,
U, N X}! =0 for t > s. Moreover, since X, is closed subset of X and z € X \ X5, we have U, C X \ Xo.
We prove that U, N X; = 0 for ¢t > s. Indeed, let ¢t > s and a € U, N X}. Since U, C X \ X3, a € X} \ X>
which is a contradiction with U, N X} = (. Hence, U, N X} =0 for t > s.

(2') The case z € X2\ X; is examined analogously.

(3") Let z € X! N (U;_y X?). Then, z € X!. Since X! is open in ", X}, we have U, NJ", X} C X!

and, consequently,
U,NX}! =0 fort>s. (4.2)

Moreover, U, N X2 = for t > s. Indeed, since z € | J;_, X2, there exists iy € {0, ..., s} such that z € Xizo.
Since X? is open in Uf:io X2, we have U, N X}? =0 for t > i and, consequently,

U, NX2=0 fort>s. (4.3)

Therefore, by the relations (4.2) and (4.3) and the definition of X, we have U, N X =0 for ¢ > s.
(4') The case z € X2 N (U;_, X}) is examined analogously.
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Finally, we prove that the space Xy is dense in Umax{m ok X}. Let O be a non-empty open subset of
Z = Umax{m ok} X ;. Tt suffices to prove that O N X* # (). Without loss of generality we can consider that
O =U, N Z for some U,, x € Z. We consider the following three cases:

(1) Let ON (X1 \ X2) # 0. Since O C Z, there exists ig € {s,...,m} such that ON (X} \ X3) # 0. This
means that O N J;~, X} is a non-empty open subset of |J/~, X}. Since X! is dense in |-, X}, we have
O N X! 0. Therefore, O N (X! \ X3) # 0. By the definition of X we have O N X # ().

(2") The case O N (X2 \ X1) # () is examined analogously.

(3" Let ON (X1 \ X2) =0 and ON (X2 \ X1) = 0. Then, O C X; N X,. Moreover, since z € O, we have

< U (o (U)o (om0

Let € X} for some | > s (the case z € X} for some [ > s, is examined analogously). Since z € X}' and
X?!is dense in J", X}, we have ON X! # 0. Let y € ONX!. Then, U,NZ C O C X; N X>. Since y € X,
there exists ig € {O, ..., k} such that y € Xl-QO. We consider the following two cases for the element ig:

Case 1. 79 < s
In this case y € XJ N X2 C X1 N (Ui_, X7) € X7 Hence, y € ON X} #0.
Case 2. ig > s.

In this case since X? is dense in Uk X?and y € X7 C UZ X2, we have Uy, N X2 # 0. Let 2 €
U, N X?2. Since X! is open in ", X} and y € X!, we have U, N J;~, X} C XS1 and, consequently,
U, N X} =0 for i > s. Therefore, z ¢ le for i > s. But z € Xy. Thus, z € J;_, X} and, consequently,
ze X2N(Uj_, X}) C X:. Also, z€ UyNZ C O. Hence, z € ON X} # . This means that O N X} # 0.

Applying Proposition 4.5 (Structure Theorem) we obtain the desired result. O

Proposition 4.8 (Sum Theorem for ind). Let X be an Alexandroff To-space and Xy, X\ € A, closed subspaces
of X. Then,

ind(U{XA: A€ A}) = sup{ind(X,): X € 4}.
Proof. The proof of this proposition follows straight by Propositions 2.12 and 3.2. 0O

Proposition 4.9 (Finite Product Theorem for ind). For Alexandroff To-spaces X andY we have ind(X xY') =
ind(X) + ind(Y). Moreover if ind(X) = m and ind(Y) = k, where m,k € {0,1,...}, and X = JI~, X;,
Y = U?:oYi are decompositions of X, Y due to the Structure Theorem, then X xY = Uﬁgk Z;, where
7 = UZS:O(XS x Y)_s), is the decomposition of X x Y.

Proof. By Propositions 2.13 and 3.2 we have ind(X x Y) = ind(X) 4 ind(Y"). We prove the second part of
proposition. By assumption we observe that X x Y = Uer]C Zyand ZyNZy =) for [ # t.

