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ABSTRACT

Conventional configuration of the disc­vibratory gyroscope is based on in­plane axisymmetric vi­

brations of the disc with a prescribed circumferential wave number. Due to Bryan’s effect, the

vibrating pattern of the disc becomes sensitive to the axial component of inertial rotation of the

disc. Rotation of the vibrating pattern relative to the disc is proportional to the inertial angular

rate and is measured by sensors. Hence in the conventional configuration, the disc gyroscope is

sensitive to the axial component of the external rotation. In this thesis, an attempt is made to de­

sign a single­body, disc­vibratory gyroscope which may replace the conventional three­body, dis­

vibratory gyroscope. For this disc­vibratory gyroscope, both in­plane and out­of­plane vibrations

(bending vibrations) are excited with different circumferential wave numbers. Inner and outer radii

of the disc as well as the disc thickness are matched so that the natural frequencies of the in­plane

and out­of­plane vibrations coincide, which is the "condition of tuning". In this case the tuning­

disc gyroscope becomes sensitive to three components of inertial rotation, namely, the x­axis, the

y­axis and the z­axis. Using the theory of linear elasticity and frequency tuning, a formula for the

so­called "Bryan’s factor" is derived to quantify a shift in angular velocity. In this thesis, analy­

sis of the effects of elastic boundary conditions on the dynamics of thin­plate circular discs used

as vibratory gyroscope resonators, is performed. The doctoral thesis is also devoted to the investi­

gation of the dynamical aspects of disc vibration and realisation of the conditions of tuning. The

thesis also includes the theory of imperfections of the vibratory gyroscope. The solutions to the

equations of motion and analysis are presented using computer algebra systems (CASs) such as

Mathematica and Maple.
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Chapter 1

INTRODUCTION

1.1 BACKGROUND

The need for mathematical modelling in science and engineering is at its peak due to a wide range

of applications of mathematical physics. Mathematical physics with a blend of vibrations and rota­

tions has wide range applications in areas such as seismology, astronomy, inertial navigation, aero­

dynamics and many other fields. Mathematical modelling plays an essential role in engineering

designs, scientific research, and technological innovations (Anandarajah, 2010, [1]). Mathemati­

cal modelling is essential in almost all areas of engineering, ranging from mechanical to civil, and

aerospace to biological. Without appropriate mathematical modelling, the design and utilisation

of automobiles, robots, aeroplanes, space shuttles, skyscrapers, bridges, roads and dams could not

have been realised.

Vibrations and rotations are an integral part of most human activities such as hearing, breathing,

speaking and walking. Thus, the study of vibrations and rotations has drawn the attention of most

philosophers and mathematicians as far back as 4000 BC (Rao, 2011, [2]). One of the many instru­

ments whose operation involves vibration and rotation is a “gyroscope”. The name “gyroscope”

was derived from the Greek word γηρoσ (gyros) meaning "turn" and σκoπoς (skopos) meaning

"view" (Acar & Shkel, 2009, [3]). The French scientist Léon Foucault invented the gyroscope in

1852 in an attempt to measure the rotation of the earth (Lawrence, 1998, [4]). Although Foucault

was given the credit for the discovery of the gyroscope, similar devices were made earlier by Jo­

hann Bohnenberger of Germany in 1817 and Walter Johnson of the United States of America in

1832 (Lawrence, 1998, [4]; Cooper, 1996, [5]; Sabageh, 2010, [6]).

A gyroscope is a sensor that measures the rate of rotation of an object (Acar & Shkel, 2009, [3])

or the angle of rotation of an object (Park, Horowitz & Tan, 2008, [7]) around a fixed axis with

respect to an inertial space. Gyroscopes are used in aviation and space exploration, in the mili­

tary industry, in digital camera stablisation, in rollover detection of vehicles and have many more

consumer applications (Vineelal et al., 2014, [8]). Foucault’s pendulum as invented by Léon Fou­
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cault was one of the first examples of a vibratory gyroscope (Loveday, 1999, [9], Cooper, 1996,

[5]). Foucault used his pendulum to measure the rotation rate as an experiment to demonstrate

the rotation of the earth. The swinging direction of the pendulum rotates with time at a rate pro­

portional to the sine of the latitude due to the earth’s rotation. The earliest gyroscopes, such as

the Sperry gyroscope, utilised a rotating momentum wheel attached to a gimbal structure (Scar­

borough 1958, [10]). Rotating wheel gyroscopes have many disadvantages such as friction to and

wear on bearings (Acar & Shkel, 2009, [3]).

The hemispherical­resonator gyroscope (HRG) and tuning­fork gyroscope eliminate rotation and

avoid bearing problems. As technology develops and vibratory gyroscopes become smaller, cheaper

and better­performing, many more applications will become possible (Loveday, 1999, [9]). High­

performance technologies such as the fibre­optic gyroscope (FOG) and ring­laser gyroscope (RLG),

based on the Sagnac effect, have been developed by eliminating nearly all mechanical limitations

such as vibration, shock sensitivity and friction. Despite their high cost, optic gyroscopes have

many high­end applications such as navigation aboard naval vessels (Zhang, 2015, [11]). Vibra­

tory gyroscopes, due to their high performance, high reliability, and minute size are used in many

diverse fields. These include navigation of air and marine vehicles, tracking control and rollover

detection systems in cars (Azgin, 2007, [12]). Early efforts for the development of vibratory gyro­

scopes were motivated mostly by military applications such as missile guidance and stabilisation,

gun, camera and antenna stabilisation, smart munitions including gun­fired munitions and GPS­

augmented navigation (Loveday, 1999,[9]).

Bryan (1890, [13]) in his 1890 experiment explained the beating of sound produced by a ringing

wine glass placed on a turntable. The foundation for the physics of present­day, hemispherical­

resonator gyroscopes (HRGs) was laid by Bryan’s experiment. In 1890, Bryan observed that when

a vibrating structure is rotated with respect to inertial space, the vibrating pattern rotates at a rate

proportional to the inertial rate of rotation (Shatalov et al. 2009, [14]). This effect, called "Bryan’s

effect" has numerous navigational applications in resonator gyroscopes (RGs) such as guidance

systems in ships, aircraft and spacecraft (Coetzee, 2008, [15]). The mathematical principles of a

resonator gyroscope have been discussed generally by Zhuravlev and Klimov (Joubert, Shatalov

& Coetzee, 2014, [16]). Detailed analysis of the gyroscopic effects for a thin­shelled cylinder was

done by Loveday and Rogers (1998, [17]). A commercial gyroscope based on Bryan’s effect has

a "three­body" array consisting of three hemispherical RGs with orthogonal axes of rotation. For
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a fixed mode of vibration, Bryan (1890, [13]) made the following calculation for the constant of

proportionality (known as Bryan’s factor) or angular gain (Johari & Ayazi, 2007, [18]):

BF =
Rate of rotation of the vibrating pattern

Inertial rate of rotation of the vibrating structure
. (1.1)

It is convenient to be able to calculate Bryan’s factor quickly and accurately for RGs made from

various substances, because it is used to calibrate each instrument. Its usefulness is confirmed by

David Rozelle (2009, [19]). Rozelle states that the hemispherical­resonator gyroscope (HRG) "has

been utilized in many applications over its developmental lifetime: aircraft navigation, strategic

missile navigation, underground borehole navigation, communication satellite stabilization, pre­

cision pointing, and in deep space missions". He further states the following: "Small size, low

noise, high performance and no wear­out has made the hemispherical resonator gyroscope (HRG)

the choice for high­value space missions. After 14 years of production, the HRG boasts over 12­

million operating gyrohours in space with 100%mission success”. Regarding calibration, note that

vibration patterns for various modes of vibration can be observed (see the holographic interfero­

grams of a vibrating wineglass in Rossing (1994, [20])). Assume that the disc shown in Figure 3.1

is made of fused quartz and a free vibration mode is induced. Then, if a spot of paint is placed at

a vibration node on the edge of the disc and the disc starts to rotate axially, the node moves away

from the spot of paint and the rotation rate of the pattern can be calculated, because Bryan’s factor

BF in Equation (1.1) can be easily obtained. If this observation were made inside a space shuttle

or submarine, then the rate of inertial rotation of the craft could be obtained.

It was in 1894 that Lord Rayleigh mentioned Bryan’s effect (1894, [21]). Investigations of the

latter effect appear to have lain dormant for 71 years, but reappeared in 1965 in the small Delco

Wakefield Research and Development facility in Massachusetts in the USA (Rozell, 2009, [19]).

Details of the working principles of the RG are scarce, mainly because of the secrecy involved in

commercial manufacture.

1.2 CLASSIFICATION OF GYROSCOPES

Classification of gyroscopes can be made based on cost, operation principles, the type of material

used for manufacture and the technology contained in the device. A number of classifications are

in use but only a brief classification based on the technology and operation principles is presented

here. Based on the existing technology, gyroscopes are broadly classified into the following main

classes namely: Mechanical spinning­wheel gyroscopes; optical gyroscopes; fluidic gyroscopes;

3



vibratory gyroscopes; and non­vibratory gyroscopes (Sharma, 2013, [22]). In this section only

mechanical, optical and vibratory gyroscopes are briefly discussed.

1.2.1 Mechanical gyroscopes

The mechanical gyroscope has a spinning disc mounted within the gimbal system. The disc moves

freely with respect to the gimbal structure mounting points. This gyroscope is based on the prin­

ciple of conservation of angular momentum and thus the axis of the rotor remains fixed in space

and is used as an indicator of change in direction and attitude (Sabageh, 2010, [6]). Examples of

mechanical gyroscopes include, for example: Dynamically­tuned gyroscopes (DTG); gas­bearing;

and electrostatically­suspended spherical gyroscopes. The spinning­mass gyroscope is one of the

highest­performance mechanical gyroscopes. However, its high cost, moving parts, longer start­up

time and difficulty in miniaturisation remain challenges for batch fabrication (Dreyer, 2008, [23]).

The mechanical­wheel spinning gyroscope (Sabageh, 2010, [6]) is shown in Figure 1.1.

Figure 1.1: The mechanical­wheel, spinning gyroscope

1.2.2 Optical gyroscopes

This class of gyroscopes has two categories, namely, fibre­optic gyroscopes (FOGs) and ring­

laser gyroscopes (RLGs). These gyroscopes are based on the Sagnac effect, which states that the

phase shift between two beams measured by a ring interferometer is proportional to the angular

velocity (Armensie et al., 2010, [24]). The Sagnac effect induces either a phase shift between two

propagating signals or a frequency shift between two propagating resonant modes. A schematic

diagram of a RLG is given in Hyvönen (2011, [25]).
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Figure 1.2: The ring­laser gyroscope

Optical gyroscopes were developed in the quest for improvement in heavy mechanical gyroscopes.

They are much smaller than heavy mechanical gyroscopes and use more advanced technology and

have higher performance and are thus steadily replacing their mechanical counterparts. Optical

gyroscopes are widely used in inertial navigation units (INUs) in military and civilian aircraft.

Unlike mechanical­wheel, spinning gyroscopes, optical gyroscopes have no bulky moving parts.

However, due to their complex composition and components, and huge running costs due to in­

tensive power use for rotation detection and cross­talk and locks, their reliability is sometimes

questioned (Johari, 2008, [26]).

1.2.3 Vibratory gyroscopes

Both mechanical and optical gyroscopes are high precision gyroscopes, but due to bigger size and

high cost, their use is limited to a few areas of application only. Vibratory gyroscopes are an

alternative class of gyroscopes which use vibrating mechanical elements along with the Coriolis

effect to measure rotation rate (Dreyer, 2008, [23]). The Coriolis force is an apparent inertial force

that results from rotation and is proportional to the rotation rate. The Coriolis force appears when

an object moves inside a rotating coordinate frame (Hyvönen, 2011, [25]). The Coriolis force

was first observed by a French scientist Gaspar­Gustave Coriolis (1792–1843) in 1835 (Ansari,

2008, [27]). Vibratory gyroscopes do not have any moving and rotating parts and it is possible

for them to be further miniaturised (Johari, 2008, [26]). Vibratory gyroscopes can be classified as

angular, displacement­measuring, vibratory gyroscopes and angular­rate gyroscopes (Shkel, Acar
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& Painter, 2005, [28]). The operation principle of all vibratory gyroscopes depends mainly on the

exchange of energy between two vibration modes due to the Coriolis acceleration (Ansari, 2008,

[27]). In order to demonstrate the Coriolis effect, assume a particle that travels in space with a

velocity #V and an observer seated on the x­axis of the xyz­coordinate system as shown in Figure

1.3, which has been adapted from (Ansari, 2008, [27]). Once the local coordinate system starts to

rotate about the z­axis with an angular velocity #Ω, then it appears for the observer on the x­axis that

the particle is moving towards him/her along the x−axis with an acceleration of #acor = 2#Ω × #V .

No force is applied to the particle but to the observer on the rotating frame (xyz) it appears that

there is an apparent force which is proportional to the rotation rate #Ω. The Coriolis effect is the

basic operating principle of all vibratory gyroscopes.

Figure 1.3: The Coriolis effect

Now consider the two reference frames A and B in Figure 1.4 as given in (Acar & Shkel, [3]),

where A is an inertial or stationary frame and B is a rotating frame. Suppose also that rA and rB

are the position vectors with respect to the stationary and rotating frames, respectively. Further

assume that θ is the inclination of frame B with respect to frame A, Ω is the angular rate of the

rotating frame and given as Ω = θ̇, and R is the position vector of the rotating frame.

By means of the transport theorem (Spiegel, 1982, [29]) it is true that:

ṙA= ṙB+Ω× rB . (1.2)

From the vector representation in Figure 1.4, it can be seen that:

rA = R+ rB. (1.3)
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Figure 1.4: Representation of the position vector relative to the inertial frame A and the rotating
reference frame B

Acceleration with respect to the inertial frame is given by (Acar & Shkel, 2009, [3]):

aA= A+ aB+Ω̇× rB+Ω× (Ω× rB) + 2Ω× vB, (1.4)

where aB and vB are the acceleration and velocity vectors with respect to the rotating frame B.

Whereas A is the linear acceleration of the rotating frame, Ω and Ω̇, respectively, are the angular

velocity and angular acceleration of the rotating frame. The termA + aB+Ω̇× rB is the acceler­

ation of a vibrating object in the rotating frame whereas the term Ω× (Ω× rB) is the centripetal

acceleration and the last term 2Ω× vB is the fictitious term called Coriolis acceleration.

In vibratory gyroscopes, the Coriolis effect is responsible for the coupling of energy between two

modes of vibration. The drive mode, also called the primary mode, is responsible for setting

the resonator (the vibrating element) in motion with constant amplitude. The sense mode, also

called the secondary mode, is induced by the Coriolis effect and vibration of the primary mode.

Measurement of the amplitude of the sense mode provides the required measure of the angular

rate. Examples of vibratory gyroscopes may include: Disc­vibratory gyroscopes; hemispherical

resonator gyroscopes; tuning­fork gyroscopes; ring gyroscope; and vibratory­wheel gyroscopes

(Johari, 2008, [26]). The main focus of this thesis is the dynamics of the disc­vibratory gyroscope.

The disc­vibratory gyroscope may consist of a fused­quartz resonator that is actuated by electro­

static force or electromagnetic force or piezoelectric means. The disc considered in this thesis is a

thin disc made from isotropic material (Burdess & Wren, 1986, [30]).
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1.3 RESEARCHMETHODOLOGY

The research undertaken in this study considers both solid and annular discs that model the disc

gyroscope vibrating in a plane as well as out­of­plane in the presence of non­constant, three­

dimensional (3D), inertial rotation rate. Throughout this study, Hamilton’s variational principle

which deals with determination of the extrema of a functional is used to derive equations of motion.

Using the same method, the natural and prescribed boundary conditions are formulated. Various

models of the disc gyroscope are considered. Firstly, a disc gyroscope that vibrates and rotates

in its plane is considered, where all dynamics and boundary conditions of the in­plane vibration

of the disc for both rotating and non­rotating disc gyroscopes is detailed in depth. The analytical

solutions in terms of Bessel’s functions for a non­rotating disc vibrating in its plane is determined.

Later the eigenfunctions associated with the non­rotating disc is used to determine the eigenvalues

when the disc is slowly rotating. Secondly, the out­of­plane vibration of the disc gyroscope is

modelled using a circular plate that is subjected to bending out of its plane. Similar to the in­

plane vibration, analytical solutions to the vibration problem are determined in terms of Bessel’s

and modified Bessel’s functions. Using various boundary conditions, the frequency equations are

formulated and the corresponding eigenvalues and eigenfrequencies are numerically computed

using MATHEMATICA and MAPLE.

Thirdly, a disc gyroscope vibrating both in its plane and out­of­plane and subjected to a slow 3D­

inertial rotation rate is considered. The strain energies of in­plane and out­of­plane vibrations are

considered independent of one another and thus the total strain energy of the disc is obtained as

a sum of the two. The Lagrangian of the system vibrating with mode numbers m = 2 in­plane

and m = 3 out­of­plane is determined in terms of the generalised coordinates C, S, A and B. A

system of gyroscopic equations for the disc with 2­ωI and 3­ωo vibrating patterns in terms of the

generalised coordinates is obtained.

The operation principles of the 3D­disc gyroscope, Bryan’s effect and Bryan’s factors are inves­

tigated. The eigenvalues, eigenfrequencies and Bryan’s factors for various boundary conditions

are determined and analysed using tables and graphs generated by means of CASs. To eliminate

the frequency split between the in­plane modes and the out­of­plane modes, appropriate thick­

ness and/or radii of the disc are selected. To account for structural non­idealities, the case of mass

imperfections is included.
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1.4 PROBLEM STATEMENT

Gyroscopes operating in single axis and dual­axis forms are widely developed and batch­fabricated

(Tsai & Sue, 2008, [31]). A number of applications which require 3D motion has necessitated

the need for a detailed study of 3D­vibratory gyroscopes. Sung (2013, [32]) used three devices

comprising of a yaw, a pitch and a roll integrated into a single chip to sense tri­axial rotation. Johari,

Shah and Ayazi (2008, [33]) designed and used a thick (100) silicon, high­frequency, single­disc

gyroscope capable of sensing the rotation rate around the x and z­axes. The main problems that

this thesis tries to investigate and answer are the following:

• Is it possible to derive a mathematical model for a single disc gyroscope that is capable of

sensing inertial rotation rates in multiple axes?

• If so, how can the equations of motion that describe the dynamics of the system be derived?

• What is the system of equations for this dynamic system?

• What are the analytical solutions for the vibratory system if the rotation rate is neglected?

• What are the operation principles of such a single 3D­disc gyroscope?

• What are the formulas for the components of inertial rotation rate?

• What are the models for Bryan’s effect and Bryan’s factors for a slowly rotating 3D­disc gyro­

scope?

• What are the techniques used to tune eigenfrequencies of in­plane modes and out­of­plane

modes to maximise the sensitivity of this disc gyroscope?

1.5 RESEARCH OBJECTIVES

The principal objectives of this thesis are:

• To model mathematically a single 3D­solid and annular disc gyroscope that is capable of sens­

ing rotation rates around three mutually­perpendicular axes;

• To derive the equations of motion and expressions for various associated boundary conditions

for the disc gyroscope that is capable of measuring rotation rates in three axes;

• To establish the various boundary conditions and solve the associated frequency equations to

determine the approximate eigenvalues of the vibrating system;

• To determine the eigenfunctions associated with both in­plane and out­of­plane modes graph­

ically;
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• To show how the tuning of natural frequencies of both modes can be achieved to maximise the

performance of the disc gyroscope; and

• To determine the approximate values of Bryan’s factor and the auxiliary Bryan’s factors for

the disc­vibratory gyroscope.

1.6 SUMMARY OF CONTRIBUTIONS

The main contributions of this work are the derivation of equations of motion, formulation of

boundary conditions, and the numerical determination of the eigenvalues and eigenfrequencies.

The components of the rotation rate for a 3D disc gyroscope are formulated analytically. Bryan’s

factor and auxiliary Bryan’s factors are derived. In general, a mathematical model for a disc­

vibratory gyroscope that is subjected to a 3D rotation rate is developed. The contributions are

summarised in the peer­reviewed publications and conference presentations as listed below.
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991(1) 012072: 1­8. [Online]: doi:10.1088/17426596/991/1/012072.

[2] JOUBERT, S.V., SHATALOV, M.Y., FAY, T.H. & SEDEBO, G.T. 2017. On Bryan’s law and

anisotropic non­linear damping. International Congress on Sound and Vibration (ICSV24), 23­27

July 2017, London, United Kingdom: 1­8. [Online]:

http://iiav.org/icsv24/content/papers/papers/full_paper_689_20170416152259242.pdf.
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1.7 OUTLINE OF THE THESIS

This thesis is organised in seven chapters. Chapter 2 provides a comprehensive literature review

for the disc­vibratory gyroscope and Bryan’s effect. The dynamics of the in­plane, disc­vibratory

gyroscope is discussed in Chapter 3. This study is not limited to the vibration of thin­shelled disc

gyroscopes (as is the case for almost all of the results in the literature). The derivation of equations

of motion for the disc­vibratory gyroscope is undertaken using the variational principle. Various

boundary conditions and frequency equations are established and the associated eigenvalues and

eigenfrequencies are calculated numerically. In Chapter 4 the out­of­plane vibration of the disc­

vibratory gyroscope is modelled by the bending vibration of a thin circular plate. Similar to Chapter

3, the equations of motion for the out­of­plane vibration are derived using the variational principle.

