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1. Introduction

Optical solitons are pulse molecules that propagate through a fiber or metamaterial or PCF or other forms of waveguides.
These soliton dynamics are extensively studied using a variety of advanced mathematical techniques [1-15]. Some of the
commonly applied mathematical techniques are traveling wave hypothesis, Lie symmetry analysis, inverse scattering trans-
form, method of undetermined coefficients, mapping method, semi-inverse variational principle, Jacobi elliptic function
method, just to name a few. In addition to the integtrability aspect, there are several other topics that are studied in the
context of optical solitons. These are soliton perturbation theory, conservation laws, quasi-monochromatic solitons, quasi-
particle theory to suppress intra-channel soliton collision, four-wave mixing, collision induced timing jitter, ghost pulses
and several others.
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Dispersive optical solitons are observed when third-order dispersion (30D) is taken into account, in addition to group
velocity dispersion (GVD). In this case, solitons have a dispersive effect. The corresponding nonlinear Schrodinger’s equation
(NLSE) with the effect of 30D included is converted to Schrédinger-Hirota equation (SHE) by the aid of Lie transform. When
solitons propagate through an optical fiber, these pulses tend to split with bend, twist and other forms of rough handling of
such fibers. This lead to splitting of an optical pulse that gives way to differential group delay (DGD). The cumulative effect of
DGD, for long-haul fibers, leads to birefringence. This paper addresses SHE in birefringent fibers by the aid of extended trial
equation method. Thus, bright and singular soliton solutions are retrieved. The details are now presented in the subsequent
sections after a quick intro to SHE.

2. Governing model

The dimensionless form of vector-coupled Schrédinger-Hirota equation (SHE) is given by [1,3,5]
iq; + 101 Gx + 01 Gxe + b1Gxe + (C1191% + d1171) G+ iy1Guce +1 (011917 + E1177) 4x = 0, Q)

ire + ioaqx + Aaxx + baGxe + (Calr? + da1q1?) 1 + iyarxne + i (02111 + £21q/%) 1 = 0. (2)

In (1) and (2), q(x, t) and r(x, t) represent the wave profile of the two pulses, «; represents the inter-modal dispersion, g;
represents group velocity dispersion GVD, b; gives the spatio-temporal dispersion, ¢; is from self-phase modulation while
d; is due to the cross-phase modulation, then y; is the third order dispersion coefficient (30D) while o} and &; are from the
nonlinear dispersions [4,12,13]. Here, j=1, 2. Also, the first term in both of these equations represents the temporal evolution
of the pulses in birefringent fibers. It needs to be noted that the inclusion of spatio-temporal dispersion was first proposed
during 2012 to keep the model well-posed [7,8].

To proceed with the integration of the model (1) and (2), the following soliton solution structure is hypothesized:

q(x, t) = P1(x, t)explig1 (x, t)], (3)

r(x, t) = Pa(x, t) expliga(x, t)], (4)
where

@i(x, t) = —kjx + wjt + 6;, (5)

forj=1, 2. Here in (3) and (4), P(x, t) represents the solitary wave profile and ¢;(x, t) is the phase component of the solitons.
Also from (5), j is the soliton frequency for the two components, wj is the wave number of the two components and finally
0; represents the centers of phase. Substituting (3)-(5) into (1) and (2) leads to

2 2

9°P; a°P;
{@j — K50 + bjeoy) + i} + vy} } Py — (G + 03k )P — (d + k&P — by m 8 — (g +3y;K;) 3x2] =0, (6)
ap; ap; ap; P P,
(1- bjl(j)aftj - (ZajKj —oj— bja)j + 3]/]'sz) aij + 0.]1)]2 78)(] + .‘E]sz 78261 + )/jiax; =0, (7)

for real and imaginary part, respectively. Here, the notation j = 3 — j was introduced. Under the travelling wave transforma-
tions