Let I € {0,...,m+k}. First we prove that the space Z; is discrete. Let (z,y) € Z;. It suffices to prove that
(U, xUy)NZ; = {(z,y)}. By the definition of Z;, there exists so € {0,...,[} such that (z,y) € Xs, x Yi_g,.
Then, x € X5, and y € Yi_g,.

Since X, is discrete, U, N X, = {}. Also, since X,, is open in |J]*, X;, we have U, NJ~, X; C X,
and, consequently, U, N X = @ for s > so. This means that U, C [J;2,

Since Y;_g, is discrete, U, NY;_;, = {y}. Also, since Y;_, is open in UJ I_sy Yjs we have Uy N

Uf:lfso Y; CY,_,, and, consequently, U, N Y, = () for s > [ — 5. This means that U, C Ul Y.
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Let s > sg. Then, U, N X, = (. Therefore,
(U, xUy) N (X5 xYi—s) = (U, NX,) x (U, NY_y) = 0.
Now, let s < sg. Then, I — s > — s¢ and, therefore, U, NY;_; = 0. Hence,
(U, xUy) N (Xs xYi_s) = (U, N X;) x (U, NY_g) = 0.

By the above we have

l
(Us xUy)NZ = (U x Uy) N | (X x Vi) = (Up x Uy) N (X, X Vi)

s=0

= (Uw ﬂXSO) X (Uy mYl*So) = {x} X {y} = {(x,y)}

Now, we prove that the space Z; is open in Ufilm Z;. Let (x,y) € Z;. It suffices to prove that (U, x Uy)N
Ufilm Z; C Zyor (U, xUy)NZy =0 for t > 1. By the definition of Z;, there exists so € {0,...,[} such that
(z,y) € Xy X Yi_g,. Then, z € X5, and y € V)5, .

Let ¢ > [. Then, Z; = UZZO(XS x Y;_s). We show that

t
(U x Uy) N (X x Vi) =0
s=0

Since X, is open in U;’;SO X;, we have U, N U:;SO X; C X, and, consequently, U, N X; = 0 for s > 5.
Therefore,

(Up xUy)N(Xs xYis) = (U, NX,) x (Uy,NYis) =0, s> s0.
k

Moreover, since Y;_s, is openin {J;_, , Y;, we have U,NJ
for s >t —sg or Uy, NY;_s =0 for s < sg. Therefore,

k

izt Y5 € Yi—s, and, consequently, UyNY, = 1]

(U, x Uy) N (Xs x Yimy) = (U, N X)) x (U, NYi_y) =0, s < so.

k
Jj=l—s0
since t — sp > | — s, we have U, NY;_,, = (. Hence,

k

We look the final case s = sq. Since Y;_, is open in | =150

Y;, we have U,N Y Y; CY,_s,. Therefore,

(U x Uy) N (Xsy X Yieg,) = (U N X)) x (U, NY;—g,) = 0.

Finally, we prove that the space Z; is dense in 71" km g,

i1 Zi. Let O be a non-empty open subset of Z = (J;_," Z;.
It suffices to prove that O N Z; # (). Without loss of generality we can consider that O = (U, x U,) N Z
for some (z,y) € Z. If (x,y) € Z;, then we are done. Suppose that (z,y) € Z \ Z;. Then, there exists
to € {l+1,...,k+m} such that (z,y) € Zy, = UL ((Xs X Yiy—s). Hence, x € X, and y € Yy, _s, for some

to =21+ 1 and sg < tg. We consider the following two cases:

Case 1. sp < I.

k

=1 s Y;, we have

In this case z € U, N X, # 0. Also, since y € Y;,_s, and Y,_, is dense in |J
U, NY;_,, # 0. Hence,

(Uy x U,) N (Xyy X Yiegy) = (Up N X)X (U, NYisy,) # 0.
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Since X5, X YVi_5, C Ui:o(Xs xY,_s) = Z;, we have O N Z; # .
Case 2. sg > .