The eigenvalues and the eigenfrequencies as well as the eigenfunctions relating to the bending

vibration of the disc­vibratory gyroscope are determined numerically.

Chapter 5 discusses the derivation of equations of motion of a tuning, disc­vibratory gyroscope

subjected to slow 3D­rotation. The kinetic energy and strain energy of the slowly­rotating and

vibrating disc are described in terms of four generalised coordinates namely, C, S, A and B.

The analytical theory of the tuning, disc­vibratory gyroscope with tuned resonant frequencies of

the in­plane and out­of­plane modes is presented. Numerical examples of tuning of frequencies

of both modes are investigated for various dimensions of the disc gyroscope. Investigations of

Bryan’s effect in terms of the integrals of the eigenfunctions are presented in this chapter including

quantitative examples of Bryan’s factor and auxiliary Bryan’s factors. The operation principle for

this 3D­disc gyroscope is discussed and analytical determination of the components of the inertial

rotation is provided. The results of this contribution is published in Sedebo, Joubert and Shatalov

(2018, [34]).

Chapter 6 introduces the notion of mass imperfection to the vibratory­disc gyroscope. Imper­

fections such as mass imperfection are the major sources of limitations in the performance of

vibratory­disc gyroscope, if left uncorrected. A coupled system of gyroscopic equations with mass

imperfections are derived. Frequency splitting as a result of mass imperfections in the in­plane

modes and out­of­plane modes of the disc­vibratory gyroscope are discussed. Both non­averaged

and averaged equations are obtained and qualitative inferences are included.
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Chapter 7 summarises and concludes the thesis. Potential future research areas are identified and

recommendations are made. A list of contributions to this study in local and international confer­

ences and refereed scientific journals is summarised.
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Chapter 2

LITERATURE REVIEW

A disc and its vibration properties subjected to classical boundaries have been widely studied

and are well­documented. Substantial amounts of information on the nature of both in­plane and

out­of­plane vibrations can be found in literature. Circular discs are used and applied in widely

different areas, amongst others, in nozzle covers, pressure vessels, pump diaphragms, turbine disks,

submarines, airplanes, railway wheels, brakes, hard drive discs and as sensors (Bashmal, Bhat

& Rakheja, 2011, [36]). Love (1893, [35]) derived the equations of motion for a thin circular

disc with a free edge and obtained an analytical solution. The bending of circular plates with

various boundary conditions are thoroughly discussed by Timoshenko and Woinowsky­Krieger

(1959, [37]). Bashmal, Bhat and Rakheja (2011, [36]) investigated and analysed the in­plane free

vibration of an annular disc with an elastic support at a point. The Rayleigh­Ritz method was used

to determine the various frequency parameters and the associated mode shapes. Leissa (1969, [38])

and Leissa and Qatu (2011, [39]) presented analytical solutions for both solid and annular plates

in terms of the Bessel functions subjected to various boundary conditions. Theoretical as well as

experimental results for frequencies and ratios of radii for nodal circles were calculated.

Analytical solutions for a rotor consisting of multiple flexible discs were obtained by Jia, Chun

and Lee (1997, [40]). The authors also investigated the effect of a flexible disc on the coupled

longitudinal vibrations that link the disc and shaft. A car brake disc, regarded as an annular plate,

was investigated by Ouyang et al. (2000, [41]) and its equation of motion was derived using the

theory of a thin plate. The equations of motion were purely those of a thin circular plate because

the authors intentionally dropped the dynamics of the in­plane vibrations that involve gyroscopic

effects. The first disc gyroscope based on Piezoelectric material was investigated by Burdess

and Wren (1986, [30]). The authors proposed a thin piezoelectric disc gyroscope that utilises

its in­plane vibration properties to detect the rotation rate. The authors neglected the stresses

in the transverse direction of the disc to derive both constitutive and field equations. Singh and

Gorain (2004, [42]) reported another piezoelectric disc gyroscope which uses the piezoelectric

material PZT­5H for both excitation of vibration and detection of rotation. The disc structure has

certain advantages as compared to other structures, due to its symmetry, and it is less sensitive to
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bogus vibrations. The vibrating disc is not sensitive to temperature and hence the sensitivity is not

affected by temperature variations (Singh & Gorain, 2004, [42]).

The authors Hao, Pourkamali and Ayazi (2004, [43]) reported a single, silicon­capacitive, disc res­

onator based on an elliptic bulk­mode which is modelled as a solid circular thin plate with a free

edge and a support beam. The authors also calculated the mode shape and presented both theo­

retical and numerical results. The disc resonator presented by Hao, Pourkamali and Ayazi (2004,

[43]), similar to the one reported by Burdess and Wren (1986, [30]) and Singh and Gorain (2004,

[42]) uses the in­plane vibration mode properties with mode number m = 2, to measure the rota­

tion rate. Tsai et al. (2010, [44]) reported the design of a reciprocally, micro­disc gyroscope driven

electromagnetically. In their innovative design, the micro­disc gyroscope had a two­dimensional

angular rate, the first dimension “spinning” as a result of the electromagnetic drive force and the

second “tilting” as a result of the Coriolis effect. A high­quality, high­frequency, single­crystal,

silicon (SCS) disc resonator driven by capacitive means and operating at its elliptic mode with a

mode number m = 2 was reported by Pourkamali, Hao and Ayazi (2004, [45]) as a continuation

of their work in part I (2004, [43]). They provided the details of implementation and character­

isation of the SCS. Another elliptical mode (SCS) disc resonator was also presented by Wei and

Seshia (2014, [46]), where the frequency split between the in­plane modes is analytically formu­

lated. Johari and Ayazi (2007, [18]) presented a capacitive, bulk­acoustic disc gyroscope which

also operates in elliptic mode withm = 2, in its plane. They compared the performance parameters

of the disc gyroscope for both silicon (100) and (111) substrates.

Despite their high precision, mechanical, optic or ring­laser gyroscopes are all too bulky and too

expensive and these factors limit their use in recent emerging applications. Miniaturisation of me­

chanical gyroscopes is very difficult and this has created an opportunity for vibratory gyroscopes

that can effectively be miniaturised using micro­machining technology. The size of vibratory gy­

roscopes can be shrunken by an order of magnitude reducing their fabrication costs considerably.

Micro­fabrication also allows designers to integrate the electronics on the same chip, further reduc­

ing the overall size of the gyroscope. Micro­electromechanical systems (MEM) are a technology

that combines electrical and mechanical systems at a micro level (Acar & Shkel, 2009, [3]). As

a result of miniaturisation, extremely complex electromechanical parts can be assembled together

to create complete and sophisticated systems on a chip. This provides an opportunity for mass­

production of low­cost gyroscopes.
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Conventional gyroscopes such as mechanical, optic or ring­laser gyroscopes can only measure ro­

tation rates around one axis at a time. If there is a need to measure the rotation rate around three

mutually­perpendicular axes, one of these gyroscopes has to be used at a time for each axis. Gy­

roscopes operating in single­axis and dual­axis are widely developed and batch­fabricated (Tsai &

Sue, 2010, [47]). A number of applications which require 3D motion has necessitated the need for

a detailed study of multi–axis vibratory gyroscopes. Cooper (1996, [5]) proposed a gyroscope that

is able to measure rotation rates around all three, mutually­perpendicular axes. His investigation

was mainly of qualitative nature with finite element (FE) analysis. Sung (2013, [32]) used three

devices such as a yaw, a pitch and a roll integrated into a single chip to sense tri­axial rotation. Jo­

hari, Shah and Ayazi (2008, [33]) designed and implemented a thick (100) silicon, high­frequency,

single­disc gyroscope capable of sensing the rotation rate around the x and z­axes. Despite us­

ing the same disc, the sensitivity for each in­plane axis was measured at different times. Another

multi­axis gyroscope using the ring element as a resonator was investigated and the operation prin­

ciple was detailed by Gallacher et al. (2006, [48]). The authors presented the principle of a 3­axis,

ring gyroscope and outlined the process of prototype fabrication using MEMS techniques.

Johari (2008, [26]) introduced a single disc gyroscope capable of sensing rotation rates along

the x and z­axes, operating at high frequency. The operation principle is based on the Coriolis

coupling of in­plane and out­of­plane vibrations. The implementation of this gyroscope involved

revised the high aspect­ratio, poly and single­crystalline silicon (HARPSS) fabrication process and

used 40µm­thick SOI substrates. A successful, mode­matched hollow­disc, dual­axis gyroscope

was reported by Sung, Dalal and Ayazi (2011, [49]). The gyroscope uses three in­plane and out­

of­plane resonant modes to achieve maximum sensitivity. Furthermore, the gyroscope uses its

in­plane elliptical mode as a drive mode and the two other orthogonal out­of­plane modes as sense

modes. Although the device reported on was capable of sensing rates of rotation around more than

one axis, it needed to be integrated to the yaw­disc to exploit it for measuring rotation rates around

three mutually­perpendicular axes.

G.H. Bryan (1890, [13]) in his 1890 experiment explained that the angular rate of a vibrating

pattern of a rotating ring is proportional to the inertial angular rate of the ring structure. This effect

is called Bryan’s effect and the proportionality constant is called “Bryan’s factor”. Bryan’s effect

laid the foundation for the physics of present­day, vibratory­disc resonator gyroscopes (VDRGs)

and hemispherical resonator gyroscopes (HRGs). Bryan’s effect has many applications such as
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in the fields of navigation, seismology and cosmology (Coetzee, 2008, [15]). Coetzee (2008,

[15]) investigated the dependence of Bryan’s factor on various physical and geometric parameters

of a spherical body. Bryan’s effect for a cylinder with a vibrating lateral side was discussed by

Voges (2006, [50]). Joubert, Shatalov and Fay (2009, [51]) obtained approximate but extremely

accurate values for Bryan’s factor in terms of integrals for isotropic rotating structures. Pretorius

(2007, [52]) studied Bryan’s effect for a thin disc subjected to an inertial rotation. Analysis of the

effects of isotropic, non­linear damping on Bryan’s effect was performed by Joubert, Shatalov and

Manzhirov (2013, [53]).

To date, there is no example with sufficient detail, of a 3D, single­disc vibratory gyroscope, avail­

able in the literature. For this reason, this thesis is devoted to the investigation of a single­disc

vibratory gyroscope that is capable of measuring 3D rotation rates. To accomplish this investi­

gation, the equations of motion that describe the dynamics of the 3D­disc vibratory gyroscope

are derived, the operation principle is devised, the rotation rates are determined analytically and

Bryan’s factors are investigated in subsequent chapters.
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Chapter 3

IN­PLANE DISC­VIBRATORY GYROSCOPE

3.1 INTRODUCTION

In this chapter, the in­plane vibrations of the disc­vibratory gyroscope are investigated. The equa­

tions of motion and boundary conditions describing the in­plane vibration of the disc are derived

and discussed. Only the vibration of the disc in its plane mode resulting from extension and shear

are emphasised in this chapter.

3.2 ELASTODYNAMICS

Elasticity of materials is defined as the subject that deals with the stress, strain and displacement

of an elastic solid (Sadd, 2009, [54]). The main idea behind the theory of elasticity is that the

deformation of the body due to an external load is small with respect to unity, which allows for the

establishment of various mathematical models in numerous areas of application in engineering and

science. A perfectly elastic body returns to its natural undeformed state when all loads or external

forces are removed (Achenbach, 1973, [55]). Throughout this thesis, wherever applicable, only

aspects of linear elasticity are used. Fan (2011, [56]) reduces the basic assumptions of elasticity to

the following core ideas:

• Continuity of the medium: The medium in which the field variables are considered is uniform.

From this, it follows that the field variables are continuously differentiable functions of the

spatial coordinates.

• Homogeneity of the medium: The physical constants of the medium do not depend on spatial

coordinates.

• Small deformations: The strain components as a result of deformation are less than unity.

• Rigid body motions are not part of the deformation of the body.

3.2.1 Strain­displacement relations

If an elastic body undergoes deformation due to external loads, its shape or volume varies. Below,
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the strain­displacement relations are shown for the cylindrical coordinates (r, ϕ, z) of an elastic

body that undergoes deformation:

ǫr =
∂u

∂r
, ǫϕ =

1

r

�
u +

∂v

∂ϕ

�
, ǫz =

∂w

∂z
, (3.1)

where u is radial displacement, v is tangential displacement, w is axial displacement, ǫr is a tensile

strain in the radial direction, ǫϕ is a tensile strain in the tangential direction and ǫz is a tensile strain

in the axial direction. The shear strains are given as follows:

ǫrϕ =
1∂u

r∂ϕ
+

∂v

∂r
−

v

r
, ǫrz =

∂u

∂z
+

∂w

∂r
and ǫϕz =

1∂w

r∂ϕ
+

∂v

∂z
. (3.2)

For the deformation of a perfectly elastic body, the infinitesimal or differential displacement is a

continuous function of the coordinate axis. Tensile strains given by Equation (3.1) are obtained

from the diagonal elements of the displacement­gradient matrix, while shear strains given by Equa­

tions (3.2) may be obtained from the symmetry of the displacement­gradient matrix (Yenwong­Fai,

2008, [57]).

3.2.2 Hooke’s law

Hooke’s law for isotropic material in cylindrical coordinates may be written in its general form as:

σr = λ (ǫr + ǫϕ + ǫz) + 2µǫr;

σϕ = λ (ǫr + ǫϕ + ǫz) + 2µǫϕ; and (3.3)

σz = λ (ǫr + ǫϕ + ǫz) + 2µǫz;

where σr, σϕ and σz are the tensile stresses, in radial, tangential and axial directions respectively,

λ and µ are the Lamè coefficients. The shear stresses are:

σrϕ = µǫrϕ;

σrz = µǫrz; and (3.4)

σϕz = µǫϕz.

For an isotropic material the strain­stress relationship in cylindrical coordinates is summarised by

and represented in the matrix shown below (Reddy, 2004, [58]):


ǫr
ǫϕ
ǫz
1
2
ǫrϕ
1
2
ǫϕz
1
2
ǫrz




=
1

E




1 −η −η 0 0 0
−η 1 −η 0 0 0
−η −η 1 0 0 0
0 0 0 1 + η 0 0
0 0 0 0 1 + η 0
0 0 0 0 0 1 + η







σr
σϕ
σz
σrϕ
σϕz
σrz




, (3.5)
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where E­is modulus of elasticity, η­is Poisson’s ratio. The Lamè constants are:

λ =
ηE

(1 + η) (1− 2η)
; and µ = G =

E

2 (1 + η)
. (3.6)

The following relationships can be obtained from Equation (3.6) (Redwood, 1960, [59]):

E =
µ (3λ + 2µ)

λ + µ
, η =

λ

2 (λ + µ)
and k = λ +

2

3
µ. (3.7)

Here µ = G­is shear modulus and k­is bulk modulus..

3.2.3 Equilibrium equations

The equilibrium equations or Navier’s equations for an isotropic solid with a material density ρ in

cylindrical coordinates (Redwood, 1960, [59]) are:

µ

�
∇2u−

u

r2
−

2

r2
∂v

∂ϕ

�
+ (λ + µ)

∂

∂r

�
1

r

∂

∂r
(ru) +

1

r

∂v

∂ϕ
+

∂w

∂z

�
= ρ

∂2u

∂t2
; (3.8)

µ

�
∇2v −

v

r2
+

2

r2
∂u

∂ϕ

�
+ (λ + µ)

∂

∂ϕ

�
1

r

∂

∂r
(ru) +

1

r

∂v

∂ϕ
+

∂w

∂z

�
= ρ

∂2v

∂t2
; and (3.9)

µ∇2w + (λ + µ)
∂

∂z

�
1

r

∂

∂r
(ru) +

1

r

∂v

∂ϕ
+

∂w

∂z

�
= ρ

∂2w

∂t2
. (3.10)

3.3 THE SINGLE­AXIS, DISC­VIBRATORY GYROSCOPE

Consider an annular disc of thickness h with inner radius a and outer radius b that is rotating slowly

at rate Ω = εΩk̂. Assume that dm = ρhrdrdϕ is an infinitesimal element of the disc located at a

distance r from the origin as shown in Figure 3.1 on the disc, with radial displacement given as u

and tangential displacement as v from the position of rest. The element dm has a polar angle ϕ,

measured from the x­axis with terms: mass density ρ of the disc and Poisson’s ratio η. It is also

assumed that the thickness h is much smaller than the typical in­plane dimensions of the disc, that

is, h << min(a, b) and hence the disc is "thin".

Assume that the disc rotates around its axis (z) with an inertial angular rate ofΩ = εΩk̂ where ε is

a small parameter and k̂ is the unit vector in the direction of increasing z. From this, the absolute

velocity of the element dm is:

#V =
	

u̇ v̇ ẇ

T

+Ω× #R; (3.11)

with:

Ω =
	

0 0 εΩ

T
; and (3.12)
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#R =
	

r + u v 0

T

; (3.13)

and T is the transpose of a matrix, while u̇, v̇ and ẇ = 0 are the derivatives of u, v and w

respectively with respect to time. The absolute linear velocity can now be written as (Joubert,

Shatalov & Fay, 2009, [51]):

#V = (u̇− εΩv) r̂ + (v̇ + εΩ(r + u)) ϕ̂ + 0k̂; (3.14)

were r̂, ϕ̂ and k̂ are the unit vectors in the increasing directions of r, ϕ and z, respectively.

Figure 3.1: A slowly rotating annulus with inertial rotation rateΩ =εΩk̂, with inner radius a, outer
radius b and thickness h with vibrating disc element of mass dm = ρhrdrdϕ at its position of rest
with polar coordinates 0rϕz

3.3.1 Lagrangian and density

The kinetic energy of the vibrating and slowly­rotating disc (Joubert, Shatalov & Fay, 2009, [51])

is given by:

K =
1

2

� h

0

� 2π

0

� b

a

ρ(#V · #V )rdϕdrdz

=

� 2π

0

� b

a

ρhr

2

	
(u̇− εΩv)2 + (v̇ + εΩ(r + u))2



drdϕ. (3.15)

Assuming that the inertial rotation εΩ is much smaller than the lowest eigenvalue of the system,

terms of order O(ε2) are neglected. The centrifugal forces that are proportional to (εΩ)2 are also

neglected. The term 2εrΩv̇ in the expression of the kinetic energy is neglected because it disap­

pears in the Euler­Lagrange equations. Thus one obtains the following approximate expression for
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the kinetic energy:

K ≈

� 2π

0

� b

a

ρhr

2

	
u̇2 + v̇2 − 2εΩ (u̇v − uv̇)



drdϕ. (3.16)

Please take note of the dot and prime notations used for derivatives elsewhere in this chapter:

u̇ =
∂u

∂t
, v̇ =

∂v

∂t
, u′r =

∂u

∂r
, u′ϕ =

∂u

∂ϕ
, v′r =

∂v

∂r
, v′ϕ =

∂v

∂ϕ
; (3.17)

ü =
∂2u

∂t2
, u′′rr =

∂2u

∂r2
, u′′ϕϕ =

∂2u

∂ϕ2
, u′′rϕ =

∂2u

∂rϕ
; (3.18)

v̈ =
∂2v

∂t2
, v′′rr =

∂2v

∂r2
, v′′ϕϕ =

∂2v

∂ϕ2
; and v′′rϕ =

∂2v

∂rϕ
. (3.19)

In order to calculate the strain energy (the potential energy) it is assumed that the in­plane dis­

placements u and v and their derivatives do not influence the mid­plane curvatures (χ1 and χ2) and

torsion (τ̃ ). This assumption corresponds to the simplification of the Novozhilov’s theory of thin

shells to the Novozhilov­Goldenveizer theory of shallow shells (Leissa, 1993, [60], Novozhilov,

1970, [61]). In the Novozhilov­Goldenveizer theory, it is accepted that the curvatures and torsion

become (Soedel, 2004, [62]):

χ1 ≈ −
1

A1

∂

∂α1

�
1

A1

∂w

∂α1

�
−

1

A1A
2
2

∂A1

∂α2

∂w

∂α2
= 0; (3.20)

χ2 ≈ −
1

A2

∂

∂α2

�
1

A2

∂w

∂α2

�
−

1

A2
1A2

∂A2

∂α1

∂w

∂α1
= 0; and (3.21)

τ̃ ≈ −
1

A1A2

�
∂2w

∂α1∂α2
−

1

A1

∂A1

∂α2

∂w

∂α1
−

1

A2

∂A2

∂α1

∂w

∂α2

�
= 0; (3.22)

where A1 and A2 are the Lamé parameters and the axial displacement is w = 0. The parametrisa­

tion of the mid­plane of the disc is as follows:

x = α1 cos α2; y = α1 sin α2; z = 0; (3.23)

where:

α1 = r; α2 = ϕ. (3.24)

The corresponding curvatures are:

lim
R1−>∞

1

R1

= 0;
1

R2

=
1

r
; (3.25)

The strains in the mid­plane of the disc are then calculated as: (Soedel, 2004, [62])