Pj(xv t) = [j](n)v n= B(X - Vt)s (8)
we have
2 3 2d2Uj
{a)j — Kj(oj + bjw;) + Qs + Vik; } Ui — (¢ + O‘]I{]) —(d; + «;§)U; U- + (bjv — a; — 3y;«;)B W =0, 9)
27 4U; au; ,dU; 2d Uj
7{1/(1fb]-;cj)+2aj/<j7ajfbjwj+3yj/<j}d—n+o-u "+ &U; —n+yB @ L =0. (10)
Using the balancing principle yields
U;=U, (1)
and integrating Eq. (10) with zero constant of integration, then Egs. (9) and (10) reduce to
2 3 > °U;
{@j — i + bjwy) + aji? + v } U — (6 + d + 0k + &ik)U? + (bjv — a; — 3yjx;)B? T =0, (12)
2 3 » U
-3 {U(] —bj/(j)+2aj/<j—aj—bjwj+3yj/(j }UJ-‘r (o]—i-éj)U] +3)/JB — =0. (13)

dn?

This pair of relations (12) and (13) will now be analyzed for soliton and other solutions by extended trial equation method
[6,10,11,15] in the next section.
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3. Extended trial equation method
In order to start with the extraction of solutions to (12) and (13), the following assumption for the soliton structure is

made:
3
U= iV (14)
i=0
where
OV)  peVE+-+ W +po
W) = (W) = = . 15
== @) = v a0 (1)
Employing the relations (14) and (15), the terms U] can be derived as
(W)Y — D)D) [ W) [
" - o pi-1 i(i _ -2
U = D) Zn],\y ) Zl(l D2 |, (16)
i=0 i=0
where ®(W¥) and Y(W¥) are polynomials of W. Eq. (15) can be reduced to the integral form as
dw
(1 —10) / / \ % (17)
(W)
Balancing U with U3 in Eqs. (12) and (13) leads to
€-—p—-2¢c-2=0. (18)
(19)

When €=4, p=0and ¢=1in Eq. (18), then it is obtained that
Uj= 1o+ 1V,
_ Ti(Apa VP + 3302 +2M2‘1’+M1) (20)

i 2x0
where 4 # 0 and xo # 0. Substituting (19) and (20) into (12) and (13), collecting the coefficients of W and solving the

”

resulting system, the sets are derived as

Mo = Ko, HM2=M2, Xo=Xo, Tjo=To, Tj1=T,
27 2x0T5(& +07)
=22 | 3ua + 027 ,
31 B2y
2x07j071(&j + 07)
U3 =— 2 ’
3B%y;
X0 + )
Mg = — 632]/_,' ’ (2])
v= ,
Bi(E + o)
i Kj@' + bj Ej(3Cj + 3dj + 2/(1'(% + O']))
! bixo(&j + 0})
®—b {Xorfo(g,- +07) + L, + b E(3¢; + 3d; + 2k5(&; + 07))
aj = ,
J b xo(& + 0j)
where
Bj = XoTjp(& +0) + (BZMZ + X0K1-2> ,
8; = xo [a(& +0)) - 3y + d))]

I1; = (& + ) (Bzuz - 3X0Kj2) — 6x0k(cj + dj).
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Substituting the solution set (21) into Eqs. (15) and (17) leads to
dw

+(n —no) = 2 ,
(W)
where
r(\p):lll4+ﬂ\lj3+&\ljz+&\lj+@ Q= &
Ha Ha Ha Ha’ Ha

In view of these results, exact solutions for the vector-coupled SHE are secured in the forms:
For I'(W)=(¥—§;)4,

T]]Q

_Jai§1+01)—3yi(cr +dv) B
B<x { bi(&1 + 01) }t> o
k101 + b1 E1(3c1 + 3dy + 2k1(&1 + 01)) £4 6,
b1 xo(&1+01) ’

qx,t)= { Tro+Td1 £

x exp [i {—le +

T21Q

a2(&2 + 02) — 3ya(c2 + dy)
B x— t)] —
( { by(&2 + 02) }) o
K202 + by Ex(3cy + 3da + 2k2(E3 + 02)) £+ 6, '
b2 xo(&2 + 02)

rix,t)= { Tao+121861 £

x exp |i {—sz +

If T(¥)=(W-81)3(¥-§,) and 35 > 81,

4711Q2(8; — 81)