Since =z € X, and X; is dense in U:’;l X;, we have U, N X; # 0. Now, since y € Y;,—s, and Yj is dense
in U, Y;, we have U, NYy # 0. Thus,

(Uw X Uy) n (X[ X Yo) = (-U-z ﬁXl) X (Uy ﬂYo) 7& (Z)

Since X; x Yy C UlS:O(XS xY_s) = Z;, we have O N Z; # .
Applying Proposition 4.5 (Structure Theorem) we obtain the desired result. O

Proposition 4.10. (Product Theorem for ind) Let Xy, A € A, be non-empty Alexandroff To-spaces. Then,

ind(H{X,\: Ae A}) - max{Z{ind(XA): Aed): Ae Aﬁn},

where Agy, is the family of all finite subsets of A, if max exists, and

ind(H{X,\: Ae A}) =0
otherwise.

Proof. The proof of this proposition follows straight by Propositions 2.14 and 3.2. O

5. Relations between the small inductive dimension, large inductive dimension and covering dimension in
the class of all Alexandroff Ty-spaces

The large inductive dimension of a topological space X (see for example [4] and [8]), denoted by Ind(X),
is defined as follows:

(i) Ind(X) = —1 if and only if X = 0.
(ii) Ind(X) < k, where k € {0,1, ...}, if and only if for every pair (F,U) of subsets of X, where F is closed,
U is open, and F' C U, there exists an open set V' of X such that

FCV CU and Ind(BdX(V)) <k-1.

(iii) Ind(X) = k, where k € {0,1,...}, if Ind(X) < k and Ind(X) > k — 1.
(iv) Ind(X) = o0 if Ind(X) > k for k € {-1,0,1,...}.

Let X be an Alexandroff topological space. For every closed subset F' of X by Ur we denote the smallest
open set containing the set F'. That is, Uy is the intersection of all the open sets containing F'.

Proposition 5.1. Let X be an Alexandroff topological space. Then, Ind(X) < k, where k € {0,1,...}, if and
only if for every closed subset F' of X we have Ind(Bdx(Up)) < k — 1.

Proof. Let Ind(X) < k, where k € {0,1,...}, and F be an arbitrary closed subset of X. Then, there exists
an open set V of X such that ¥ C V C Up and Ind(Bdx (V)) < k — 1. Since Uy is the smallest open set
containing the set F', we have V' = U and, therefore, Ind(Bdx (Up)) < k — 1.
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Conversely, we suppose that the space X satisfying the condition of the proposition. We consider a pair
(F,U) of subsets of X, where F'is closed, U is open, and ' C U. Then, F C Up C U and Ind(Bdx (Up)) <
k—1. Thus, Ind(X) <k. O

Corollary 5.2. Let X be an Alexandroff topological space. Then, Ind(X) = k, where k € {0,1,...} if and
only if Ind(X) < k and there exists a closed subset F' of X such that Ind(Bdx (Up)) =k — 1.

Proposition 5.3. Let X be an Alexandroff space. Then,
Ind(X) < h(X). (5.1)

Proof. We prove the relation (5.1) by induction on A(X) = m. If h(X) = oo, then (5.1) is true. Let m = 0.
We prove that Ind(X) = 0. Since h(X) = 0, any 2-tuple (ag, @) of distinct elements of X is non-connected.
By Corollary 5.2 it suffices to prove that for every closed subset F' of X we have Bdx(Up) = 0.

Let F be a closed subset of X. We prove that Bdx(Up) = 0. Suppose that Bdx(Up) # 0 and Sy €
Bdx(Up) = Clx(Up) \ Ug. Then, Ug, N Up # 0. Let 31 € Ug, N Up. We observe that Sy # 1. Then,
Bo € Clx({f1}) which means that the 2-tuple (S, 1) of distinct elements of X is connected which is a
contradiction. Thus, Bdx (Upg) = 0.

Suppose that the relation (5.1) is true for all m, 0 < m < k — 1, k > 1. We prove the relation (5.1) for
m = k. Let X be an Alexandroff space with h(X) = k. We show that Ind(X) < k. By Proposition 5.1 it
suffices to prove that for every closed subset F' of X we have Ind(Bdx(Up)) < k — 1.