ε1 =
1

A1

∂u1

∂α1
+

1

A1A2

∂ A1

∂α1
u2 +

u3

R1

=
∂u

∂r
= u′r; (3.26)

ε1 =
1

A2

∂u2

∂α2
+

1

A1A2

∂ A2

∂α1
u1 +

u3

R2

=
1

r

�
u +

∂v

∂ϕ

�
=

1

r

	
u + v′ϕ



; and (3.27)

Υ =
A1

A2

∂

∂α2

u1

A1
+

A2

A1

∂

∂α1

u2

A2
=

1

r

�
∂u

∂ϕ
− v

�
+

∂v

∂r
=

1

r

	
u′ϕ + v′r



− v. (3.28)
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In accordance with the theory of a thin shell (Soedel, 2004, [62]), it can be seen that:

u1 = u; u2 = v; u3 = w = 0; (3.29)

and the metric coefficients are:

A1 =

��
∂x

∂α1

�2
+

�
∂y

∂α1

�2
+

�
∂z

∂α1

�2
= 1; and

A2 =

��
∂x

∂α2

�2
+

�
∂y

∂α2

�2
+

�
∂z

∂α2

�2
= r. (3.30)

The strain energy of deformation in thin shells (Novozhilov, 1970, [61]) is:

Pt =

� 2π

0

� b

a

Eh

2(1− η2)



ε21 + ε22 + 2ηε1ε2 +

1− η

2
Υ2

�
rdrdϕdz

+

� 2π

0

� b

a

Eh3

24 (1− η2)

�
χ21 + χ22 + 2ηχ1χ2 + 2 (1− η) τ̃ 2

�
rdrdϕdz. (3.31)

The first part of Equation (3.31) is the strain energy of extension and shear, whereas the second part

is the strain energy of bending and torsion. The terms ε1, ε2 and Υ are given by Equations (3.26),

(3.27) and (3.28), respectively, whereas the terms χ1, χ2 and τ̃ are given by Equations (3.20),

(3.20) and (3.22), respectively. In an attempt to model a 3D (multi­axis) disc­vibratory gyroscope,

it is assumed that the in­plane and out­of plane vibrations are independent (Rourke, McWilliam &

Fox, 2005, [63]). Hence, the strain energy of in­plane vibrations after substitution of Equations

(3.20), (3.20), (3.22), (3.26), (3.27) and (3.28) into Equation (3.31) yields:

P =

� h

0

� 2π

0

� b

a

E

2(1− η2)



ε21 + ε22 + 2ηε1ε2 +

1− η

2
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u′2r +

1

r2

	
u + v′ϕ


2
+

2η

r
u′r
	
u + v′ϕ



+

1− η

2



1

r

	
u′ϕ + v′r



− v

�2�
rdrdϕ. (3.32)

The Lagrangian of the system with regard to in­plane vibration is:

L = K − P

= h

� 2π

0

� b

a

r

2

�
ρ
	
u̇2 + v̇2 − 2εΩ (u̇v − uv̇)



−

E

(1− η2)



u′2r +

1

r2

	
u + v′ϕ


2
+

2η

r
u′r
	
u + v′ϕ



+

1− η

2



1

r

	
u′ϕ + v′r



− v

�2��
drdϕ. (3.33)
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The Lagrangian density function is the integrand of the Lagrangian given in Equation (3.33):

Π =
r

2

�
ρ
	
u̇2 + v̇2 − 2εΩ (u̇v − uv̇)



−

E

(1− η2)



u′2r +

1

r2

	
u + v′ϕ


2
+

2η

r
u′r
	
u + v′ϕ



+

1− η

2



1

r

	
u′ϕ − v



+ v′r

�2��
; (3.34)

then:

Π = Π
	
u̇, v̇, u′r, v

′

r, u
′

ϕ, v
′

ϕ, u, v



; (3.35)

and the Lagrangian is:

L = h

� 2π

0

� b

a

Π
	
u̇, v̇, u′r, v

′

r, u
′

ϕ, v
′

ϕ, u, v


drdϕ. (3.36)

Note here that the Lagrangian density function Π for in­plane vibration does not depend on the

thickness of the disc, which helps the tuning of in­plane natural frequency of the disc with its

out­of­plane natural frequency.

3.3.2 Generating equations

Hamilton’s variational principle (Goldstein, Poole & Safco, 2000, [64]) states that of all possible

paths by which a point in the system could travel from, its position at time t1 to its position at

time t2, the system takes the path for which the action integralAd is stationary. The action integral

(Goldstein, Poole & Safco, 2000, [64]) is given by:

Ad =

� t2

t1

Ldτ . (3.37)

By means of Hamilton’s variational principle, the variation of action is mathematically written as:

δAd = δ

� t2

t1

Ldτ =

� t2

t1

δLdτ = 0, (3.38)

provided that

δu (t = t1) = δu (t = t2) = 0 (3.39)

and

δv (t = t1) = δv (t = t2) = 0. (3.40)

In what follows, Hamilton’s variational principle is used to derive the equations of motion as well

as a set of possible boundary conditions, assuming that εΩ = 0 in Equation (3.34).
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The variation of Ad for a vibrating disc using Equation (3.36) is:

δAd =

� t

0

� h

0

� 2π

0

� b

a

δΠdrdϕdzdτ

= h

� t

0

� 2π

0

� b

a

δΠdrdϕdτ ; (3.41)

where it is assumed that:

t1 = 0, t2 = t (3.42)

and

δAd = 0 with δu|τ=0,t = δv|τ=0,t = 0. (3.43)

From Equation (3.35), δΠ can be calculated as follows:

δΠ =
∂Π

∂u̇
δu̇ +

∂Π

∂v̇
δv̇ +

∂Π

∂u′r
δu′r +

∂Π

∂v′r
δv′r +

∂Π

∂u′ϕ
δu′ϕ +

∂Π

∂v′ϕ
δv′ϕ +

∂Π

∂u
δu +

∂Π

∂v
δv. (3.44)

Keeping the product rule of differentiation in mind, an example would be:
∂

∂r

�
∂Π

∂u′r
δu

�
=

∂

∂r

∂Π

∂u′r
δu +

∂Π

∂u′r
δu′r; (3.45)

and so the third term of Equation (3.44) is:
∂Π

∂u′r
δu′r =

∂

∂r

�
∂Π

∂u′r
δu

�
−

∂

∂r

∂Π

∂u′r
δu. (3.46)

Continuing in this fashion with all the terms in Equation (3.44) the following is obtained:

δΠ =
∂

∂τ

�
∂Π

∂u̇
δu +

∂Π

∂v̇
δv

�
+

∂

∂r

�
∂Π

∂u′r
δu +

∂Π

∂v′r
δv

�
+

∂

∂ϕ

�
∂Π

∂u′ϕ
δu +

∂Π

∂v′ϕ
δv

�
−

�
∂

∂τ

∂Π

∂u̇
+

∂

∂r

∂Π

∂u′r
+

∂

∂ϕ

∂Π

∂u′ϕ
−

∂Π

∂u

�
δu−

�
∂

∂τ

∂Π

∂v̇
+

∂

∂r

∂Π

∂v′r
+

∂

∂ϕ

∂Π

∂v′ϕ
−

∂Π

∂v

�
δv. (3.47)
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Hence, substituting Equation (3.47) into Equation (3.41) the variation of action becomes:

δAd = h

� 2π

0

� b

a

� t

0

∂

∂τ

�
∂Π

∂u̇
δu +

∂Π

∂v̇
δv

�
dτdrdϕ +

h

� t

0

� 2π

0

� b

a

∂

∂r

�
∂Π

∂u′r
δu +

∂Π

∂v′r
δv

�
drdϕdτ +

h

� t

0

� b

a

� 2π

0

∂

∂ϕ

�
∂Π

∂u′ϕ
δu +

∂Π

∂v′ϕ
δv

�
dϕdrdτ −

h

� t

0

� 2π

0

� b

a

�
∂

∂τ

∂Π

∂u̇
+

∂

∂r

∂Π

∂u′r
+

∂

∂ϕ

∂Π

∂u′ϕ
−

∂Π

∂u

�
δudrdϕdτ −

h

� t

0

� 2π

0

� b

a

�
∂

∂τ

∂Π

∂v̇
+

∂

∂r

∂Π

∂v′r
+

∂

∂ϕ

∂Π

∂v′ϕ
−

∂Π

∂v

�
δvdrdϕdτ . (3.48)

Performing integration on the first, second and third terms of Equation (3.48) yields the following:

δAd = h

� 2π

0

� b

a

�
∂Π

∂u̇
δu

����
τ=t

τ=0

+
∂Π

∂v̇
δv

����
τ=t

τ=0

�
drdϕ +

h

� t

0

� 2π

0

�
∂Π

∂u′r
δu

����
r=b

r=a

+
∂Π

∂v′r
δv

����
r=b

r=a

�
dϕdτ +

h

� t

0

� b

a

�
∂Π

∂u′ϕ
δu

����
ϕ=2π

ϕ=0

+
∂Π

∂v′ϕ
δv

����
ϕ=2π

ϕ=0

�
drdτ −

h

� t

0

� 2π

0

� b

a

�� ∂

∂τ

∂Π

∂u̇
+

∂

∂r

∂Π

∂u′r
+

∂

∂ϕ

∂Π

∂u′ϕ
−

∂Π

∂u

�
δu−

�
∂

∂τ

∂Π

∂v̇
+

∂

∂r

∂Π

∂v′r
+

∂

∂ϕ

∂Π

∂v′ϕ
−

∂Π

∂v

�
δv
�
drdϕdτ . (3.49)

The method of variation requires that δu|τ=t = δu|τ=0 = δv|τ=t = δv|τ=0 = 0. Furthermore, due

to the continuity of the disc in the circumferential direction, δu|ϕ=0 = δu|ϕ=2π , δv|ϕ=0 = δv|ϕ=2π ,

∂Π

∂u′ϕ

����
ϕ=0

=
∂Π

∂u′ϕ

����
ϕ=2π

and
∂Π

∂v′ϕ

����
ϕ=0

=
∂Π

∂v′ϕ

����
ϕ=2π

. Hence
∂Π

∂u′ϕ
δu

����
ϕ=2π

ϕ=0

=
∂Π

∂v′ϕ
δv

����
ϕ=2π

ϕ=0

= 0. This

means that Equation (3.49) simplifies to:

δAd = h

� t

0

� 2π

0

�
∂Π

∂u′r
δu

����
r=b

r=a

+
∂Π

∂v′r
δv

����
r=b

r=a

�
dϕdτ +

h

� t

0

� 2π

0

� b

a

�� ∂

∂τ

∂Π

∂u̇
+

∂

∂r

∂Π

∂u′r
+

∂

∂ϕ

∂Π

∂u′ϕ
−

∂Π

∂u

�
δu−

�
∂

∂τ

∂Π

∂v̇
+

∂

∂r

∂Π

∂v′r
+

∂

∂ϕ

∂Π

∂v′ϕ
−

∂Π

∂v

�
δv
�
drdϕdτ . (3.50)

By means of inspection, if displacements u and v could be determined such that:
∂

∂τ

∂Π

∂u̇
+

∂

∂r

∂Π

∂u′r
+

∂

∂ϕ

∂Π

∂u′ϕ
−

∂Π

∂u
= 0; (3.51a)

∂

∂τ

∂Π

∂v̇
+

∂

∂r

∂Π

∂v′r
+

∂

∂ϕ

∂Π

∂v′ϕ
−

∂Π

∂v
= 0; (3.51b)
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∂Π

∂u′r
δu

����
r=b

r=a

= 0; and (3.52)

and
∂Π

∂v′r
δv

����
r=b

r=a

= 0; (3.53)

then this would "solve" the equation δAd = 0.

From Equation (3.52):

∂Π

∂u′r
δu

����
r=b

r=a

=
∂Π

∂u′r
δu

����
r=b

−
∂Π

∂u′r
δu

����
r=a

= 0. (3.54)

The above would occur if:
∂Π

∂u′r
δu

����
r=b

= 0; (3.55)

and
∂Π

∂u′r
δu

����
r=a

= 0. (3.56)

But Equation (3.55) implies that:
∂Π

∂u′r

����
r=a

= 0 or δu|r=a = 0;

which would occur if:
∂Π

∂u′r

����
r=a

= 0 or u|r=a = 0. (3.57)

Similarly, Equation (3.56) occurs if:
∂Π

∂u′r

����
r=b

= 0 or u|r=b = 0. (3.58)

Similar arguments result in the following combinations of boundary conditions (BCs) that, together

with the partial differential equations (PDEs) (3.51a) and (3.51b) satisfy δAd = 0:

r = a :
∂Π

∂u′r

����
r=a

= 0 or u|r=a = 0 and
∂Π

∂v′r

����
r=a

= 0 or v|r=a = 0; and

r = b :
∂Π

∂u′r

����
r=b

= 0 or u|r=b = 0 and
∂Π

∂v′r

����
r=b

= 0 or v|r=b = 0. (3.59)

For example, boundary conditions u|r=a = 0 and v|r=a = 0 correspond to fixed edges of the disc

while
∂Π

∂v′r

����
r=a

= 0 and
∂Π

∂u′r

����
r=a

= 0 correspond to free edges at r = a.

The variational method provides boundary conditions for free edges of the disc that are unambigu­

ous. Indeed,
∂Π

∂u′r

����
r=b

= 0 is equivalent to setting σr|r=b = 0 (that is, there are no radial forces at

r = b) while
∂Π

∂v′r

����
r=b

= 0 is equivalent to setting σrϕ|r=b = 0 (that is, there are no shear forces at

r = b). Hence, assuming that there are no tangential forces at r = b (that is choosing σϕ|r=b = 0)

does not yield the correct boundary condition. Setting σϕ = 0 as a boundary condition for a free
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edge is an infamous historical error that was corrected using the variational method.

3.3.3 Explicit equations of motion

It is important to keep in mind that the primary goal is to determine the displacements u(r, ϕ, t)

and v(r, ϕ, t), assuming that inertial rotation εΩ = 0. By substituting the Lagrangian density given

by Equation (3.34) into the two PDEs (3.51), the following is obtained:
ρ(1− η)

E
rü− ru′′rr − u′r −

1− η

2r
u′′ϕϕ +

1

r
u−

1 + η

2
v′′rϕ +

3− η

2r
v′ϕ = 0; (3.60a)

ρ(1− η)

E
rv̈ −

1 + η

2
u′′rϕ −

3− η

2r
u′ϕ −

1− η

2
rv′′rr −

1− η

2
v′r −

1

r
v′′ϕϕ +

1− η

2r
v = 0. (3.60b)

Following standard methods in the linear theory of elasticity (Landau & Lifshitz, 1975, [65]) and

using the "grad­curl" representation of the displacements (vector functions) u and v yields the

following: 

u
v

�
=



Φ′

r + 1
r
Ψ′

ϕ
1
r
Φ′

ϕ −Ψ′

r

�
, (3.61)

where Φ = Φ(r, ϕ, t) and Ψ = Ψ(r,ϕ, t) are scalar functions, called potential functions. The

usual prime notations (′ and ′′) are used for first and second partial differentiations, respectively

with respect to the subscript variable. These potential functions are considered to be new variables.

The derivatives of u and v are given as follows:

u′r = Φ′′

rr −
1

r2
Ψ′

ϕ +
1

r
Ψ′′

ϕr; (3.62)

u′′rr = Φ′′′

rrr +
2

r3
Ψ′

ϕ −
1

r2
Ψ′′

ϕr −
1

r2
Ψ′′

ϕr +
1

r
Ψ′′′

ϕrr

= Φ′′′

rrr +
2

r3
Ψ′

ϕ −
2

r2
Ψ′′

ϕr +
1

r
Ψ′′′

ϕrr; (3.63)

u′′rϕ = Φ′′′

rrϕ −
1

r2
Ψ′′

ϕϕ +
1

r
Ψ′′′

ϕrϕ; (3.64)

u′ϕ = Φ′′

rϕ +
1

r
Ψ′′

ϕϕ; and (3.65)

u′′ϕϕ = Φ′′′

rϕϕ +
1

r
Ψ′′′

ϕϕϕ; (3.66)

and the second­order derivative of u with respect t becomes:

ü = Φ̈′

r +
1

r
Ψ̈′

ϕ. (3.67)
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Similarly, the derivatives of v are obtained as follows:

v′r = −
1

r2
Φ′

ϕ +
1

r
Φϕr −Ψrr; (3.68)

v′′rr =
2

r3
Φ′

ϕ −
2

r2
Φ′′

ϕr +
1

r
Φ′′′

ϕrr −Ψ′′′

rrr; (3.69)

v′ϕ =
1

r
Φ′′

ϕϕ −Ψ′′

rϕ; (3.70)

v′′ϕϕ =
1

r
Φ′′′

ϕϕϕ −Ψ′′

rϕϕ; and (3.71)

v′′rϕ = −
1

r2
Φ′′

ϕϕ +
1

r
Φ′′′

ϕrϕ −Ψ′′′

rrϕ; (3.72)

and the second­order derivative of v with respect t becomes:

v̈ =
1

r
Φ̈′

ϕ − Ψ̈′

r. (3.73)

Substitution of Equations (3.62), (3.63), (3.64), (3.65) (3.66) and (3.67) into Equations (3.60a)

and Equations (3.68), (3.69), (3.70), (3.71) (3.72) and (3.73) into Equation (3.60b) after extensive

simplification (see Pretorius (2007, [52])) yields:

r
∂

∂r

�
ρ(1− η2)

E
Φ̈−∇2Φ

�
+

∂

∂ϕ

�
ρ(1− η2)

E
Ψ̈−

1− η

2
∇2Ψ

�
= 0; and (3.74)

∂

∂ϕ

�
ρ(1− η2)

E
Φ̈ −∇2Φ

�
− r

∂

∂r

�
ρ(1− η2)

E
Ψ̈−

1− η

2
∇2Ψ

�
= 0; (3.75)

where:

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2
; (3.76)

is the Laplace operator in polar coordinates. If one can determine scalar functions Φ and Ψ that

solve the partial differential equations (PDEs) given by Equations (3.74) and (3.75), then these

solutions yield solutions for u and v given by Equation (3.61). By inspection, if one makes the

choice that the scalar potential functions Φ and Ψ must satisfy the partial differential equations:
ρ(1− η2)

E
Φ̈ = ∇2Φ; (3.77)

2ρ(1 + η)

E
Ψ̈ = ∇2Ψ; (3.78)

then these functions satisfy Equations (3.74) and (3.75). From the standard theory of linear partial

differential equations (PDEs) (Asmar, 2005, [66]), harmonic solutions of the form:

Φ(r, t, ϕ) = φ(r) cos (ωdt + θ) cos mϕ; and (3.79)

Ψ(r, t, ϕ) = ψ(r) cos (ωdt + θ) sin mϕ; (3.80)

are suitable candidate functions that solve PDEs in Equations (3.77) and (3.78), respectively. Here
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ωd is the circular frequency (eigenvalue) or angular frequency1, with θ as some phase angle and

the positive integerm is the circumferential wave number that is obtained from the fact that both Φ

and Ψ are periodic in the variable ϕ with period 2π. Substituting Equations (3.79) and (3.80) into

Equations (3.77) and (3.78), respectively, yields two ordinary differential equations (ODEs):
d2φ

dr2
+

1

r

dφ

dr
+



(DEωd)

2 −
m2

r2

�
φ = 0; (3.81)

d2ψ

dr2
+

1

r

dψ

dr
+



(DGωd)

2 −
m2

r2

�
ψ = 0; (3.82)

where:

DE =

�
ρ(1− η2)

E
; (3.83)

and

DG =

�
2ρ(1 + η)

E
. (3.84)

Both of the ODEs in Equations (3.81) and (3.82) are Bessel’s ODEs of orderm and have respective

solutions (O’Neil, 2007, [67]) of the form:

φ(r) = C1Jm(k1r) + C2Ym(k1r); and (3.85)

ψ(r) = C3Jm(k2r) + C4Ym(k2r); (3.86)

where Jm is Bessel’s function of the first kind of order m and Ym is Bessel’s function of the

second kind of order m with Ci=1,2,3,4 being arbitrary constants. Furthermore, k1 = ωdDE =

ωd

�
ρ(1− η2)

E
and k2 = DGωd = ωd

�
2ρ(1 + η)

E
.