2
a1(§1 +o1) = 3y1(c1 +dq)
492 — (81 - &) B(x—{ bo(E oo }t)—noﬂ

. k101 + b1 E1(3c1 + 3dy + 2k1(&1 + 01))
exp i< —k1X + t+6 ,
e [ { ! ( by xo(&1 +01) !

q(x, t) = Ti0+ 1161 +

4731Q2(8; — 81)

r(x,t) = To0 + 72161 +

by(&2 + 02)

[{ (Kz@z +byEy (3C2 +3ds + 2K2(& +02)) ) }‘|
x €xXp |14 —kaX + t+6, .

by xo(&2 + 02)

402 _ [(51 —8y) (B (x— {02(52 +02) = 3y2(c2 + da) } t) B 770)} ’

However, when T'(W) = (W—§; )2(W—§;)?,

711(82 — 1)

81— 82 ai(§1 +01) = 3y1(c1 +dq)
o |5 (o (s {2 ) )
. K101 +b1E1(3¢1 +3d1 + 2k1(&1 + 01))
e [I{K]X+< by xo(51 +01)

qx,t)= { Tio+T11d2 +

f+91} ,

721(82 — 81)

) ay(&2 + 02) — 3y2(c2 + da)
o |25 (o (- { 2GR ) ) |

. K2®2 4+ by E2(3¢y + 3dy + 2k2(&2 + 02))
X exp |:l{—I{2X+ < Dy xo(E2 + 02) t+6; 710,

r(x, t) = To0 + 72182 +

793

(23)

(24)

(26)

(27)

(28)
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and

qx,t)= { Tio+ 11161 +

r(x,t)= { T+ 12101 +

A. Biswas et al. / Optik 158 (2018) 790-798

711(81 — 82)

exp

x exp [i {—K1X+ <

2 b1(§1 +01)
K101 +b1E1(3c1 +3d1 + 2k1(&1 + 1))

b1 xo(é1+01)

721(81 — 82)

f+91} s

{5152 (B (X_{al(51+01)31/1(C1 +d1)}t —%)} 1

exp

x exp [i {—sz + (

{51 -8 B (&2 + 02) — 3y2(c2 + da)

X
Q by(&; + 03)
k202 + by Ex(3cp + 3da 4 2ik2(65 + 02))

by xo(&2 + 02)

Whenever I'(W) =(W—§;)2(V—8,)(W-83) and §; > 8, > 83,

where

)

2711(81 — 82)(81 — 83)

-

— 8y — 83+ (83 — 8y)cosh |Q X{01(§1+01)—3V1(C1+d1)}t>}

k101 + b1 E1(3c1 + 3d; + 2i1(&1 + 01))

b1 xo(&1 +01)

bi(¢1 +0o1)

e}

2721(81 — 82)(81 — 83)

qx,t)= ¢ 0+ 11181 —
261
x exp |i{ —k1X + (

rix,t)= { T+ 12161 —
26,
x exp |14 —K2X + (

0- B+/(81 — 82)(61 —53).

Q

—82—534—(83 —32)COSh Q (X—{

k202 + by Ex(3¢3 + 3ds 4 2k2(65 + 02))

bz xo(§2 +02)

Finally, if [(W)=(W— 81 )(W—82)(W—83)(W—384) and §1 > 63 > 83> 84,

qx,t)= { Tio+T11d2 +

r(x,t)= { T+ 12102 +

by(&2 + 02)

)]

711(81 — 82)(84 — 82)

az(&2 + 02) — 3ya(ca + da) } t)}

x exp [i {—le-i- (

54—52+(8]—54)SI12 % B X—{

a1(§1 +01) = 3yi(c1 +dq)

k101 + b1 E1(3c1 + 3dy + 2k1(&1 + 01))

b1 xo(&1 +01)

b1(&1 + 01)

e}

721(81 — 82)(84 — 82)

o)

_ B 2 1Y @b +02) -3y +da)
84 — 82 + (81 — 84) D B Bl x

X exXp [i {—sz + (

k202 + by Ex(3cp + 3ds 4 2k2(65 + 02))

by xo(&2 + 02)

where modulus m and Q; are given by

and

2 (82 —83)(81 — 64)

M= (61— 55)(02 — 04)’

Q=

_ (=1YB\/(81 — 83)(82 — 84)

for j=1,2.

by(&2 + 07)

e}

o)

(32)

(34)

(36)

(37)
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It needs to mention that §; for j=1, .. ., 4 are the roots of the equation

(W) =0.