Let F' be a closed subset of X. We prove that Ind(Bdx(Up)) < k — 1. It suffices to prove that
h(Bdx (Ur)) < k—1. We consider a connected (I+1)-tuple (ay, . .., aq) of distinct elements of Bdx (Upr) and
prove that [ < k. Suppose that [ > k. Since a; € Bdx(Up) = Clx(Up) \ Up, we have that U,, N Upg # 0.
Let ag11 € Uy, N Up. Then, a; € Clx ({ag4+1}). Since

{Ozo,. .. ,Ozl} - de(UF) = Clx(UF)\UF and 41 € Up,

we have ay41 ¢ {ao,. .., }. Thus, the (I+2)-tuple (ag, ..., a;41) of distinct elements of X is connected
which is a contradiction. O

By Propositions 3.2 and 5.3 we have the following corollary.
Corollary 5.4. Let X be an Alexandroff To-space. Then, Ind(X) < ind(X).

Define the order of a family r of subsets of a space X as follows:

(a) ord(r) = —1 if and only if r consists the empty set only.

(b) ord(r) = k, where k € {0,1,...}, if and only if the intersection of any k + 2 distinct elements of r is
empty and there exist k + 1 distinct elements of r, whose intersection is not empty.

(c) ord(r) = oo, if and only if for every k € {0, 1, ...} there exist k distinct elements of , whose intersection
is not empty.

The covering dimension of a topological space X (see, for example, [4] and [8]), denoted by dim(X), is
defined as follows: dim(X) < k, where k € {—1,0,1,...} if and only if for every finite open cover c of the
space X there exists a finite open cover r of X, refinement of ¢, such that ord(r) < k.

Proposition 5.5. (/5] and [0]) Let X be an Alexandroff space with a finite open cover of smallest open neigh-
borhoods. Then, dim(X) < k, where k € {0,1,...}, if and only if there exists an open cover {U,,,..., U, }
of X such that ord({U,,,..., U, }) < k.
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Example 5.6. Let X = {1,2}. We consider on X the following topology 7 = {0, {1}, {1,2}}. We observe
that (X,7) is a Ty-space. Moreover, U; = {1} and Uy = {1,2}. Therefore, ind(X) = 1 and Ind(X) =
dim(X) =0.

Example 5.7. Let X = {1,2,3,4,5}. We consider on X the topology which has as a basis the family
{{1},{1,2},{1,3},{1,4},{1,5}}. We observe that (X, 7) is a Ty-space. Moreover, U; = {1}, Uy = {1, 2},
U; ={1,3}, Uy = {1,4}, Us = {1,5}. Therefore, ind(X) = Ind(X) = 1 and dim(X) = 3.

6. Questions

Question 1. Find a characterization for the large inductive dimension of an Alexandroff Ty-space using
connected tuples.

Question 2. Find a characterization for the covering dimension of an Alexandroff Ty-space using connected
tuples.

Question 3. What conditions must an Alexandroff Ty-space X satisfy so that Ind(X) = ind(X)?

Question 4. What conditions must an Alexandroff To-space X satisfy so that ind(X) = dim(X)?
Question 5. What conditions must an Alexandroff Ty-space X satisfy so that ind(X) = dim(X) = Ind(X)?
Question 6. Does the following inequality Ind(X) < dim(X) hold for an Alexandroff Ty-space X?
Definition 6.1. A space T is said to be universal in a class P of spaces if:

(1) TePand
(2) for every X € PP there exists an embedding of X into 7.

Question 7. Let k € {0,1,...}. Does there exists a universal space in the class of all Alexandroff Ty-spaces
X of weight < 7, where 7 is an infinite cardinal, such that ind(X) < k7

S.D. Iliadis in the book [7] gave the notion of a saturated class of spaces.
Question 8. Is the class of all Alexandroff Ty-spaces of weight < 7, where 7 is an infinite cardinal, saturated?
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