Now Equations (3.85) and (3.86) are substituted into Equation (3.61). Using a CAS such as MATH­

EMATICA R� or MAPLETM or by using the well­known identity:
d

dr
Jm(αr) =

m

r
Jm(αr) − αJm+1(αr); (3.87)

solutions for the displacements are found to be:

u(r, ϕ, t) = U (r) cos (ωdt + θ) cos mϕ; (3.88)

and

v(r, ϕ, t) = V (r) cos (ωdt + θ) sin mϕ; (3.89)

where the functions U (r) and V (r) are the eigenfunctions (form­factors) which have to be deter­

1 The angular frequency ωd = 2πf where f is the frequency of vibration of the disc.
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mined, namely:

U(r) =
1

2
C1DEωd(Jm−1(DEωdr)− Jm+1(DEωdr)) +

1

2
C2DEωd(Ym−1(DEωdr)− Ym+1(DEωdr)) +

m(C3Jm(DGωdr) + C4Ym(DGωdr))

r
; and (3.90)

V (r) = −
m(C1Jm(DEωdr) + C2Ym(DEωdr))

r
−

1

2
C3DGωd(Jm−1(DGωdr)− Jm+1(DGωdr))−

1

2
C4DGωd(Ym−1(DGωdr)− Ym+1(DGωdr)). (3.91)

For a solid disc with a = 0, the Neumann’s function Ym(αr) is singular at r = a = 0, thus

C2 = C4 = 0, because the amplitude of vibrations is finite. Consequently, the eigenfunctions have

the form:

U(r) =
1

2
C1DEωd(Jm−1(DEωdr)− Jm+1(DEωdr)) +

mC3Jm(DGωdr)

r
; (3.92)

and

V (r) = −
mC1Jm(DEωdr)

r
−

1

2
C3DGωd(Jm−1(DGωdr)− Jm+1(DGωdr)). (3.93)

3.3.4 The explicit boundary conditions

Substitution of the Lagrangian density from Equation (3.34) into the boundary conditions in Equa­

tion (3.59), gives:

r = a, b u|r=a,b = 0 or
�
u′r +

η

r

	
v′ϕ + u


�

r=a,b
= 0;

and v|r=a,b = 0 or



v′r +

1

r

	
u′ϕ − v


�

r=a,b

= 0; (3.94)

respectively.

Substitution of Equations (3.88) and (3.89) into Equation (3.94) for the non­trivial case yields:

r = a, b U(r)|r=a,b = 0 or
�
U ′(r) +

η

r
(mV (r) + U (r))

�

r=a,b
= 0;

and V (r)|r=a,b = 0 or



V ′(r)−

1

r
(mU(r) + V (r))

�

r=a,b

= 0. (3.95)
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Consequently, when a 	= 0 there are four arbitrary constants in Equations (3.90) and (3.91) and

four boundary conditions in Equations (3.95) and hence eigenfunctions U(r) and V (r) can be

determined explicitly. On the other hand, if the disc is not annular with a = 0, there are two

arbitrary constants in Equations (3.90) and (3.91) with two boundary conditions at the outer edge

of the disc, that is:

r = b U (r)|r=b = 0 or
�
U ′(r) +

η

r
(mV (r) + U(r))

�

r=b
= 0;

and V (r)|r=b = 0 or



V ′(r)−

1

r
(mU(r) + V (r))

�

r=b

= 0; (3.96)

and consequently eigenfunctions U(r) and V (r) can be determined explicitly. In the next section,

solutions of a flat disc vibrating in its plane with various boundary conditions are investigated.

3.4 NUMERICAL DETERMINATION OF THE EIGENVALUES AND EIGENFRE­

QUENCIES OF THE IN­PLANE VIBRATIONS

In this section both solid and annular­disc boundary conditions are considered. The eigenvalues

and eigenfrequencies are determined numerically and the normalised displacements are obtained

graphically taking the mode numberm = 2 as an example.

3.4.1 Solid disc clamped at its edge

For a solid disc clamped at its edge, the boundary conditions in explicit form using Equation (3.96)

can be written as:

r = b U(r)|r=b = 0 and V (r)|r=b = 0. (3.97)

Now substitution of Equations (3.90) and (3.91) into Equation (3.97) gives a matrix equation which

may be written as: �
a11 a12
a21 a22

�

� �� �
M1

�
C1
C3

�
= 0; where: (3.98)

a11 =
1

2
DEωd [Jm−1(DEωdb)− Jm+1(DEωdb)] ;

a12 =
mJm(DGωdb)

b
;

a21 = −
mJm(DEωdb)

b
; and

a22 = −
1

2
DGωd [Jm−1(DGωdb)− Jm+1(DGωdb)] .

The functions Ym−1, Ym and Ym+1 in Equations (3.90) and (3.91) are singular at a = 0, thus
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C2 = C4 = 0. If C1 = 1, then:

C3 = −
a11 (ωd)

a12 (ωd)
= −

1
2
DEωd [Jm−1(DEωdb)− Jm+1(DEωdb)]

mJm(DGωdb)

b

. (3.99)

The only unknown quantity in Equation (3.99) is the angular frequency ωd. For a non­trivial solu­

tion of Equation (3.98) the determinant of the coefficient matrix vanishes. That is:

∆ (ωd) = det (M1) = 0. (3.100)

Table 3.1: Material constants and geometric parameters of the solid disc

Parameter name Parameter symbol Unit Value

Thickness h m 1.7106× 10−3

Radius b m 10−2

Poisson’s ratio η 3.3× 10−1

Material density ρ kgm−3 2.7× 103

Young’s modulus E Pa 70× 109

Equation (3.100) is known as the characteristic equation of the boundary value problem (BVP).

Using a CAS to solve this transcendental characteristic equation yields, for each circumferential

wave numberm, a sequence of eigenvalues ωdm,k (k = 0, 1, 2, 3, · · ·) with:

ωdm,0 < ωdm,1 < ωdm,2 < · · ·. (3.101)

The eigenvalue ωdm,0 is called the fundamental vibration eigenvalue while ωdm,1 is called the first

overtone vibration eigenvalue, and so forth. Results for the fundamental and the first five over­

tone vibration eigenvalues and the associated eigenfrequencies are given in Table 3.2 for the disc

clamped at its edge form = 2.

Table 3.2: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of a clamped solid disc vibrating atm = 2

k ωd2,k
	
rad s−1



f2,k =

ωd2,k
2π

(Hz)

0 1.362852× 106 216904.6854

1 1.784281× 106 283977.2867

2 1.904047× 106 303038.5248

3 3.126511× 106 497599.7893

4 3.621574× 106 576391.5361

5 4.093600× 106 651516.8309

A plot of the function f (ωd) = ln |∆ (ωd)| appears in Figure 3.2. The radial and tangential dis­

placements (eigenfunctions) of a clamped solid disc vibrating at circumferential wave number

m = 2 are shown in Figure 3.3. It can be clearly seen from the figure that both tangential and ra­
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Figure 3.2: The function f (ωd) = ln |det (M1)| produced by the CAS for a solid vibrat­
ing aluminium disc of radius b = 1 cm, circumferential wave number m = 2, density
ρ = 2.7× 103 kg.m−3, Young’s modulus E = 7× 1010 Pa and Poisson’s ratio υ = 1

3

dial displacements are zero at the clamped edge of the disc. Local maxima for both displacements

seem to be at about half­way between the centre and the clamped edge of the disc. It is also evident

from the solution that the displacements are not equal to zero at the centre of the disc. Note that this

approximate calculation is made for the fundamental eigenvalue ωd2,0 = 1.362852 × 106 rad s−1

of the disc gyroscope vibrating in its plane with mode numberm = 2.

Figure 3.3: The eigenfunctions U (blue curve) and V (red curve) divided by their maximum­mod­
ulus corresponding to the eigenvalue ω2,0 = 1.362852 · · · ×106 rad. s−1 for the aluminium solid
disc clamped at the edge and mentioned in Figure 3.1
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3.4.2 Annular disc clamped at both edges

As before the disc is assumed to be isotropic and obeys Hooke’s law. The boundary conditions for

the annular disc clamped at both edges can be written as:

U(r)|r=a,b = 0 and V (r)|r=a,b = 0. (3.102)

Once again substituting Equations (3.90) and (3.91) into Equation (3.102) results in the frequency

(characteristic) equation in its matrix form as:


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




� �� �
D1




C1
C2
C3
C4


 = 0; (3.103)

with:

a11 =
mJm (k1 (ωd) a)

a
− Jm+1 (k1 (ωd) a) k1 (ωd) ;

a12 =
m

a
Ym (k1 (ωda))− Ym+1 (k1 (ωd) a) k1 (ωd) ;

a13 =
m

a
Jm (k2 (ωd) a) ;

a14 =
m

a
Ym (k2 (ωd) a) ;

a21 = −
m

a
Jm (k1 (ωd) a) ;

a22 = −
m

a
Ym (k1 (ωd) a) ;

a23 = −
mJm (k2 (ωd) a)

a
+ Jm+1 (k2 (ωd) a) k2 (ωd) ; and

a24 = −
mYm (k2 (ωd) a)

a
+ Ym+1 (k2 (ωd) a) k2 (ωd) ;

at r = a and:

a31 =
mJm (k1 (ωd) b)

b
− Jm+1 (k1 (ωd) b) k1 (ωd) ;

a32 =
m

b
Ym (k1 (ωdb))− Ym+1 (k1 (ωd) b) k1 (ωd) ;

a33 =
m

b
Jm (k2 (ωd) b) ;

a34 =
m

b
Ym (k2 (ωd) b) ;

a41 = −
m

b
Jm (k1 (ωd) b) ;

a42 = −
m

b
Ym (k1 (ωd) b) ;

a43 = −
mJm (k2 (ωd) b)

b
+ Jm+1 (k2 (ωd) b) k2 (ωd) ; and

a44 = −
mYm (k2 (ωd) b)

b
+ Ym+1 (k2 (ωd) b) k2 (ωd) ;
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at r = b.

The eigenfunctions U (r) and V (r) can thus be written as:

U (r) = C1

�
mJm (k1 (ωd) r)

r
− Jm+1 (k1 (ωd) r) k1 (ωd)

�
+

C2

 m

r
Ym (k1 (ωdr))− Ym+1 (k1 (ωd) r) k1 (ωd)

!

+
m

r
C3 (Jm (k2 (ωd) r)) +

m

r
C4 (rYm (k2 (ωd) r)) ; (3.104)

and:

V (r) = −
m

r
C1Jm (k1 (ωd) r)−

m

r
C2Ym (k1 (ωd) r)

C3

�
−

mJm (k2 (ωd) r)

r
+ Jm+1 (k2 (ωd) r) k2 (ωd)

�

C4

�
−

mYm (k2 (ωd) r)

r
+ Ym+1 (k2 (ωd) r) k2 (ωd)

�
. (3.105)

As in the previous section the characteristic equation of the matrix D1 of Equation (3.103) needs

to be zero for non­trivial solutions of
	

C1, C2, C3, C4

T
. The roots of the resulting char­

acteristic equation give the eigenvalues for the vibrating disc. The fundamental eigenvalue and

the first five overtone eigenvalues with the fundamental eigenfrequency and the first five overtone

eigenfrequencies for a disc clamped at both edges are given in Table 3.3. In this case, once again

m = 2.

Table 3.3: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at both edges and vibrating at m = 2

k ωd2,k
	
rad s−1



f2,k =

ωd2,k
2π

(Hz)

0 1.681977× 106 267695

1 1.202229× 106 350495

2 1.249287× 106 517140

3 3.628088× 106 577482

4 3.355487× 106 693197

5 4.204516× 106 828324

For annular disc clamped at both edges, both radial and shear forces are non­zero at either edges.

Thus, as can be seen from Figure 3.5, with an increase in the inner radius, both radial and tangential

displacements decrease, but both displacements completely vanish at the edges. The shear and

radial forces are stronger at the clamped edges than elsewhere on the disc.
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Figure 3.4: The function f (ωd) = ln |det (D1)| produced by the CAS MATHEMATICA R� for an
annular vibrating aluminium disc of inner radius a = 0.1 cm, outer radius b = 1 cm circumferential
wave number m = 2, density ρ = 2.7 × 103 kg. m−3, Young’s modulus E = 7 × 1010 Pa and
Poisson’s ratio υ = 1

3

3.4.3 Annular disc clamped at inner edge and free at outer edge

This section demonstrates how to obtain an explicit approximate solution and hence the eigenvalue

ωd and corresponding eigenfunctions U(r) and V (r) for a disc with fixed inner boundary and free

outer boundary, that is:

U(a) = 0, V (a) = 0; (3.106)

and

bU ′(b) + η (mV (b) + U(b)) = 0, bV ′(b)− (mU(b) + V (b)) = 0. (3.107)

By substituting Equations (3.90) and (3.91) into Equations (3.106) and (3.107), a system of 4× 4

equations is obtained and can be written in matrix form as:


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




� �� �
D3




C1
C2
C3
C4


 = 0. (3.108)
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Figure 3.5: The eigenfunctions U(r) and V (r) (divided by their maximum modulus) correspond­
ing to the eigenvalue ω2,0 = 1.681977×106 rad. s−1 for the aluminium disc clamped at both edges
and mentioned in Figure 3.1

Table 3.4: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at the inner edge and free at the outer edge and
vibrating at m = 2

k ωd2,k
	
rad s−1



f2,k =

ωd2,k
2π

(Hz)

0 752771× 105 119807

1 1.350581× 106 214952

2 2.530764× 106 402784

3 2.788630× 106 443824

4 3.757043× 106 597952

5 4.444012× 106 707287

The first line of the matrix equation from Equation (3.108) is given by:

U (a) = C1

 m

a
Jm (k1 (ωd) a)− Jm+1(k1 (ωd) a)k1 (ωd)

!
+

C2

 m

a
Ym (k1 (ωd) a)− Ym+1(k1 (ωd) a)k1 (ωd)

!
+

m(C3Jm(k2 (ωd) a) + C4Ym(k2 (ωd) a)

a
= 0. (109)

Similarly, V (a) and the terms in Equation (3.107) can be determined, with all components being:
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Figure 3.6: The function f (ωd) = ln |det D3| produced by the CAS MATHEMATICA R� for a
vibrating aluminium disc with inner radius a = 0.1 cm, outer radius b = 1 cm, circumferential
wave number n = 2, density ρ = 2.7 × 103 kg. m−3, Young’s modulus E = 7 × 1010 Pa and
Poisson’s ratio υ = 1

3

a11 =
m

a
Jm (k1 (ωd) a)− Jm+1(k1 (ωd) a)k1 (ωd) ;

a12 =
m

a
Ym (k1 (ωd) a)− Ym+1(k1 (ωd) a)k1 (ωd) ;

a13 =
mJm(k2 (ωd) a)

a
;

a14 =
mYm(k2 (ωd) a)

a
;

a21 = −
mJm(k1 (ωd) a)

a
;

a22 = −
mYm(k1 (ωd) a)

a
;

a23 = −
m

a
Jm (k2 (ωd) a)− Jm+1(k2 (ωd) a)k2 (ωd) ;

a24 = −
m

a
Y m (k2 (ωd) a)− Ym+1(k2 (ωd) a)k2 (ωd) ;

a31 =

�
−k1 (ωd)

2 −
m (m− 1) (η − 1)

b2

�
Jm (k1 (ωd) b)−

k1 (ωd) (η − 1) Jm+1 (k1 (ωd) b) ;

a32 =

�
−k1 (ωd)

2 −
m (m− 1) (η − 1)

b2

�
Ym (k1 (ωd) b)−

k1 (ωd) (η − 1) Ym+1 (k1 (ωd) b) ;

a33 = −
m (m− 1) (η − 1)

b2
Jm (k2 (ωd) b) +

k2 (ωd) m (η − 1) Jm+1 (k2 (ωd) b)

b
;
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a34 = −
m (m− 1) (η − 1)

b2
Ym (k2 (ωd) b) +

k2 (ωd) m (η − 1) Jm+1 (k2 (ωd) b)

b
;

a41 = −
2m (m− 1) Jm (k1 (ωd) b)

b2
+

2Jm+1 (k1 (ωd) b) k1 (ωd) b

b
;

a42 = −
2m (m− 1) Ym (k1 (ωd) b)

b2
+

2Ym+1 (k1 (ωd) b) k1 (ωd) b

b
;

a43 =

�
k2 (ωd)

2 −
2m (m− 1)

b2

�
Jm (k2 (ωd) b)−

2k2 (ωd) Jm+1 (k2 (a) b)

b
; and

a44 =

�
k2 (ωd)

2 −
2m (m− 1)

b2

�
Ym (k2 (ωd) b)−

2k2 (ωd) Ym+1 (k2 (a) b)

b
.

As before it is evident that the only "unknown" quantity in the values aij is the angular frequency

ωd, that is:

aij = aij(ωd), i, j = 1, 2, 3, 4. (3.110)

The Equation (3.108) has a non­trivial solution if the determinant of D3 = D3(ωd) is zero, that

is:

∆(ωd) = detD3(ωd) = 0. (3.111)

Equation (3.111) is known as the characteristic equation of the boundary value problem (BVP).

Using a CAS to solve this transcendental characteristic equation yields, for each circumferential

wave numberm, a sequence of eigenvalues ωdm,k (k = 0, 1, 2, 3, · · ·) with:

ωdm,0 < ωdm,1 < ωdm,2 < · · ·. (3.112)

The eigenvalue ωdm,0 is called the fundamental vibration eigenvalue while ωdm,1 is called the first

overtone vibration eigenvalue, and so forth. A plot of the function f(ωd) = ln (|detD3(ωd)|) ap­

pears in Figure 3.6 for an aluminium disc where the "spikes" point towards the roots of the function

detD3(ωd), showing the sequence of eigenvalues depicted in inequality in Equation (3.112). Note

that the eigenvalues are not linearly spaced along the ωd­axis.

Now, an integer k with k ≥ 0 is fixed and the eigenvalue ωdm,k is substituted back into Equation

(3.108). By performing Gaussian elimination on the augmented matrix of Equation (3.108) it is

now possible to choose any one of C1, C2, C3, and C4 as being free. Hence, choosing any non­zero

value for C4 (say C4 = 1), the value of C1 can be obtained using Cramer’s rule:

C1 =

det



−a14C4 a12 a13
−a24C4 a22 a23
−a34C4 a32 a33




det




a11 a12 a13
a21 a22 a23
a31 a32 a33




; (3.113)

similarly for C2 and C3. Consequently, with these values of Ci=1,2,3,4 the eigenfunctions U(r) and
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Figure 3.7: The eigenfunctions U(r) and V (r) (divided by their maximum modulus) correspond­
ing to the eigenvalue ω2,0 = 752771 rad. s−1 for the aluminium annular disc clamped at the inner
boundary and free at the outer boundary

V (r) corresponding to ωd = ωdm,k can be calculated (see Figure 3.7). These eigenfunctions are

also referred to as the form factors of them­ωd­vibrating pattern or mode.

3.4.4 Annular disc free at the inner edge and clamped at the outer edge

In this sub­section the eigenvalue ωd and corresponding eigenfunctions U(r) and V (r) for a disc

with a fixed outer boundary and a free inner boundary are shown. The boundary conditions for

the annular disc vibrating in its plane where its inner edge is free and its outer edge is clamped are

written as:

aU ′(a) + η (mV (a) + U(a)) = 0, aV ′(a)− (mU(a) + V (a)) = 0. (3.114)

U(b) = 0, V (b) = 0. (3.115)

By substituting Equations (3.90) and (3.91) into Equations (3.114) and (3.115), the characteristic

equation in matrix form can be written as:


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




� �� �
D4




C1
C2
C3
C4


 = 0;
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with:

a11 =

�
−k1 (ωd)

2 −
m (m− 1) (η − 1)

a2

�
Jm (k1 (ωd) a)−

k1 (ωd) (η − 1) Jm+1 (k1 (ωd) a) ;

a12 =

�
−k1 (ωd)

2 −
m (m− 1) (η − 1)

a2

�
Ym (k1 (ωd) a)−

k1 (ωd) (η − 1) Ym+1 (k1 (ωd) a) ;

a13 = −
m (m− 1) (η − 1)

a2
Jm (k2 (ωd) a) +

k2 (ωd) m (η − 1) Jm+1 (k2 (ωd) a)

a
;

a14 = −
m (m− 1) (η − 1)

a2
Ym (k2 (ωd) a) +

k2 (ωd) m (η − 1) Jm+1 (k2 (ωd) a) ;

a

a21 = −
2m (m− 1) Jm (k1 (ωd) a)

a2
+

2Jm+1 (k1 (ωd) a) k1 (ωd) a

a
;

a22 = −
2m (m− 1) Ym (k1 (ωd) a)

a2
+

2Ym+1 (k1 (ωd) a) k1 (ωd) a

a
;

a23 =

�
k2 (ωd)

2 −
2m (m− 1)

a2

�
Jm (k2 (ωd) a)−

2k2 (ωd) Jm+1 (k2 (a) a)

a
;

a24 =

�
k2 (ωd)

2 −
2m (m− 1)

a2

�
Ym (k2 (ωd) a)−

2k2 (ωd) Ym+1 (k2 (a) a)

a
;

a31 =
m

b
Jm (k1 (ωd) b)− Jm+1(k1 (ωd) b)k1 (ωd) ;

a32 =
m

b
Ym (k1 (ωd) b)− Ym+1(k1 (ωd) b)k1 (ωd) ;

a33 =
mJm(k2 (ωd) b)

b
;

a34 =
mYm(k2 (ωd) b)

b
;

a41 = −
mJm(k1 (ωd) b)

b
;

a42 = −
mYm(k1 (ωd) b)

b
;

a43 = −
m

b
Jm (k2 (ωd) b)− Jm+1(k2 (ωd) b)k2 (ωd) ; and

a44 = −
m

b
Y m (k2 (ωd) b)− Ym+1(k2 (ωd) b)k2 (ωd) .