795

(40)

Under the conditions 719 =— 71181, T20 =— T2181 and 1 =0, the solutions (25)-(34) can be reduced to plane wave solutions

‘CnQ

ar(é1+01)—-3y1(c1 +dq)
B - t
(X { b1(&1 +01) } )
k101 + b1 E1(3c1 + 3dy + 2k1(&1 + 01)) 10
b1 xo(§1 +01) ’

qlx, t) = +

x exp |14 —k1X +

721 Q

(& + 02) — 3y2(c2 + d3)
B<X_{ by(&2 + 02) }t)

k202 + by Ey(3cz + 3da 4 2k2(65 + 02))
by xo(&2 + 02)

r(x, t) = +

x exXp |14 —kaX +

oo}

4711Q2(8; - 81)

qlx, t) = 5
ag2 - {3(51 ~5) <x {‘“(51 LS +d1)}r)}
< exp [i {—K1X+ <K1®1 + by E]}S)C(]()é13i1g-:)2lﬁ(fl +01))> H_91H !
rx,t) = 4121Q2%(8, - 61)

2
2_ B _J aa(52 +02) = 3ya(ca +da)
4Q {3(81 52) (X { by(Ey + 02) } t)}

. K2®72 4+ by E2(3cy + 3dy + 2k2(&2 + 02))
X exp |:I{I{2X+ < Dy x0(Es + 02) t+6; 71,

singular soliton solutions

(82 =61) B(81 - &2) ai(§1 +01) = 3y1(c1 +di)
B A )

X exp [i{—xlx-i- <K1@1 +b1E1(3c1 +3dy +2x1(65:1 +U1))> t+91}} ’

b1 xo(&1 +01)

(82 - 61) B(81 —&2) ay(§2 + 02) = 3ya(ca + da)
O )

. k202 + by Ep(3cp + 3da 4 2k2(65 + 02))
exp |i{ —KoX + t+6 s
X exp [ { 2 ( bz x0(2 + 02) 2

and bright soliton solutions

P

R+ cosh [Q (x— {m(%‘l +;]()g1_f]:1()q +d1)}t)}
k101 + b1 E1(3c1 + 3d1 + 2k1(& +01))> t+91}

q(x7 t) =

XEXP Ty T b1 xo(§1 +01)

(41)

(42)

(43)

(44)

(46)
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r(x,t)= P
T ax(§2 +02) = 3y2(c2 + da)
R + cosh X — t (48)
[Q ( { by(&2 +02)
: k283 + by Ep(3ca 4 3d3 + 2k2(82 + 02))
X exp l{—K2X+ D 1o (Es £ 03) )H—Gz} )
where

p_ 2711(81 — 82)(61 —53)’ (49)
83 — 8y

P 2721(81 — 82)(61 — 53)’ (50)
83— 8

281 -8, 85
T (51)

It is important to emphasize that the amplitudes of the solitons are given by (49) and (50), while the inverse width of
the solitons is given by (35). These solitons are valid for 711 <0 and t51 <0. Moreover, under the conditions 719 =— 711>,
T0=—T2162 and 1o =0, Jacobi elliptic function solutions (36) and (37) are reduced to