It is only ωd that is an "unknown" quantity in aij , that is:

aij = aij(ωd), i, j = 1, 2, 3, 4. (3.116)

It is well­known from linear algebra, that the Equation (3.108) has a non­trivial solution if the

determinant ofM4 = M4(ωd) is zero, that is:

∆(ωd) = detM4(ωd) = 0. (3.117)

Equation (3.117) is known as the characteristic equation of the BVP. Using a CAS to solve this

transcendental characteristic equation yields, for each circumferential wave numberm, a sequence

41



Figure 3.8: The function f(ωd) = ln |(det M4)| produced by the CAS MATHEMATICA R� for a
vibrating aluminium disc with inner radius a = 0.1 cm, outer radius b = 1 cm, circumferential
wave number m = 2, density ρ = 2.7 × 103 kg. m−3, Young’s modulus E = 7 × 1010 Pa and
Poisson’s ratio υ = 1

3

of eigenvalues ωdm,k (k = 0, 1, 2, 3, · · ·) with:

ωdm,0 < ωdm,1 < ωdm,2 < · · ·. (3.118)

Similarly, the plot of the function f (ωd) = ln |(detM4(ωd))| appears in Figure 3.8 for an alu­

minium disc where the "spikes" point towards the roots of the function f (ωd), showing the se­

quence of eigenvalues depicted in inequality given by Equation (3.118). As for the previous cases,

the eigenvalues are not linearly­spaced along the ωd­axis.

Table 3.5: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at the outer edge and free at the inner edge and
vibrating at m = 2

k ωd2,k
	
rad s−1



f2,k =

ωd2,k
2π

(Hz)

0 1.511566× 105 240573

1 2.098169× 106 333934

2 2.861315× 106 455392

3 3.613884× 106 575167

4 3.912401× 106 622678

5 4.964034× 106 790051
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Figure 3.9: The eigenfunctions U(r) and V (r) (divided by their maximum modulus) correspond­
ing to the eigenvalue ω2,0 = 1.511566 × 105 rad. s−1 for the aluminium annular disc clamped at
the outer boundary and free at the inner boundary

3.5 CONCLUSION

In this chapter, the variational principle is used to derive the governing equations of motion of

the single­axis disc gyroscope. For in­plane vibration of the disc gyroscope, only potential energy

resulting from extension and shear is considered. The eigenvalues and the eigenfrequencies corre­

sponding to the in­plane vibration of the disc gyroscope are calculated numerically. The in­plane

eigenfunctions are presented graphically.

For a clamped solid disc vibrating at circumferential wave numberm = 2, it is evident from Figure

3.3 that both tangential and radial displacements vanish at the edge for the fundamental eigenvalue

ωd2,0 = 1.362852×106 rad s−1. Note that both displacements are non­zero at the centre of the disc.

If the annular disc is clamped at both edges, with an increase in the inner radius, both the radial

and tangential displacements decrease (as seen in Figure 3.5), but similar to the solid clamped disc,

both displacements completely vanish at the edges, because of the shear forces at either edge. The

dynamics of the out­of­plane vibration of the disc gyroscope are discussed in Chapter 4.
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Chapter 4

THE DYNAMICS OF THE OUT­OF­PLANE VIBRATIONS OF A DISC GYROSCOPE

4.1 INTRODUCTION

Chapter 3 of this thesis dealt with in­plane vibrations of the disc­vibratory gyroscope. In this

chapter, the equations of motion and boundary conditions describing the out­of­plane vibration of

the disc are derived and discussed. Vibration of the disc in its out­of plane mode is modelled as

circular­plate vibration and hence the vibration resulting from bending only, is emphasised in this

chapter.

4.2 THIN PLATES

Venstel and Krauthammer (2001, [68]) describe plates as flat structures bounded by two parallel

faces and an edge. The separation between the plane faces of the plate are called thickness. The

thickness characterises the plate and it is significantly smaller than the other typical dimensions

(length, breadth) of the faces of the plate. Plates are widely used in almost all fields of engineering,

in architectural structures, bridges, hydraulic structures, pavements, containers, airplanes, missiles,

ships, instruments and machine parts, just to name a few applications. The latter­mentioned authors

categorise plates as follows below, into three main groupings based on the ratio of the typical plane

dimension (a) to the thickness (h) of the plate:

• Thick plates: If the ratio
a

h
≤ 8...10. In this case the analysis of the plate uses the theory of

three­dimensional elasticity.

• Membranes: If the ratio
a

h
≥ 80...100. This type of plate does not have flexural rigidity.

• Thin plates: These are the intermediate types of plates with 8...10 ≤
a

h
≤ 80...100. They

are the most widely­used type of plates which can also be sub­categorised into stiff or f lexibe

based on the ratio of maximum deflection of the plate to its thickness.

4.2.1 Classical or Kirchhof plate theory

Wherever applicable in this thesis, Kirchhof’s theory of plates is assumed. The following is a list
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of the widely­accepted assumptions of this theory:

• The material of the plate is elastic, homogeneous and isotropic.

• Initially, the plate is assumed to be flat.

• The displacement of deformation perpendicular to the plane of the plate is substantially small

compared to the thickness of the plate. Hence the square of the gradient of the deflected surface

is much smaller than unity.

• The straight lines, initially normal to the middle plane before bending, remain straight and

normal to the middle surface during deformation.

• The stress, normal to the middle plane σz is small compared to the other stress components

and can be neglected in the stress­strain relationships.

• The middle surface remains unstrained after bending, because the displacements of the plate

are assumed to be small.

4.3 EQUATIONS OF MOTION OF CIRCULAR PLATES

Circular plates are elements of the structures which are important in application domains such as

aeroplanes, submarines, discs, pressure vessels and many more. The dynamics of a circular plate

are used to describe vibration properties of out­of­plane vibrations of the vibratory disc gyroscope.

Therefore, in this thesis, the terms plate vibration and bending vibration are used interchangeably

to model the out­of­plane vibrations of the disc gyroscope.

The classical plate equation in rectangular coordinates for free vibration is (Leissa & Qatu, 2011,

[39]):

D

�
∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+

∂4w

∂y4

�
+ ρh

∂2w

∂t2
= 0; (4.1)

where:

D =
Eh3

12 (1− η2)
; (4.2)

is flexural rigidity, E is Young’s modulus, w is the transverse displacement and η is the Poisson’s

ratio. It is more convenient to write the equation in polar coordinates. The coordinate transforma­

tion as discussed and shown below is used to re­write the equation (See Figure 4.1 adapted from

Spoelstra (2015, [69]).
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Figure 4.1: In this figure the shaded area represents the volume element of the vibrating point P.
The position of rest of P is given by polar coordinates r and ϕ. The inner and outer arclengths are
both assumed to be rdϕ as dr is verysmall, that is, (r + dr) dϕ ≈ rdϕ

If (r, ϕ) are the polar coordinates, then the rectangular coordinates are given by:

x = r cos ϕ, and y = r sin ϕ. (4.3)

Thus:

r2 = x2 + y2, ϕ = tan−1
y

x
. (4.4)

By differentiation, the following is obtained:
∂r

∂x
=

x

r
=

r cos ϕ

r
= cosϕ and

∂r

∂y
=

y

r
= sin ϕ. (4.5)

In addition to the above, the following expressions are also valid:
∂ϕ

∂x
= −

y

r2
= −

sin ϕ

r
; and

∂ϕ

∂y
=

x

r2
=

cos ϕ

r
. (4.6)

Since the deflection w is a function of both r and ϕ, the relations from the application of the chain

rule, as shown below, are obtained:
∂w

∂x
=

∂w

∂r

∂r

∂x
+

∂w

∂ϕ

∂ϕ

∂x

=
∂w

∂r
cosϕ−

1

r

∂w

∂ϕ
sin ϕ. (4.7)

Differentiating Equation (4.7) with respect to x, once again, yields:
∂2w

∂x2
= cos ϕ

∂

∂r

�
∂w

∂x

�
−

1

r
sin ϕ

∂

∂ϕ

�
∂w

∂x

�

=
∂2w

∂r2
cos2 ϕ−

∂2w

∂ϕ∂r

sin 2ϕ

r
+

∂w

∂r

sin2 ϕ

r
+

∂w

∂ϕ

sin 2ϕ

r2
+

∂2w

∂ϕ2
sin2 ϕ

r2
. (4.8)

Similarly:
∂2w

∂y2
=

∂2w

∂r2
sin2 ϕ +

∂2w

∂r∂ϕ

sin 2ϕ

r
+

∂w

∂r

cos2 ϕ

r
−

∂w

∂ϕ

sin 2ϕ

r2
+

∂2w

∂ϕ2
cos2 ϕ

r2
; (4.9)
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and
∂2w

∂x∂y
=

∂2w

∂r2
sin 2ϕ

2
+

∂2w

∂r∂ϕ

cos 2ϕ

r
−

∂w

∂ϕ

cos 2ϕ

r2
−

∂w

∂r

sin 2ϕ

2r
−

∂2w

∂ϕ2
sin 2ϕ

2r2
. (4.10)

Substitution of Equations (4.8), (4.9) and (4.10) by repeating differentiation twice on each part into

Equation (4.1), yields:

D
	
∇2

	
∇2w




+ ρh

∂2w

∂t2
= 0; (4.11)

where:

∇2
	
∇2w



=

�
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2

��
∂2w

∂r2
+

1

r

∂w

∂r
+

1

r2
∂2w

∂ϕ2

�
. (4.12)

The expression in Equation (4.12) after expansions and simplifications yields:

∂4w

∂r4
+

2

r

∂3w

∂r3
−

1

r2
∂2w

∂r2
+

1

r3
∂w

∂r
+

2

r2
∂4w

∂r2∂ϕ2
−

2

r3
∂3w

∂ϕ2∂r
+

4

r4
∂2

∂ϕ2
+

1

r4
∂4w

∂ϕ4
; (4.13)

where t is time and ∇4 is a biharmonic differential operator. Equation (4.11) is the well known

classical differential equation of motion of plate in polar coordinates with respect to the transverse

displacement w of the plate.

4.4 DERIVATION OF THE EQUATIONS OF MOTION USING THE VARIATIONAL

PRINCIPLE

To build the theory of a three­dimensional disc gyroscope, assume that in­plane vibrations of the

disc (u, v) and its out­of­plane vibrations (w) are independent (Rourke, McWilliam & Fox, 2005,

[63]). Hence, it is possible to consider strain energy of the disc as the sum of two strain energies,

namely, the strain energy of the in­plane vibrations of the disc discussed in Chapter 3 (see Equation

3.32) and the strain energy of its out­of­plane vibrations. The out­of­plane vibrations are consid­

ered as the bending vibrations of the disc in its out­of­plane direction (in other words, considered

as the vibration of the circular plate).

4.4.1 Kinetic energy of out­of­plane vibrations

Neglecting in­plane vibrations (Novozhilov, 1970, [61]) as well as in­plane displacements of the

plate (u, v), the kinetic energy of the plate in terms of of the axial deformation (w) is given by

(Hagedorn & DasGupta, 2007, [70]):

Kp =

� 2π

0

� b

a

ρh

2
ẇ2rdrdϕ. (4.14)

The expression in Equation (4.14) is obtained by assuming pure bending of the plate where the

angular rate of rotation along all inertial axes are assumed to be zero, that is, Ωη = Ωξ = Ωζ = 0.

47



4.4.2 Strain energy of the bending and torsional vibrations

The strain energy of bending and torsion for out­of­plane vibrations can be written as (Landau &

Lifshitz, 1975, [65]), (Venstel & Krauthammer, 2001, [68]):

Pp =

� 2π

0

� b

a

Eh3

24 (1− η2)

	
χ21 + χ22 + 2ηχ1χ2 + 2 (1− η) τ̃ 2



rdrdϕ; (4.15)

with:

χ1 = −
1

A1

∂

∂α1

�
1

A1

∂w

∂α1

�
−

1

A1A
2
2

∂A1

∂α2

∂w

∂α2
; (4.16)

χ2 = −
1

A2

∂

∂α2

�
1

A2

∂w

∂α2

�
−

1

A2
1A2

∂A2

∂α1

∂w

∂α1
; and (4.17)

τ̃ = −
1

A1A2

�
∂2w

∂α1∂α2
−

1

A1

∂A1

∂α2

∂w

∂α1
−

1

A2

∂A2

∂α1

∂w

∂α2

�
; (4.18)

and where χ1 and χ2 represent bending strains and τ̃ represents torsional strain. For the sake of

disc geometry, from Equations (3.24) and (3.30) the parameters in Equations (4.16), (4.17) and

(4.18) can be replaced by:

α1 = r; α2 = ϕ; A1 = 1; and A2 = r. (4.19)

According to the Novozhilov­Goldenveizer theory of thin shells (Leissa, 1993, [60]), the tangential

displacements (u, v) are neglected. Thus, terms χ1, χ2 and τ̃ can be evaluated using only axial

displacement w. Substitution of Equation (4.19) into Equations (4.16), (4.17) and (4.18) results in:

χ1 = −
∂2w

∂r2
; (4.20)

χ2 = −
1

r

∂w

∂r
−

1

r2
∂2w

∂ϕ2
; and (4.21)

τ̃ = −
1

r

∂2w

∂r∂ϕ
+

1

r2
∂w

∂ϕ
. (4.22)

Substitution of Equations (4.20), (4.21) and (4.22) into Equation (4.15) yields:

Pp =

� 2π

0

� b

a

Eh3

24 (1− η2)

	
χ21 + χ22 + 2ηχ1χ2 + 2 (1− η) τ̃2



rdrdϕ

=

� 2π

0

� b

a

Eh3

24 (1− η2)





�
−

∂2w

∂r2

�2
+

�
−

1

r

∂w

∂r
−

1

r2
∂2w

∂ϕ2

�2
+

2η

�
−

∂2w

∂r2

��
−

1

r

∂w

∂r
−

1

r2
∂2w

∂ϕ2

�
+

2 (1− η)

�
−

1

r

∂2w

∂r∂ϕ
+

1

r2
∂w

∂ϕ

�2





rdrdϕ. (4.23)

The Lagrangian of the plate can thus be written as:

Lp = Kp − Pp

=

� 2π

0

� b

a

Λdrdϕ; (4.24)
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where:

Λ = ρ
h

2
ẇ2r −

Eh3r

24 (1− η2)

)
(w′′

rr)
2

+
1

r2

�
w′

r +
1

r
w′′

ϕϕ

�2
+

2η

r

�
w′

r +
1

r
w′′

ϕϕ

�
w′′

rr +
2 (1− η)

r2

�
w′′

rϕ −
1

r
w′

ϕ

�2�
; (4.25)

is the Lagrangian density, with:

ẇ =
∂w

∂t
=

∂w

∂τ
; w′

r =
∂w

∂r
; w′

ϕ =
∂w

∂ϕ
; w′′

rr =
∂2w

∂r2
; w′′

ϕϕ =
∂2w

∂ϕ2
; and w′′

rϕ =
∂2w

∂r∂ϕ
. (4.26)

The Lagrangian density in implicit form can be written as:

Λ = Λ
	
ẇ, w′′

rr, w′′

rϕ, w′′

ϕϕ, w′

r, w′

ϕ



. (4.27)

4.4.3 Governing equation of motion

The functional of an action is given by (Goldstein, Poole & Safco, 2000, [64]):

Ap =

� t

0

Lpdτ

=

� t

0

� 2π

0

� b

a

Λdrdϕdτ . (4.28)

According to Hamilton’s variational principle (Goldstein, Poole & Safco, 2000, [64]), the variation

of action (δAp) satisfies:

δAp = 0;

provided that

δw|τ=0 = δw|τ=t = 0;

thus:

δAp =

� t

0

δLpdτ

=

� t

0

� 2π

0

� b

a

δΛdrdϕdτ = 0. (4.29)
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The variation of the Lagrangian density (δΛ) can be calculated as follows:

δΛ =
∂Λ

∂ẇ
δẇ +

∂Λ

∂w′

r

δw′

r +
∂Λ

∂w′

ϕ

δw′

ϕ +
∂Λ

∂w′′

rr

δw′′

rr +

∂Λ

∂w′′
rϕ

δw′′

rϕ +
∂Λ

∂w′′
ϕϕ

δw′′

ϕϕ

=
∂

∂τ

�
∂Λ

∂ẇ
δw

�
+

∂

∂ϕ

�
∂Λ

∂w′
ϕ

δw +
∂Λ

∂w′′
rϕ

δw′

r +
∂Λ

∂w′′
ϕϕ

δw′

ϕ

�
+

∂

∂r

�
∂Λ

∂w′

r

δwr +
∂Λ

∂w′′

rr

δw′

r

�
−

�
∂

∂τ

∂Λ

∂ẇ
+

∂

∂r

∂Λ

∂w′

r

+
∂

∂ϕ

∂Λ

∂w′ϕ

�
δw

−
∂

∂ϕ

∂Λ

∂w′′

ϕϕ

δw′

ϕ −

�
∂

∂r

∂Λ

∂w′

rr

+
∂

∂ϕ

∂Λ

∂w′′

rϕ

�
δw′

r. (4.30)

Rearranging the right­hand side of Equation (4.30) gives:

δΛ =
∂

∂τ

�
∂Λ

∂ẇ
δw

�
+

∂

∂ϕ

��
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′′

ϕϕ

�
δw+

∂Λ

∂w′′

rϕ

δw′

r +
∂Λ

∂w′′

ϕϕ

δw′

ϕ

�
+

∂

∂r

��
∂Λ

∂w′

r

−
∂

∂r

∂Λ

∂w′′

rr

−
∂

∂ϕ

∂Λ

∂w′′

rϕ

)

�
δw

+
∂Λ

∂w′′
rr

δw′

r

�
−

�
∂

∂τ

�
∂Λ

∂ẇ

�
+

∂

∂r

�
∂Λ

∂w′

r

�
+

∂

∂ϕ

�
∂Λ

∂w′

ϕ

�
−

∂2

∂r2

�
∂Λ

∂w′′

rr

�
− (4.31)

−
∂2

∂r∂ϕ

�
∂Λ

∂w′′
rϕ

�
−

∂2

∂ϕ2

�
∂Λ

∂w′
ϕϕ

��
δw.

Substitution of the first term of the right­hand side of Equation (4.31) into Equation (4.29) and

changing the order of integration yields:� 2π

0

� b

a

�� t

0

∂

∂τ

�
∂Λ

∂ẇ
δw

�
dτ

�
drdϕ =

� 2π

0

� b

a

��
∂Λ

∂ẇ

�

τ=t

(δw)τ=t −

�
∂Λ

∂ẇ

�

τ=0

(δw)τ=0

�
drdϕ = 0; (4.32)

since δw|τ=0 = δw|τ=t = 0. Again by substitution of the second group of terms of Equation

(4.31) into Equation (4.29) and then by changing the order of integration and by 2π­periodicity
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and continuity of the disc over the polar angle ϕ yields:� t

0

� b

a

�� 2π

0

∂

∂ϕ

��
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′

ϕϕ

�
δw +

∂Λ

∂w′′

rϕ

δw′

r +
∂Λ

∂w′′

ϕϕ

δw′

ϕ

�
dϕ

�
drdτ

=

� t

0

� b

a

)�
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′

ϕϕ

�

ϕ=2π

(δw)ϕ=2π −

�
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′

ϕϕ

�

ϕ=0

(δw)ϕ=0 +

+

�
∂Λ

∂w′′

rϕ

δw′

r

�

ϕ=2π

(δw′

r)ϕ=2π −

�
∂Λ

∂w′′

rϕ

δw′

r

�

ϕ=0

(δw′

r)ϕ=0 +

+

�
∂Λ

∂w′′

ϕϕ

�

ϕ=2π

	
δw′

ϕ



ϕ=2π

−

�
∂Λ

∂w′′

ϕϕ

�

ϕ=0

	
δw′

ϕ



ϕ=0

�
drdτ = 0. (4.33)

Note that:

(δw)ϕ=0 = (δw)ϕ=2π and�
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′

ϕϕ

�

ϕ=0

=

�
∂Λ

∂w′

ϕ

−
∂

∂ϕ

∂Λ

∂w′

ϕϕ

�

ϕ=2π

. (4.34)

Now consider the third group of terms of Equation (4.31) which after performing integration result

in: � t

0

� 2π

0

�� b

a

∂

∂r


�
∂Λ

∂w′
r

−
∂

∂r

∂Λ

∂w′′
rr

−
∂

∂ϕ

∂Λ

∂w′′
rϕ

�
δw +

∂Λ

∂w′′
rr

δw′

r

�
dr

�
dϕdτ

=

� t

0

� 2π

0

)

∂Λ

∂w′

r

−
∂

∂r

∂Λ

∂w′′

rr

−
∂

∂ϕ

∂Λ

∂w′′

rϕ

�

r=b

[δw]r=b +



∂Λ

∂w′′

rr

�

r=b

[δw′

r]r=b

−



∂Λ

∂w′

r

−
∂

∂r

∂Λ

∂w′′

rr

−
∂

∂ϕ

∂Λ

∂w′′

rϕ

�

r=a

[δw]r=a −



∂Λ

∂w′′

rr

�

r=a

[δw′

r]r=a

�
dϕdτ . (4.35)

Combining the fourth group of terms of the right­hand side of Equation (4.31) together with Equa­

tions (4.32), (4.33) and (4.35) into Equation (4.31), for variation of action, gives the following:

δAp =

� t

0

� 2π

0

)

∂Λ

∂w′

r

−
∂

∂r

∂Λ

∂w′′

rr

−
∂

∂ϕ

∂Λ

∂w′′

rϕ

�
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[δw]r=b +



∂Λ

∂w′′

rr

�

r=b

[δw′
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−
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∂w′

r
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∂r

∂Λ

∂w′′

rr

−
∂

∂ϕ

∂Λ

∂w′′

rϕ

�

r=a

[δw]r=a −



∂Λ

∂w′′

rr

�

r=a

[δw′

r]r=a

�
dϕdτ

−

� t

0

� 2π

0

� b
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∂τ

�
∂Λ

∂ẇ

�
+

∂

∂r

�
∂Λ

∂w′
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�
+

∂

∂ϕ

�
∂Λ

∂w′

ϕ

�
−

∂2

∂r2

�
∂Λ

∂w′′

rr

�
−

∂2

∂r∂ϕ

�
∂Λ

∂w′′

rϕ

�
−

∂2

∂ϕ2

�
∂Λ

∂w′

ϕϕ

δw

��
drdϕdτ . (4.36)

But from Equation (4.29), δAp = 0. Thus, for the right­hand side of Equation (4.36) to be zero,

one has to impose certain conditions. However, from the fact that the variations such as [δw]r=a, b

and [δw′

r]r=a, b are arbitrary and by the First Fundamental Lemma of the Calculus of Variations

(Soedel, 2004, [62]), the following implicit form of equation with the corresponding boundary
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conditions is obtained as:
∂

∂τ

�
∂Λ

∂ẇ

�
+

∂

∂r

�
∂Λ

∂w′

r

�
+

∂

∂ϕ

�
∂Λ

∂w′

ϕ

�
−

∂2

∂r2

�
∂Λ

∂w′′

rr

�
−

−
∂2

∂r∂ϕ

�
∂Λ

∂w′′
rϕ

�
−

∂2

∂ϕ2

�
∂Λ

∂w′′
ϕϕ

�

= 0. (4.37)

Note that Equation (4.37) is the implicit form of the governing equation of motion of the circular

bending plate in polar coordinates.

4.4.4 Boundary conditions in implicit form

Keeping Equation (4.36) in mind and from the Fundamental Lemma of the Calculus of Variations

(Soedel, 2004, [62]), the implicit form of the boundary condition for a circular plate vibrating in

the transverse direction can be written as:

w|r=a, b = 0 or



∂Λ

∂w′

r

−
∂

∂r

�
∂Λ

∂w′′

rr

�
−

∂

∂ϕ

�
∂Λ

∂w′′

rϕ

��

r=a, b

= 0;

and
∂w

∂r

����
r=a, b

= 0 or
∂Λ

∂w′′
rr

����
r=a, b

= 0. (4.38)
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4.4.5 Explicit form of the equations of motion of the vibrating plate

Substitution of Equation (4.25) into Equation (4.37) gives the following equations for each part:
∂

∂τ

�
∂Λ

∂ẇ

�
= ρhẅr; (4.39)

∂

∂r

�
∂Λ

∂w′

r

�
= −

Eh3

24 (1− η2)

�
2ηw′′′

rrr +
2

r
w′′

rr −
2

r2
w′

r− (4.40)

4

r3
w′′

ϕϕ +
2

r3
w′′′

rϕϕ

�
; (4.41)

∂

∂ϕ

�
∂Λ

∂w′

ϕ

�
=

Eh3

24 (1− η2)

�
4 (1− η)

r2
w′′′

rϕϕ −
4 (1− η)

r3
w′′

ϕϕ

�
; (4.42)

∂2

∂r2

�
∂Λ

∂w′′

rr

�
= −

Eh3

24 (1− η2)

�
2rw′′′′

rrrr + 4w′′′

rrr + 2ηw′′′

rrr +
4η

r3
w′′

ϕϕ− (4.43)

4

r2
w′′′

rϕϕ +
2η

r
w′′′′

rrϕϕ; (4.44)

∂2

∂r∂ϕ

�
∂Λ

∂w′′
rϕ

�
= −

Eh3

24 (1− η2)

�
−

8 (1− η)

r2
w′′′

rϕϕ +
4 (1− η)

r
w′′′′

rrϕϕ+ (4.45)

8

r3
(1− η) w′′

ϕϕ

�
; and (4.46)

∂2

∂ϕ2

�
∂Λ

∂w′′
ϕϕ

�
= −

Eh3

24 (1− η2)



2

r3
w′′′′

ϕϕϕϕ +
2η

r
w′′′′

rrϕϕ +
2

r2
w′′′

rϕϕ

�
. (4.47)

Substitution of Equations (4.39)­(4.47) into Equation (4.37) yields:

12 (1− η2)

Eh2
ẅ +





w′′′′

rrrr +
2

r
w′′′

rrr −
w′′

rr

r2
+

w′

r

r3
+

2

r2
w′′′′

rrϕϕ −
2

r3
w′′′

rϕϕ

+
4w′′

ϕϕ

r4
+

1

r4
w′′′′

ϕϕϕϕ





= 0; (4.48)

which can be rewritten as:
12ρ (1− η2)

Eh2
ẅ +∇4w = 0; (4.49)

where∇4 (del fourth) is the biharmonic differential operator defined as∇4 = ∇2
	
∇2



, and:

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2
; (4.50)

is the Laplace operator in polar coordinates. Equation (4.49) is the equation of the circular plate

in polar coordinates.

4.4.6 Explicit form of the boundary conditions

To derive formulas for boundary conditions in explicit form, Equations (4.38) and (4.25) are used.
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Indicated differentiations are carried out on equations:

∂Λ

∂w′

r

−
∂

∂r

�
∂Λ

∂w′′

rr

�
−

∂

∂ϕ

�
∂Λ

∂w′′

rϕ

��

r=a, b

= 0; (4.51)

and:
∂Λ

∂w′′

rϕ

����
r=a, b

= 0. (4.52)

Now substitution of the Lagrangian density Λ into Equation (4.51) for each term gives:

∂Λ

∂w′
r

=
−Eh3r

24 (1− η2)

�
2

r2

�
w′

r +
1

r
w′′

ϕϕ

�
+

2η

r
w′′

rr

�
; (4.53)

∂Λ

∂w′′
rr

=
−Eh3r

24 (1− η2)

�
2w′′

rr +
2η

r

�
w′

r +
1

r
w′′

ϕϕ

��
r; then

∂

∂r

�
∂Λ

∂w′′

rr

�
=

−Eh3r

24 (1− η2)

�
2w′′′

rrr −
2η

r2

�
w′

r +
1

r
w′′

ϕϕ

�
+

2η

r

�
w′′

rr −
1

r2
w′′

ϕϕ +
1

r
w′′′

ϕϕr

��
−

−Eh3

24 (1− η2)

�
2w′′

rr +
2η

r

�
w′

r +
1

r
w′′

ϕϕ

��
; (4.54)

∂Λ

∂w′′

rϕ

=
−Eh3r

24 (1− η2)

�
4 (1− η)

r2

�
w′′

rϕ −
1

r
w′

ϕ

��
; then

∂

∂ϕ

�
∂Λ

∂w′′

rϕ

�
=

−Eh3r

24 (1− η2)

�
4 (1− η)

r2
w′′′

rϕϕ −
4 (1− η)

r3
w′′

ϕϕ

�
. (4.55)

Combining Equations (4.53), (4.54) and (4.55) into Equation (4.120) gives:
−Eh3

24 (1− η2)

�
2

r

�
w′

r +
1

r
w′′

ϕϕ

�
+ 2ηw′′

rr} +

Eh3

24 (1− η2)

�
2rw′′′

rrr −
2η

r

�
w′

r +
1

r
w′′

ϕϕ

�
+

2η

�
w′′

rr −
1

r2
w′′

ϕϕ +
1

r2
w′′′

ϕϕr

��
+

Eh3

24 (1− η2)

�
2w′′

rr +
2η

r

�
w′

r +
1

r
w′′

ϕϕ

��
+

Eh3

24 (1− η2)

�
4 (1− η)

r2
w′′′

rϕϕ −
4 (1− η)

r2
w′′

ϕϕ

�
= 0. (4.56)

Division of Equation (4.56) throughout by
Eh3

12 (1− η2) r
after simplification yields:

w′′′

rrr +
w′′

rr

r
−

1

r2
w′

r +

�
−3 + η

r3

�
w′′

ϕϕ +

�
2− η

r2

�
w′′′

rϕϕ

=



w′′′

rrr +
w′′

rr

r
−

1

r2
w′

r +
2− η

r2
w′′′

rϕϕ −
3− η

r3
w′′

ϕϕ

�����
r=a, b

= 0. (4.57)
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The other boundary condition for the free edge of the plate is:
∂Λ

∂w′′

rr

=
−Eh3r

24 (1− η2)

�
2w′′

rr +
2η

r

�
w′

r +
1

r
w′′

ϕϕ

��
= 0. (4.58)

Taking the non­trivial case which satisfies Equation (4.58) yields:

2w′′

rr +
2η

r

�
w′

r +
1

r
w′′

ϕϕ

�
= 0; and

w′′

rr +
η

r

�
w′

r +
1

r
w′′

ϕϕ

�
= 0. (4.59)

The boundary conditions in explicit form of the circular plate vibration are summarised as fol­

lows:

r = a, b : w|r=a, b = 0; (4.60)

or 

w′′′

rrr +
1

r
w′′

rr −
1

r2
w′

r +
2− η

r2
w′′′

rϕϕ −
3− η

r3
w′′

ϕϕ

�

r=a, b

= 0; (4.61)

and

r = a, b : w′|r=a, b = 0 or



w′′

rr +
η

r

�
w′

r +
1

r
w′′

ϕϕ

��

r=a,b

= 0. (4.62)

In the above boundary conditions: [w]r=a, b = 0 and [w′]r=a, b = 0 correspond to the fixed rims of

the plate, while the other boundary conditions:

w′′′

rrr +
1

r
w′′

rr −
1

r2
w′

r +
2− η

r2
w′′′

rϕϕ −
3− η

r3
w′′

ϕϕ = 0

�

r=a, b

;

and 

w′′

rr +
η

r

�
w′

r +
1

r
w′′

ϕϕ

�
= 0

�
;

correspond to the free boundaries or the free rims of the plate.

4.4.7 Boundary conditions in explicit form for the mth vibrating mode

The explicit boundary conditions for a modal vibration of the form:

w (r, ϕ, t) = W (r) cos (mϕ) eiωt; (4.63)

can be obtained by substituting Equation (4.63) into Equations (4.60), (4.61) and (4.62), respec­

tively. After performing the indicated differentiation the following is obtained:

r = a, b (respectively) W |r=a,b = 0;

or



W ′′′

rrr +
1

r
W ′′

rr −
(2− η) m2 + 1

r2
W ′

r +

�
3− η

r3

�
m2W

�

r=a,b

= 0; (4.64)

and

r = a, b (respectively) W ′

r|r=a,b = 0;

or



W ′′

rr +
η

r
W ′

r +−
ηm2

r2
W

�

r=a,b

= 0. (4.65)
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4.5 ANALYTICAL SOLUTION TO THE VIBRATING CIRCULAR PLATE

Assume that the transverse vibration of the plate vibrating at its mth­mode is given by the time­

harmonic solution of the form shown in Equation (4.63). Then substitution of Equation (4.63)

into Equation (4.49) results in a fourth­order ODE. The procedure is demonstrated using Equation

(4.63) as follows:
∂2w

∂t2
= ẅ = −ω2W cos (mϕ) eiωt; (4.66)

∇2w =
∂2w

∂r2
+

1

r

∂w

∂r
+

1

r2
∂2w

∂ϕ2

=
∂2W

∂r2
cos (mϕ) eiωt +

1

r

∂W

∂r
cos (mϕ) eiωt

−
m2

r2
W cos (mϕ) eiωt. (4.67)

For the purpose of calculation, the procedure is as follows:

∇2∇2w = ∇2

�
∂2w

∂r2

�
+∇2

�
1

r

∂w

∂r

�
+∇2

�
1

r2
∂2w

∂ϕ2

�
; (4.68)

and differentiation is applied separately for each term. UsingMathematica’s symbolic computation

makes the process effortless. Now differentiating Equation (4.67) twice with respect to r term by

term gives:
∂2

∂r2



∂2W

∂r2
cos (mϕ) eiωt

�
=

∂4W

∂r4
cos (mϕ) eiωt; (4.69)

∂2

∂r2



1

r

∂W

∂r
cos (mϕ) eiωt

�
=

�
2

r3
∂W

∂r
−

2

r2
∂2W

∂r2
+

1

r

∂3W

∂r3

�
cos (mϕ) eiωt; and(4.70)

∂2

∂r2



−

m2

r2
W cos (mϕ) eiωt

�
=

�
−

6m2

r4
W +

4m2

r3
∂W

∂r
−

m2

r2
∂2W

∂r2

�
cos (mϕ) eiωt.(4.71)

For the part
1

r

∂

∂r
, it follows that:

1

r

∂

∂r



∂2W

∂r2
cos (mϕ) eiωt

�
=

1

r

∂3W

∂r3
cos (mϕ) eiωt; (4.72)
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∂
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1

r

∂W

∂r
cos (mϕ) eiωt

�
=

�
−

1

r3
∂W

∂r
+

1

r2
∂2W

∂r2

�
cos (mϕ) eiωt; and (4.73)

1

r

∂

∂r



−

m2

r2
W cos (mϕ) eiωt

�
=

�
2m2

r4
W −

m2

r3
∂W

∂r

�
cos (mϕ) eiωt. (4.74)
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Similarly, for the part
1

r2
∂2

∂ϕ2
, differentiation yields:

1

r2
∂2

∂ϕ2



∂2W

∂r2
cos (mϕ) eiωt

�
= −

m2

r2
∂2W

∂r2
cos (mϕ) eiωt; (4.75)

1

r2
∂2

∂ϕ2



1

r

∂W

∂r
cos (mϕ) eiωt

�
= −

m2

r3
∂W

∂r
cos (mϕ) eiωt; and (4.76)

1

r2
∂2

∂ϕ2



−

m2

r2
W cos (mϕ) eiωt

�
=

m4

r4
W cos (mϕ) eiωt. (4.77)

Substitution of Equations (4.66) to (4.77) into (4.49) gives:
12ρ (1− η2)

Eh2
ẅ +∇4w =

�
−12ρ (1− η2)

Eh2
ω2W +



∂4W

∂r4
+

�
1

r
+

1

r

�
∂3W

∂r3
+

�
2

r2
−

m2

r2
+

1

r2
−

m2

r2

�
∂2W

∂r2
+

+

�
2

r3
+

2m2

r2
+

2m2

r2
−

1

r3
−

m2

r3
−

m2

r3

�
∂W

∂r
+

+

�
−6m2

r4
+

2m2

r4
+

m4

r4

�
W

��
cos (mϕ) eiωt = 0. (4.78)

The eigenfunction W is a function of only r and thus the differential equation becomes an ODE.

Equation (4.78) after simplification becomes:
12ρ (1− η2)

Eh2
ẅ +∇4w =

�
−12ρ (1− η2)

Eh2
ω2W +



d4W

dr4
+

2

r

d3W

dr3
−

−

�
2m2 + 1

r2

�
d2W

dr2
+

�
2m2 + 1

r3

�
dW

dr
+

+
m4 − 4m2

r4
W

��
cos (mϕ) eiωt = 0. (4.79)

Due to the periodic nature of ϕ for a non­trivial case Equation (4.79) reduces to:
d4W

dr4
+

2

r

d3W

dr3
−

�
2m2 + 1

r2

�
d2W

dr2
+

�
2m2 + 1

r3

�
dW

dr
+



m4 − 4m2

r4
−

12ρ (1− η2)

Eh2
ω2
�
W = 0. (4.80)

Note that the functionW (r) is the eigenfunction of the vibrating circular plate with a mode number

m.

4.5.1 Solution for a circular plate with free vibration

Assume that the vibration of the circular plate under consideration is free and given by Equation

(4.63) thus, Equation (4.80) can be rewritten as:

∇4W − β4W = 0; (4.81)
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where:

β4 =
12ρ (1− η2) ω2

Eh2
=

12 (1− η2) ρω2h

Eh3
=

ρω2h

D
; (4.82)

with D =
Eh3

12 (1− η2)
is the flexural rigidity of the plate. Thus Equation (4.81) can now be

rewritten as:
	
∇4 − β4



W = 0; or (4.83)

	
∇2 + β2


 	
∇2 − β2



W = 0. (4.84)

Now define two functionsW1andW2 such that:

w1 (r, ϕ, t) = W1 (r) cos (mϕ) eiωt; (4.85)

and

w2 (r, ϕ, t) = W2 (r) cos (mϕ) eiωt; (4.86)

with
	
∇2 + β2



W1 = 0; (4.87)

and
	
∇2 − β2



W2 = 0. (4.88)

The operators
	
∇2 + β2



and

	
∇2 − β2



commute, thus by the theory of linear differential equa­

tions (Zill & Cullen, 2009, [71]), the solution to Equation (4.84) is given by the superpositions of

the solutions to W1 and W2. Substitution of Equations (4.85) and (4.86), respectively, into Equa­

tions (4.87) and (4.88) yields:
d2W1

dr2
+

1

r

dW1

dr
+

�
β2 −

m2

r2

�
W1 = 0; and (4.89)

d2W2

dr2
+

1

r

dW2

dr
−

�
β2 +

m2

r2

�
W2 = 0. (4.90)

Solving the Bessel equations shown above yields solutions of the form:

W1 (r) = A1Jm (βr) + A2Ym (βr) ; (4.91)

and

W2 (r) = A3Im (βr) + A4Km (βr) ; (4.92)

meaning that the general solution to Equation (4.84) is given by the superposition of Equations

(4.91) and (4.92) as:

W (r) = A1Jm (βr) + A2Ym (βr) + A3Im (βr) + A4Km (βr) ; (4.93)

where the coefficients A1, A2, A3 and A4 determine the mode shapes. A more general solution to
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the vibrating plate in polar coordinates can be written as (Leissa, 1969, [38]):

w (r, ϕ, t) =
∞*

m=0

[A1Jm (βr) + A2Ym (βr) + A3Im (βr) + A4Km (βr)] cos (mϕ) eiωt +

∞*

m=1

[A1Jm (βr) + A2Ym (βr) + A3Im (βr) + A4Km (βr)] sin (mϕ) eiωt. (4.94)

Here Jm (βr) and Ym (βr) are Bessel functions of the first and second kind, respectively, of or­

der m. The functions Im (βr) and Km (βr) are modified Bessel functions of the first and second

kind, respectively, of orderm. The arbitrary constants of integration A1, A2, A3 and A4 are deter­

mined from the boundary conditions and they determine the mode shape. Note that unless stated

otherwise, throughout this thesis the vibration mode number investigated for the out­of­plane vi­

bration of the disc is m = 3 and hence a solution of the form given by Equation (4.93) is used in

all investigations with regard to the out­of­plane vibrations of the disc.

4.5.2 Orthogonality of the eigenfunctions

Consider the differential equation as given by Equation (4.83) and suppose two eigenfunctionsWr

and Ws related to the equation with the corresponding eigenvalues ωr and ωs of Equation (4.80),

such that:

D∇4Wr − ω2rρhWr = 0; and (4.95)

D∇4Ws − ω2sρhWs = 0. (4.96)

Multiplication of Equation (4.95) byWs and Equation (4.96) byWr and integrating the difference

of the two over the domain (area A) of the plate gives:�

A

�
DWs∇

4Wr −DWr∇
4Ws −

	
ω2r − ω2s



ρhWrWs

�
dA = 0. (4.97)

The bi­harmonic operator ∇4 can be written as ∇4 = ∇ · [∇ (∇ · ∇W )] and rewriting Equation

(4.97) by using the Gauss divergence theorem (Reddy, 2004, [58]), (Stroud & Booth, 2003, [72])

yields:

D

+

S



Wrn̂ · ∇

	
∇2Ws



−Wsn̂ · ∇

	
∇2Wr



+∇2Wrn̂ · ∇Ws−

∇2Wsn̂ · ∇Wr

�
dS −

	
ω2r − ω2s


 �

A

ρhWrWsdA = 0. (4.98)

Here S is the boundary of the plate area A and n̂ is the unit outward normal vector to the boundary

S. If ωr 	= ωs and:+

S



Wrn̂ · ∇

	
∇2Ws



−Wsn̂ · ∇

	
∇2Wr



+∇2Wrn̂ · ∇Ws−

∇2Wsn̂ · ∇Wr

�
dS = 0; (4.99)
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then it can be concluded from Equation (4.98) that:�

A

ρhWrWsdA = 0; (4.100)

which is the orthogonality relationship for arbitrary eigenfunctions of the plate for clamped, free or

with any form of boundary conditions. It can be seen from Equation (4.99) that the eigenfunctions

are self­adjoint.