0= (¢ ) 3P1 (c1+dy) (82 —83)(81 — 84)
151 +01) —3y1(C1 + dq 2 —03)(01 — 04
Ri+ sn? |Q; [ x— t), (52)
o (o { EE e ) G
. K101 +b1E1(3c1 +3d1 + 2k1(&1 + 1))
exp |id —k1x+ t+6
X exp ! < by xo(§1 +01) !
r(x, t)= T ; :1( o DT
A2(52 +02) — 3)Y2(Cy +dp 2 —03)(01 — 04
Ri+ sn? [Q [ x— t), 53)
1 [Q* ( { b>(& + 02) } ) (81— 5:)(5 m] (
. k202 + by Ex(3cp + 3ds 4 2k2(65 + 02))
eXp |14 —K2X + t+06
e 2 ( by xo(§2 + 02) ?
where
711(81 — 82)(84 — 82)
Pi= ’ 54
! 51— 84 (54)
5 T21(81 —82)(84 — 82)
Pr= ’ 55
! 51— 4 (55)
84— 82
K= =5 (56)
Remark 1. When the modulus m — 1, singular optical soliton solutions are procured as
qix, t) = g Ton S 3ye d)
(57) R; + tanh? x— 1+01) na+r@,
! [Q ( { bi(§1+01)
. K101 + b1 Eq1(3¢cq +3dy + 211(§1 + 01))
exp |i< —k1X+ t+0 ,
e [ { ! ( b1xo(§1 +01) 1
r(x,t) = S SEw o
(58) Ry 4 tanh? X — 2 +U2 va(Ca +da) |
! Y ba(& + 03)

. K205 + by Ex(3cy + 3dy + 2k2(&2 + 02))
xexp [l{_K2x+ ( b2 xo(52 + 02) >t+92}
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qx, 1) = il
T 2 a1(§1 +o1) = 3y1(c1 +dq)
Ry + tanh [QJ (x{ by (5t 01) t
: k101 + b1 E1(3c1 + 3d;y + 2i1(&1 + 01))
x exp |14 —k1X + byro(Er 1 01) t+61 |,
r(x, t) = Py
T —3p5(cz + dy)
R+ tanh? |0 (x4 @E2+02) =32 +da) |
e {Qj ( { by(&2 + 02)
. k202 + by Ep(3cp + 3da + 2k2(65 + 02))
x exp |14 —KkoX + ACETS) t+6; ,
for 53 =54.
Remark 2. However, if m — 0, periodic singular solutions are obtained as
qlx, t) = il
(59) Ry + sin® |:QJ (x— {01(51 +:1()s*f3(;1()ﬁ +d1)}t>}
161+ 01
. K101 +b1E1(3¢c1 +3dy +2k1(&1 + 1))
X exp |:1{K1X+< by roEr + 1) t+61 7],
r(x,t)= Py
(60) Ry +sin’ [Q- (x— {QZ@Z +l‘)’22(?§2_f’;22()c2 +d2)}r>}
: K207 + by Ep(3cp 4 3d3 + 2k2(&3 + 02))
X exp [1{—K2x+ ( CEYD t+62 51,
4ix, 0 = i
T . —3p1(c +dy)
R 4 sin? |0 (x— J a1 +01)=3plci +di) |,
st [QJ( { b1(&1 +01)
. k101 4+ b1 E1(3c1 + 3dy + 2k1(&1 + 01))
xexp |14 —K1X + AGET)) t+64 ,
r(x, t) = Py
T . (&2 + 02) — 3y2(c2 + da)
Ry +sin® |Q;  x — t
T {Qj < { by(&2 + 02)
. k202 + by Ex(3cp + 3da 4 2k2(65 + 02))
x exp |14 —KkoX + Dy x0(E5 + 03) t+6; ,
for 8, =63.

4. Conclusions

797

(59)

(60)

Bright and singular soliton solutions are retrieved in this paper for SHE that models dispersive soliton dynamics in
birefringent fibers. The adopted integration algorithm is the extended trial equation scheme. This powerful integration
scheme is very effective when other algorithms fail to secure soliton solutions. Therefore, this methodology will be later
applied to various other scenarios and situations in mathematical photonics. A few such examples are Bragg gratings, DWDM
systems, dispersion-managed solitons and several others. The results of those research activities are currently awaited and

will be reported in future.
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