4.5.3 Solution of a circular plate with a boundary excitation

In this sub­section an annular circular plate of inner radius a and outer radius b mounted on a

massless rigid load is considered. Assume that the excitation is only at the inner edge of the plate

and that the outer edge is free. Now consider an axisymmetrical excitation force along the z­axis

of the plate as:

f = f̂ sin νt; (4.101)

where f̂ is the amplitude of the excitation force, ν is the angular frequency of the excitation force

and t is time. In this case only the boundary of the disc is excited and hence the governing equation

of the out­of­plane vibration remains unchanged. Thus the governing equation of motion of the

out­of­plane vibration of the disc is:
12ρ (1− η2)

Eh2
ẅ +∇4w = 0;

with explicit boundary conditions:

W ′

r|r=a = 0; (4.102)

or 

W ′′′

rrr +
1

r
W ′′

rr −
(2− η) m2 + 1

r2
W ′

r +

�
3− η

r3

�
m2W

�����
r=a

=
−f̂ sin νt

2πa
; (4.103)

and 

W ′′′

rrr +
1

r
W ′′

rr −
(2− η) m2

r2
W ′

r +

�
3− η

r3

�
m2W

�����
r=b

= 0; (4.104)

or 

W ′′

rr +
η

r
W ′

r +
ηm2

r2
W

�����
r=b

= 0. (4.105)

The modified solution of the equation with respect to the given boundary conditions can be given

as:

w (r, ϕ, t) = W (r) cos (mϕ + γm) sin (νt) ; (4.106)

where:

W (r) = A1Jm (βr) + A2Ym (βr) + C3Im (βr) + C4Km (βr) ; (4.107)
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is the eigenfunction of the out­of­plane vibration, and γm is the phase angle. Since the boundary

forcing introduced here is along the z­axis, the solution is independent of m and thus has the

form:

w (r, ϕ, t) = [A1J0 (βr) + A2Y0 (βr) + A3I0 (βr) + A4K0 (βr)] sin (νt) ; (4.108)

in which the order of each Bessel function is m = 0. The unknowns A1, A2, A3 and A4 can be

obtained by substituting the solution given by Equation (4.108) into the boundary conditions given

in Equations (4.102) to (4.105) and solving the resulting matrix equation.

4.5.4 Solution for a circular plate with a flexible foundation

Suppose that a circular disc in the form of a plate is supported by or embedded in an elastic

massless foundation with a stiffness constantK. The derivation of the equations of motion follows

from Section 4.4 and can be written as:
12ρ (1− η2)

Eh2
ẅ +∇4w + Kw = 0; (4.109)

where K is the stiffness of the elastic foundation. As before, suppose a harmonic solution of the

form:

w (r, ϕ, t) = W (r) cos (mϕ) eiωt. (4.110)

Substitution of Equation (4.110) into Equation (4.109) can be simplified to yield:
12ρ (1− η2)

Eh2
ẅ +∇4w + Kw = 0;

−ρhω2W + D∇4W + KW = 0;

∇4W −

�
ρhω2 −K

D

�
W = 0; and

∇4W − β̃
4
W = 0; (4.111)

with

β̃
4

=

�
ρhω2 −K

D

�
. (4.112)

The analytical solution to Equation (4.111) is given in simplified form as:

W (r) = A1Jm

 
β̃r
!

+ A2Ym

 
β̃r
!

+ A3Im

 
β̃r
!

+ A4Km

 
β̃r
!

, (4.113)

where β̃
4
is given by Equation (4.112). The general solution to the plate with a flexible elastic

foundation then becomes:

w (r, ϕ, t) =
�
A1Jm

 
β̃r
!

+ A2Ym

 
β̃r
!

+ A3Im

 
β̃r
!

+ A4Km

 
β̃r
!�

cos (mϕ) eiωt. (4.114)
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4.5.5 Plates with varying thickness

The discussions covered so far with respect to the out­of­plane vibration of the disc gyroscope

were based on a constant thickness h, to simplify the model. However, circular plates of non­

uniform thickness are not uncommon (Timoshenko & Woinowsky­Krieger, 1959, [37]). Examples

of circular plates with variable thickness are encountered in machine parts, steam turbines and the

pistons of reciprocating engines.

Hagedorn and DasGupta (2007, [70]) have demonstrated the equation of free vibration of a rectan­

gular plate with varying thickness in rectangular coordinates as:

ρhẅ +∇2
	
D∇2w



− (1− η)

	
D′′

xxw
′′

yy − 2D′′

xyw
′′

xx + D′′

yyw
′′

xx



= 0. (4.115)

The equations of motion for a circular plate with varying thickness after manipulation of Equation

(4.115) in polar coordinates yields:

ρhẅ +∇2
	
D∇2w



− (1− η)

�
Drr

�
1

r
w′

r +
1

r2
w′′

ϕϕ

�
+

1

r
D′

rw
′′

rr

�
= 0; (4.116)

with h = h (r) , and

D = D (r) =
Eh (r)

12 (1− η2)
.

If the deflection of the disc in its out­of­plane direction is given by:

w (r, ϕ, t) = W (r) eimϕeiωt; (4.117)

then substitution of Equation (4.117) into Equation (4.116) for the non­trivial case gives:

W ′′′′

rrrr + g3W
′′′

rrr + g2W
′′

rr + g1W
′

r +
�
g0 − ω2ρh

�
W = 0; (4.118)

where gi = gi (r) for i = 0, 1, 2, 3. Note that Equation (4.118) can be solved using the Galerkin

method (Hagedorn & DasGupta, 2007, [70]). The Galerkin method is not discussed in this thesis

and is left for future study.

4.6 NUMERICAL SOLUTIONS

In this section the eigenfunctions for the vibrating circular plate which correspond to the out­

of­plane vibration of a thin disc gyroscope are calculated. To calculate the eigenfunctions, the

boundary conditions given by Equations (4.64) and (4.65) with the analytical solution given by

Equation (4.93) are used. To demonstrate the procedure, the disc in plate mode with both clamped

and free edges is considered. The physical and geometrical characteristics of the plate are similar

to the ones considered for in­plane vibrations as demonstrated in Chapter 3. In this section the

in­plane vibrations are neglected and only transverse vibration is considered. The eigenvalues are
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numerically calculated for the mode number m = 3. To speed up the calculation process CAS

programmes such as MATHEMATICA R� and MAPLETM are used. The codes for all calculations are

given in Appendix A.

The rules for the calculation of the first and second derivatives of the Bessel functions of the first

and second kind as well as for the modified Bessel functions of the first and second kind are used

to aid in symbolic calculations. Recall the identities:
d

dr
Jm(αr) = J ′m (αr) =

m

r
Jm(αr)− αJm+1(αr);

d

dr
Ym(αr) = Y ′

m (αr) =
m

r
Ym(αr)− αYm+1(αr);

d

dr
Im(αr) = I ′m (αr) =

m

r
Im(αr) + αIm+1(αr); and

d

dr
Km(αr) = K ′

m (αr) =
m

r
Km(αr)− αKm+1(αr). (4.119)

To solve for the constants A1, A2, A3 and A4, Equation (4.93) is substituted into the equations

of each pair of boundary conditions given by Equations (4.64) and (4.65) and the resulting ma­

trix equation is solved numerically to obtain the approximate eigenvalues. Once the approximate

eigenvalues are obtained, the constants can be obtained using Cramer’s rule for each respective

boundary condition. In the subsections to follow, various types of boundary conditions of the plate

are considered to approximate the eigenvalues and eigenfrequencies.

4.6.1 Solid circular plate clamped at its edge

For a solid plate clamped at its edge, the boundary conditions in explicit form can be obtained from

Equations (4.64) and (4.65). Thus:

r = b W (r)|r=b = 0; and W ′(r)|r=b = 0. (4.120)

Similar to the in­plane vibrations, the matrix equation can be obtained by substituting Equation

(4.93) into Equations (4.64) and (4.65), respectively. The resulting matrix is a 2 × 2 because the

Bessel functions Ym and Km are not bounded for a = 0. The resulting matrix equation has the

form: �
b11 b12
b21 b22

�

� �� �
N1

�
A1

A3

�
= 0; (4.121)
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where:

b11 = Jm (βr) , b12 = Im (βr) ; (4.122)

b21 =
1

2
β [Jm−1(βb)− Jm+1(βb)] ; and b22 =

1

2
β [Im−1(βb) + Im+1(βb)] . (4.123)

If A1 = 1, then:

A3 = −
b11 (ωp)

b12 (ωp)
; (4.124)

where ωp is the angular frequency of the out­of­plane vibration. For a non­trivial solution to

Equation (4.121), the determinant of the coefficient matrix vanishes. That is:

det (N1) = det (DP ) = 0. (4.125)

Solving this transcendental characteristic equation yields, for each circumferential wave number

m, a sequence of eigenvalues ωmp,k (k = 0, 1, 2, 3, · · ·) with:

ωmp,0 < ωmp,1 < ωmp,2 < · · ·. (4.126)

The eigenvalue ωmp,0 is called the fundamental vibration eigenvalue while ωmp,1 is called the first

overtone vibration eigenvalue, and so forth. Results for the fundamental and the first five overtone

vibration eigenvalues and the associated eigenfrequencies for the solid plate clamped at its edge

for m = 3 are given in Table 4.1

Table 4.1: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of a clamped solid plate vibrating atm = 3

k ω3p,k
	
rad s−1



f3p,k =

ω3,k
2π
(Hz)

0 765736.6 121870.8

1 1.665943× 106 265143.1

2 2.855623× 106 454486.6

3 4.339319× 106 690624.1

4 6.118228× 106 973746.2

5 8.192806× 106 1.303926× 106

To calculate the values of the eigenvalues and eigenfrequencies given in Table 4.1, the MATHE­

MATICA R� function “FindRoot” is used. The first approximate values of both the eigenvalue and

eigenfrequency are obtained from the graph of the logarithm of the modulus of the function given in

Equation (4.125). The idea is that, the approximate values of the horizontal components of the co­

ordinates of spikes correspond to the zeros of the characteristic equation given by Equation (4.125),

thus the approximate coordinate of the first spike is (758191.7321, 25.3912). Using “FindRoot”

the more accurate value of the fundamental vibration eigenvalue is ω3p,0 = 765736.6 rad s−1. Its

corresponding fundamental eigenfrequency is f3p,0 =
ω3p,0

2π
≈ 121870.8 Hz.
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The subsequent eigenvalues and eigenfrequencies to the latter, in Table 4.1 are obtained using the

same procedure. The graph of the normalised transverse eigenfunction for a clamped solid plate

Figure 4.2: The graph used to estimate the eigenvalues and eigenfrequencies of a clamped solid
plate

is presented in Figure 4.3. Due to the moment and edge forces at the clamped "sides" of the plate,

the displacement is zero. The displacement of the plate is maximum at approximately half of the

radius of the plate. The displacement is not necessarily zero at the centre of the plate.

Figure 4.3: The normalised eigenfunction W (r) corresponding to the eigenvalue
ω3,0 = 765736.6 rad. s−1 for a solid aluminium disc in its plate form clamped at the edge

The normalised eigenfunction for the eigenvalue ω3p,1 is given in Figure 4.4. The deflection of the

plate becomes zero around the clamped edge of the plate.
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Figure 4.4: The normalised eigenfunction W (r) corresponding to the eigenvalue
ω3,1 = 1.665943 × 106 rad. s−1 for a solid aluminium disc in its plate form clamped at the
edge

4.6.2 Annular plate with free edges

This subsection presents the determination of eigenvalues, eigenfunctions and their nature for the

annular plate, free at both edges. The explicit boundary conditions for the annular plate vibrating

freely with mode numberm are given by:

W ′′′

rrr +
1

r
W ′′

rr −
(2− η) m2 + 1

r2
W ′

r +

�
3− η

r3

�
m2W

�

r=a,b

= 0; (4.127)

and 

W ′′

rr +
η

r
W ′

r +−
ηm2

r2
W

�

r=a,b

= 0; (4.128)

where W is a function of only radius of the plate. Similar procedures as those performed for the

solid clamped plate are employed here for the determination of both the eigenvalues and eigenfre­

quencies. Substitution of Equation (4.93) into Equation (4.127) yields:

−A1
m

a

�

(1− η) m (m− 1)

a2
+ β2

�
Jm (βa) + β



(1− η) m2

a2
+ β2

�
Jm+1 (βa)

�
−

A2
m

a

�

(1− η) m (m− 1)

a2
+ β2

�
Ym (βa) + β



(1− η) m2

a2
+ β2

�
Ym+1 (βa)

�
+

A3

m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa) + β



−

(1− η) m2

a2
+ β2

�
Im+1 (βa)

�
+

A4

m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) + β



(1− η) m2

a2
+ β2

�
Km+1 (βa)

�

= 0. (4.129)
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The matrix form of Equation (4.129) is:


−
m

a

�

(1− η) m (m− 1)

a2
+ β2

�
Jm (βa) + β



(1− η) m2

a2
+ β2

�
Jm+1 (βa)

�

−
m

a

�

(1− η) m (m− 1)

a2
+ β2

�
Ym (βa) + β



(1− η) m2

a2
+ β2

�
Ym+1 (βa)

�

m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa) + β



−

(1− η) m2

a2
+ β2

�
Im+1 (βa)

�

m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) + β



(1− η) m2

a2
+ β2

�
Km+1 (βa)

�




T




A1

A2

A3

A4


 = 0.

(4.130)

By a similar analogy, the second boundary condition given by Equation (4.65) for the free inner

edge of the plate can be written as:

A1
m

a

�

(1− η) m (m− 1)

a2
− β2

�
Jm (βa) +

(1− η) β

a
Jm+1 (βa)

�
+

A2

m

a

�

(1− η) m (m− 1)

a2
− β2

�
Ym (βa) +

(1− η) β

a
Ym+1 (βa)

�
+

A3
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa)−

(1− η) β

a
Im+1 (βa)

�
+

A4
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) +

(1− η) β

a
Km+1 (βa)

�

= 0. (4.131)

The corresponding matrix format of Equation (4.131) is given by:


m
a

�

(1− η) m (m− 1)

a2
− β2

�
Jm (βa) +

(1− η) β

a
Jm+1 (βa)

�

m
a

�

(1− η) m (m− 1)

a2
− β2

�
Ym (βa) +

(1− η) β

a
Ym+1 (βa)

�

m
a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa)−

(1− η) β

a
Im+1 (βa)

�

m
a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) +

(1− η) β

a
Km+1 (βa)

�




T




A1

A2

A3

A4


 = 0.

(4.132)

Similarly, the boundary conditions for the free outer rim of the plate are used as shown next. The
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first boundary condition (4.127), can be written as:

−A1

m

b

�

(1− η) m (m− 1)

b2
+ β2

�
Jm (βb) + β



(1− η) m2

b2
+ β2

�
Jm+1 (βb)

�
−

A2
m

b

�

(1− η) m (m− 1)

b2
+ β2

�
Ym (βb) + β



(1− η) m2

b2
+ β2

�
Ym+1 (βb)

�
+

A3
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb) + β



−

(1− η) m2

b2
+ β2

�
Im+1 (βb)

�
+

A4
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) + β



(1− η) m2

b2
+ β2

�
Km+1 (βb)

�

= 0. (4.133)

The matrix form of Equation (4.133) is:


−
m

b



(1− η) m (m− 1)

b2
+ β2

�
Jm (βb) + β



(1− η) m2

b2
+ β2

�
Jm+1 (βb)

−
m

b

�

(1− η) m (m− 1)

b2
+ β2

�
Ym (βb) + β



(1− η) m2

b2
+ β2

�
Ym+1 (βb)

�

m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb) + β



−

(1− η) m2

b2
+ β2

�
Im+1 (βb)

�

m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) + β



(1− η) m2

b2
+ β2

�
Km+1 (βb)

�




T




A1

A2

A3

A4


 = 0.

(4.134)

The second boundary condition (4.65) for the free outer rim of the plate can be written as:

A1
m

b

�

(1− η) m (m− 1)

b2
− β2

�
Jm (βb) +

(1− η) β

b
Jm+1 (βb)

�
+

A2

m

b

�

(1− η) m (m− 1)

b2
− β2

�
Ym (βb) +

(1− η) β

b
Ym+1 (βb)

�
+

A3
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb)−

(1− η) β

b
Im+1 (βb)

�
+

A4
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) +

(1− η) β

b
Km+1 (βb)

�

= 0. (4.135)

The corresponding matrix form of Equation (4.135) is given by:


m

b

�

(1− η) m (m− 1)

b2
− β2

�
Jm (βb) +

(1− η) β

b
Jm+1 (βb)

�

m

b

�

(1− η) m (m− 1)

b2
− β2

�
Ym (βb) +

(1− η) β

b
Ym+1 (βb)

�

m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb)−

(1− η) β

b
Im+1 (βb)

�

m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) +

(1− η) β

b
Km+1 (βb)

�




T




A1

A2

A3

A4


 = 0.

(4.136)

Equations (4.130), (4.132), (4.134) and (4.136) can be combined to give a system of homogeneous
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linear equations with respect to A1, A2, A3 and A4. That is:


c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44




� �� �

�
A1 A2 A3 A4

�T
= 0; (4.137)

where cij = cij (β) = cij (ω),∀i, j = 0, 1, 2, 3, 4 are the components of the 4 × 4 matrix. The

components are given as follows:

c11 = −
m

a



(1− η) m (m− 1)

a2
+ β2

�
Jm (βa) + β



(1− η) m2

a2
+ β2

�
Jm+1 (βa) ;

c12 = −
m

a

�

(1− η) m (m− 1)

a2
+ β2

�
Ym (βa) + β



(1− η) m2

a2
+ β2

�
Ym+1 (βa)

�
;

c13 =
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa) + β



−

(1− η) m2

a2
+ β2

�
Im+1 (βa)

�
;

c14 =
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) + β



(1− η) m2

a2
+ β2

�
Km+1 (βa)

�
;

c21 =
m

a

�

(1− η) m (m− 1)

a2
− β2

�
Jm (βa) +

(1− η) β

a
Jm+1 (βa)

�
;

c22 =
m

a

�

(1− η) m (m− 1)

a2
− β2

�
Ym (βa) +

(1− η) β

a
Ym+1 (βa)

�
;

c23 =
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Im (βa)−

(1− η) β

a
Im+1 (βa)

�
;

c24 =
m

a

�

−

(1− η) m (m− 1)

a2
+ β2

�
Km (βa) +

(1− η) β

a
Km+1 (βa)

�
;

c31 = −
m

b



(1− η) m (m− 1)

b2
+ β2

�
Jm (βb) + β



(1− η) m2

b2
+ β2

�
Jm+1 (βb) ;

c32 =

�
−

m

b



(1− η) m (m− 1)

b2
+ β2

�
Ym (βb) + β



(1− η) m2

b2
+ β2

�
Ym+1 (βb)

�
;

c33 =
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb) + β



−

(1− η) m2

b2
+ β2

�
Im+1 (βb)

�
;

c34 =
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) + β



(1− η) m2

b2
+ β2

�
Km+1 (βb)

�
;

c41 =
m

b

�

(1− η) m (m− 1)

b2
− β2

�
Jm (βb) +

(1− η) β

b
Jm+1 (βb)

�
;

c42 =
m

b

�

(1− η) m (m− 1)

b2
− β2

�
Ym (βb) +

(1− η) β

b
Ym+1 (βb)

�
;

c43 =
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Im (βb)−

(1− η) β

b
Im+1 (βb)

�
; and

c44 =
m

b

�

−

(1− η) m (m− 1)

b2
+ β2

�
Km (βb) +

(1− η) β

b
Km+1 (βb)

�
.
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Note that the coefficient matrix in Equation (4.137) can be written as:

N2 (ωp) =




c11 (ωp) c12 (ωp) c13 (ωp) c14 (ωp)
c21 (ωp) c22 (ωp) c23 (ωp) c24 (ωp)
c31 (ωp) c32 (ωp) c33 (ωp) c34 (ωp)
c41 (ωp) c42 (ωp) c43 (ωp) c44 (ωp)


 . (4.138)

It is well­known from linear algebra that Equation (4.137) has a non­trivial solution if the determi­

nant of Equation (4.138) is zero, that is:

∆p(ωp) = detN2(ωp) = 0. (4.139)

Equation (4.139) is known as the characteristic equation of the BVP. Using a CAS to solve this

transcendental characteristic equation yields, for each circumferential wave numberm, a sequence

of eigenvalues ωmp,k (k = 0, 1, 2, 3, · · ·) with:

ωmp,0 < ωmp,1 < ωmp,2 < · · ·. (4.140)

The eigenvalue ωm,0 is called the fundamental vibration eigenvalue while ωm,1 is called the first

Figure 4.5: The graph used to estimate eigenvalues and eigenfrequencies of an annular plate free
at both edges

overtone vibration eigenvalue, and so forth. A plot of the function f (ωp) = ln (|∆p(ω)|) appears

in Figure 4.5 for an aluminium circular plate where the "spikes" point towards the roots of the

function∆p(ω). Note that the eigenvalues are not linearly spaced.

To solve for the constants, an integer k with k ≥ 0 is fixed and the eigenvalue ωmp,k is substituted

back into Equation (4.137). Performing Gaussian elimination on the augmented matrix of Equation
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Table 4.2: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular plate free at the edges and vibrating atm = 3.

k ω3p,k
	
rad s−1



f3,k =

ω3p,k
2π

(Hz)

0 695335.3 110666.0

1 3.008646× 106 478840.8

2 6.354535× 106 1.011356× 106

3 1.080587× 107 1.719807× 106

4 1.634623× 107 2.601584× 106

5 2.295467× 107 3.653359× 106

(4.137) indicates that any one of the A1, A2, A3, A4 can be chosen as being free, for example:

A1 =

det



−a14A4 a12 a13
−a24A4 a22 a23
−a34A4 a32 a33




det




a11 a12 a13
a21 a22 a23
a31 a32 a33




. (4.141)

Figure 4.6: The normalised eigenfunction W (r) corresponding to the eigenvalue
ω3,0 = 695335.3 rad. s−1 for the annular aluminium disc in its plate form, free at the edges

Hence, choosing any non­zero value for A4 (say A4 = 1), the value of A1 can be obtained using

Cramer’s rule, and similarly for A2 and A3. Consequently, with these values of Ai=1,2,3,4, the

eigenfunctionW (r) corresponding to ω = ωmp,k can be calculated. These eigenfunctions are also

referred to as the form­factors of the m­ωp vibrating pattern or mode. A normalised eigenfunction

W (r) corresponding to the fundamental eigenvalue ω3p,0 = 695335.3 rad. s−1 for the annular

aluminium circular plate and its out­of­plane vibration with free edges is shown in Figure 4.6.
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4.7 CONCLUSION

The eigenfunctions and eigenvalues obtained numerically so far are considered only for the vibrat­

ing disc in Chapter 3 and and circular plates in Chapter 4, where rotation is neglected. Joubert,

Shatalov and Fay (2014, [76]) have demonstrated that the eigenfunctions, for a vibrating structure

that is not rotating, remain invariant if the structure is subjected to slow rotation. Consequently,

the results obtained here are used in Chapter 5 where the vibrating disc gyroscope is subjected to

slow 3D­rotation.
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Chapter 5

THE DYNAMICS OF A TUNING DISC­VIBRATORY GYROSCOPE

5.1 INTRODUCTION

Chapters 3 and 4 independently dealt with the respective in­plane and out­of­plane vibratory dy­

namics of the disc gyroscope without rotation. This chapter incorporates the ideas of the previous

two chapters with a slowly rotating disc to investigate the possibility of a 3D, tuned, disc­vibratory

gyroscope. The equations of motion and the boundary conditions describing the dynamics of the

3D­tuned disc gyroscope are derived from the variational principle.

5.2 THE KINEMATICS OF THE 3D DISC­VIBRATORY GYROSCOPE

Consider two coordinate systems 0ξηζ and 0xyz, respectively as shown in Figure 5.1, where 0ξηζ

is connected to the disc and rotates with respect to any inertial coordinate system, whereas 0xyz

is located at an angle ϕ from the 0ξ­axis of the 0ξηζ system and characterises the location of

the infinitesimal element dm = ρhrdrdϕ, as shown in Figure 5.1. Furthermore, assume that the

0ζ­axis of 0ξηζ system and the 0z­axis of the 0xyz­system overlap and coincide with the axis

of the disc as shown in Figure 5.1. Suppose that the disc is subjected to slow three­dimensional

rotation with components Ωξ, Ωη and Ωζ in the directions along the 0ξ­axis, 0η­axis and 0ζ­axis,

respectively. Assume that the annular disc (of axial plate thickness h) has an inner radius a and

outer radius b with r being the position of a point on the the disc, as shown in Figure 5.1. Let E

be Young’s modulus, ρ be the mass density, and η be the Poisson’s ratio for the disc. Assume that

h << min(a, b) and hence the “thin­plate theory” is used to simplify matters. The position vector

of a vibrating element on the disc is thus given by #R =
	

r + u, v, w

T

, where u, v and w are

the displacements of the disc element in the radial, tangential and axial directions, respectively.

Let #Ω be the slow inertial angular rate of the vibrating system with its components given by
	

Ωx, Ωy, Ωz


T
in the 0xyz­coordinate system. In this case, the components Ωξ, Ωη and Ωζ

are small and that the O (ε2) terms such as Ω2
ξ , Ω

2
η, Ω

2
ζ, ΩξΩη, ΩξΩζ and ΩζΩη are neglected. Thus

the absolute linear velocity of the disc element dm in Figure 5.1 is given by Euler’s formula as
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Figure 5.1: A thick disc, thin plate three dimensional vibratory gyroscope showing the three or­
thogonal axes with rotation rate components Ωζ , Ωη and Ωξ

(Spiegel, 1982, [29]):

#V =
	 2̇u, 2̇v, 2̇w


T
=
	

u̇, v̇, ẇ

T

+ ε#Ω × #R; (5.1)

where:

#R =
	

r + u, v, w

T

; (5.2)

and

#Ω = ε
	

Ωx, Ωy, Ωz


T
= ε




Ωξ cos ϕ + Ωη sin ϕ
Ωη cosϕ− Ωξ sin ϕ

Ωζ


 . (5.3)

The vector (cross) product of #Ω and #R in matrix form is obtained as follows:

#Ω× #R = ε

������

ı̂ ̂ k̂
(Ωξ cos ϕ + Ωη sin ϕ) (Ωη cos ϕ− Ωξ sin ϕ) Ωζ

r + u v w

������

= ε




(Ωη cosϕ− Ωξ sin ϕ) w − Ωζv
(Ωζ (r + u)− (Ωξ cos ϕ + Ωη sin ϕ) w)�

(Ωξ cos ϕ + Ωη sin ϕ) v+
(Ωξ sin ϕ− Ωη cos ϕ) (r + u)

�


 . (5.4)

Note that the components of the inertial rate on the 0xyz­coordinate system are assumed to be
	

Ωx, Ωy, Ωz


T
. Substituting Equation (5.4) into Equation (5.1) gives:

#V =




2̇u
2̇v
2̇w


 =




u̇
v̇
ẇ


+ε




(Ωη cos ϕ− Ωξ sin ϕ) w −Ωζv
Ωζ (r + u)− (Ωξ cosϕ + Ωη sin ϕ) w

(Ωξ cos ϕ + Ωη sin ϕ) v + (Ωξ sin ϕ−Ωη cos ϕ) (r + u) .


 .

(5.5)
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5.3 ENERGY

In this section, both kinetic and potential energies of the disc vibratory gyroscope are discussed.

The effects of rotary inertia are ignored. Thus the kinetic energy of the vibrating disc is influenced

only by the absolute velocity of its centre (Joubert, Shatalov & Fay, 2009, [51]).

5.3.1 Kinetic energy

Assume that the components of the displacement of the vibrating disc are given by:

u[r, ϕ, t] = U (r) [C (t) cos (mϕ) + S (t) sin (mϕ)]; (5.6)

v[r, ϕ, t] = V (r) [C (t) sin (mϕ)− S (t) cos (mϕ)]; and (5.7)

w[r, ϕ, t] = W (r) [A (t) cos (m + 1) ϕ + B (t) sin (m + 1) ϕ]; (5.8)

where m is a vibration mode number, U (r) and V (r) are eigenfunctions of the in­plane vibra­

tions and W (r) is the eigenfunction of the out­of­plane vibration. Due to orthogonality of the

trigonometric functions, the contributions of the components of the rotation rates to the total ki­

netic energy are non­zero if and only if (m− n) = ±1, where n and m are the in­plane and

out­of­plane mode numbers, respectively. In what follows, the eigenfuctions can be calculated in

terms of known functions using well­documented standard techniques (see Sections 3.4 and 4.6).

On the other hand, the functions of time C (t), S (t), A (t) and B (t) can easily be determined

numerically once the equations of motion (see Equations (5.62) to (5.65) below) have been estab­

lished. In order to formulate the kinetic energy in terms of the time­dependent variables, Equations

(5.6), (5.7) and (5.8) are differentiated with respect to time. Thus it follows that:

u̇ = U [Ċ cos (mϕ) + Ṡ sin (mϕ)]; (5.9)

v̇ = V [Ċ sin (mϕ)− Ṡ cos (mϕ)]; and (5.10)

ẇ = W [Ȧ cos (m + 1) ϕ + Ḃ sin (m + 1) ϕ]. (5.11)

The absolute velocity can thus be written as:

#V = 2̇uı̂ + 2̇v̂ + 2̇wk̂;

where, ı̂, ̂ and k̂ are unit vectors in the increasing directions of x, y and z, respectively. Further­
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more:

2̇u = U
�
Ċ cos (mϕ) + Ṡ sin (mϕ)

�
+ ε ((Ωη cosϕ− Ωξ sin ϕ) w − Ωζv) , (12)

2̇v = V
�
Ċ sin (mϕ) + Ṡ cos (mϕ)

�
+ ε (Ωζ (r + u)− (Ωξ cos ϕ + Ωη sin ϕ) w) and (13)

2̇w = W [Ȧ cos (m + 1) ϕ + Ḃ sin (m + 1) ϕ]+

ε ((Ωξ cos ϕ + Ωη sin ϕ) v + ((Ωξ sin ϕ− Ωη cos ϕ) (r + u))) . (14)

The kinetic energy for a disc gyroscope vibrating in its plane as well as out­of­plane can now be

written from Equation (5.5) as:

Ek =
1

2

� h

0

� 2π

0

� b

a

ρ
 
#V · #V

!
rdrdϕdz; and

Ek ≈

� 2π

0

� b

a

ρhr

2

 
2̇u2 + 2̇v2 + 2̇w2

!
drdϕ. (5.15)

Now 2̇u2, 2̇v2 and 2̇w2
from Equations (5.12)­(5.14) are expanded using direct series expansion around

ε = 0 and up to order O (ε2) . Retaining terms proportional to O (ε) and neglecting terms of order

O (ε2) and higher, yields the following:

2̇u2 ≈





U2
 
Ċ cos (mϕ) + Ṡ sin (mϕ)

!2
−

2 U





sin (ϕ) cos ((m + 1) ϕ) cos (mϕ) ĊΩξAW+

sin (ϕ) cos ((m + 1) ϕ) sin (mϕ) ṠΩξAW+

sin (ϕ) sin ((m + 1) ϕ) cos (mϕ) ĊΩξBW+

sin (ϕ) sin ((m + 1) ϕ) sin (mϕ) ṠΩξBW−

cos (ϕ) cos ((m + 1) ϕ) cos (mϕ) ĊΩηAW−

cos (ϕ) cos ((m + 1) ϕ) sin (mϕ) ṠΩηAW−

cos (ϕ) sin ((m + 1) ϕ) cos (mϕ) ĊΩηBW−

cos (ϕ) sin ((m + 1) ϕ) sin (mϕ) ṠΩηBW−

(cos (mϕ))2 ĊΩζSV − cos (mϕ) sin (mϕ) ṠΩζSV +

cos (mϕ) sin (mϕ) ĊΩζCV − (cos (mϕ))2 ṠΩζCV + ṠΩζCV









; (5.16)

2̇v2 ≈





V 2
 
Ṡ cos (mϕ)− Ċ sin (mϕ)

!2
−

2 V





− cos (mϕ) ṠΩξA cos (ϕ) cos ((m + 1) ϕ) W+

sin (mϕ) ĊΩξA cos (ϕ) cos ((m + 1) ϕ) W−

cos (mϕ) ṠΩξB cos (ϕ) sin ((m + 1) ϕ) W+

sin (mϕ) ĊΩξB cos (ϕ) sin ((m + 1) ϕ) W−

cos (mϕ) ṠΩηA sin (ϕ) cos ((m + 1) ϕ) W+

sin (mϕ) ĊΩηA sin (ϕ) cos ((m + 1) ϕ) W−

cos (mϕ) ṠΩηB sin (ϕ) sin ((m + 1) ϕ) W+

sin (mϕ) ĊΩηB sin (ϕ) sin ((m + 1) ϕ) W+

(cos (mϕ))2 ṠΩζCU − cos (mϕ) sin (mϕ) ĊΩζCU+

cos (mϕ) sin (mϕ) ṠΩζSU + (cos (mϕ))2 ĊΩζSU−

ĊΩζSU + cos (mϕ) ṠΩζr − sin (mϕ) Ċ (t) Ωζr









; (5.17)
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and

2̇w2
≈





W 2
 
Ȧ cos ((m + 1) ϕ) + Ḃ sin ((m + 1) ϕ)

!2
+

2W





−ḂΩη cos (ϕ) sin ((m + 1) ϕ) r + ḂΩξ sin (ϕ) sin ((m + 1) ϕ) r−

ȦΩη cos (ϕ) cos ((m + 1) ϕ) r + ȦΩξ sin (ϕ) cos ((m + 1) ϕ) r−

Ḃ sin (mϕ) ΩηS cos (ϕ) sin ((m + 1) ϕ) U+

Ḃ sin (mϕ) ΩηC sin (ϕ) sin ((m + 1) ϕ) V +

Ḃ sin (mϕ) ΩξS sin (ϕ) sin ((m + 1) ϕ) U+

Ḃ sin (mϕ) ΩξC cos (ϕ) sin ((m + 1) ϕ) V−

Ḃ cos (mϕ) ΩηS sin (ϕ) sin ((m + 1) ϕ) V−

Ḃ cos (mϕ) ΩηC cos (ϕ) sin ((m + 1) ϕ) U−

Ḃ cos (mϕ) ΩξS cos (ϕ) sin ((m + 1) ϕ) V +

Ḃ cos (mϕ) ΩξC sin (ϕ) sin ((m + 1) ϕ) U−

Ȧ sin (mϕ) ΩηS cos (ϕ) cos ((m + 1) ϕ) U+

Ȧ sin (mϕ) ΩηC sin (ϕ) cos ((m + 1) ϕ) V +

Ȧ sin (mϕ) ΩξS sin (ϕ) cos ((m + 1) ϕ) U+

Ȧ sin (mϕ) ΩξC cos (ϕ) cos ((m + 1) ϕ) V−

Ȧ cos (mϕ) ΩηS sin (ϕ) cos ((m + 1) ϕ) V−

Ȧ cos (mϕ) ΩηC cos (ϕ) cos ((m + 1) ϕ) U−

Ȧ cos (mϕ) ΩξS cos (ϕ) cos ((m + 1) ϕ) V +

Ȧ cos (mϕ) ΩξC sin (ϕ) cos ((m + 1) ϕ) U.









.

(5.18)

For all values ofm the following integrals are observed:� 2π

0

sin2 (mϕ) dϕ =

� 2π

0

cos2 (mϕ) dϕ = π; (5.19)

� 2π

0

sin (mϕ) cos (mϕ) dϕ = 0; (5.20)

� 2π

0

sin ((m + 1) ϕ) cos (mϕ) dϕ = 0; (5.21)

� 2π

0

cos ((m + 1) ϕ) sin (mϕ) dϕ = 0; (5.22)

� 2π

0

cos ((m + 1) ϕ) cos (mϕ) dϕ = 0; and (5.23)

� 2π

0

sin (mϕ) sin (m + 1) ϕdϕ = 0. (5.24)
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Integrating 2̇u2, 2̇v2 and 2̇w2
, respectively, over [0, 2π], with respect to ϕ yields:

� 2π

0

2̇u2dϕ ≈





U2π

��
dC

dt

�2
+

�
dS

dt

�2�
−

πU





dC

dt
ΩξBW −

dC

dt
ΩηAW−

2
dC

dt
ΩζSV −

dS

dt
ΩξAW−

−
dS

dt
ΩηBW + 2

dS

dt
ΩζCV









= U2π
 
Ċ2 + Ṡ2

!
−

πU

�
ĊΩξBW − ĊΩηAW − 2ĊΩζSV−

ṠΩξAW − ṠΩηBW + 2ṠΩζCV

�
; (5.25)

� 2π

0

2̇v2dϕ ≈





V 2π

��
dC

dt

�2
+

�
dS

dt

�2�
−

V π





dC

dt
ΩξBW −

dC

dt
ΩηAW−

2
dC

dt
ΩζSU −

dS

dt
ΩξAW−

dS

dt
ΩηBW + 2

dS

dt
ΩζCU









= V 2π
 
Ċ2 + Ṡ2

!
−

V π

�
ĊΩξBW − ĊΩηAW − 2ĊΩζSU−

ṠΩξAW − ṠΩηBW + 2ṠΩζCU

�
; (5.26)

and

� 2π

0

2̇w2
dϕ ≈





πW 2

��
dA

dt

�2
+

�
dB

dt

�2�
+

πW





dB

dt
ΩξCU + V CΩξ

dB

dt
−

dA

dt
ΩξSU −

dA

dt
ΩξSV−

dA

dt
ΩηCU − V ΩηC

dA

dt
−

dB

dt
ΩηSU −

dB

dt
ΩηSV









= πW 2
 
Ȧ2 + Ḃ2

!
+

πW

�
ḂΩξCU + ḂV CΩξ − ȦΩξSU − ȦΩξSV−

ȦΩηCU − ȦV ΩηC − ḂΩηSU − ḂΩηSV

�
. (5.27)

Adding Equations (5.25), (5.26) and (5.27) yields:

� 2π

0

 
2̇u2 + 2̇v2 + 2̇w2

!
dϕ ≈




π
 
Ċ2 + Ṡ2

!
(U2 + V 2) + 4πΩζ

 
ĊS − CṠ

!
UV +

πΩη

 
AĊ − ȦC + BṠ − ḂS

!
W (U + V ) +

πΩξ

 
AṠ − ȦS + ḂC − BĊ

!
W (U + V ) +

W 2π
 
Ȧ2 + Ḃ2

!




. (5.28)
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Substitution of Equation (5.28) into Equation (5.15) after simplification gives:

Ek =

� b

a

ρh

2





π
 
Ċ2 + Ṡ2

!
(U2 + V 2) + 4πΩζ

 
ĊS − CṠ

!
UV +

πΩη

 
AĊ − ȦC + BṠ − ḂS

!
W (U + V ) +

πΩξ

 
AṠ − ȦS + ḂC −BĊ

!
W (U + V ) + W 2π

 
Ȧ2 + Ḃ2

!





rdr

=




π
 
Ċ2 + Ṡ2

! ρh

2

3 b
a

(U2 + V 2) rdr + 2πρhΩζ

 
ĊS − CṠ

! 3 b
a
UV rdr+

πρhΩη

2

 
AĊ − ȦC + BṠ − ḂS

! 3 b
a

(U + V ) Wrdr+

πρhΩξ

2

 
AṠ − ȦS + ḂC − BĊ

! 3 b
a

(U + V ) Wrdr+

π
 
Ȧ2 + Ḃ2

! ρh

2

3 b
a
W 2rdr.




.(5.29)

Thus the kinetic energy in terms of C, S, Ċ, Ṡ,A,B, Ȧ and Ḃ in its compact form can now be

written as:

Ek = K
 
C, S, Ċ, Ṡ, A,B, Ȧ, Ḃ

!

= π


 2Ωζ

 
ĊS − CṠ

!
I1 + I3Ωη

 
AĊ − ȦC + BṠ − ḂS

!
+

I0

 
Ċ2 + Ṡ2

!
+ I3Ωξ

 
AṠ − ȦS + ḂC − BĊ

!
+ I4

 
Ȧ2 + Ḃ2

!

 ; (5.30)

with:

I0 =
ρh

2

� b

a

	
U2 + V 2



rdr, I1 = ρh

� b

a

UV rdr; and

I3 =
ρh

2

� b

a

(U + V ) Wrdr I4 =
ρh

2

� b

a

W 2rdr. (5.31)

In Equation (5.15) it is assumed that the size of the angular rate of rotation #Ω is substantially

smaller than the lowest eigenvalue ωmin of the in­plane or out­of­plane vibration. Consequently,

terms containing Ω2
ξ , Ω2

η, Ω2
ζ , ΩζΩη, ΩηΩξ and ΩξΩζ which have O (ε2) order of smallness are

neglected (Joubert, Shatalov & Manzhirov, 2013, [53]).

5.3.2 Potential energy

The potential energy of deformation stored in the form of strain energy can be obtained as shown

in Novozhilov (1970, [61]). The total strain energy of the disc is the sum of the strain energies

of the in­plane and out­of­plane vibrations (Rourke, McWilliam & Fox, 2005, [63]). If σr, σϕ,

and σrϕ, respectively (ǫr, ǫϕ and ǫrϕ, respectively) are the usual tensile radial, tensile tangential

and shear stresses (or strains, respectively) for in­plane vibrations, then the potential energy of the

in­plane vibrations is (Redwood, 1960, [59]; Joubert, Shatalov & Fay, 2009, [51]):

Ep,in =
Eh

2(1− η2)

� 2π

0

� b

a

[σrǫr + σϕǫϕ + σrϕǫrϕ] rdrdϕ = πI2(C
2 + S2); (5.32)
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where I2 (Joubert, Shatalov & Fay, 2009, [51]) is given by the definite integral:

I2 =
Eh

2 (1− η2)




3 b
a

(U ′

r)
2 + 2ηU ′

r

(U + mV )

r
+

�
U + mV

r

�2
+

1− η

2

�
V ′

r −
mU + V

r

�2


 . (5.33)

Using the assumptions of "thin plate theory", the potential energy for out­of plane vibrations is

given by (see Novozhilov (1970, [61])):

Ep,out =
Eh3

24 (1− η2)

� 2π

0

� b

a

�
χ21 + χ22 + 2ηχ1χ2 + 2 (1− η) τ̃ 2

�
rdrdϕ; (5.34)

with:

χ1 = −
∂2w

∂r2
, χ2 = −

1

r

∂w

∂r
−

1

r2
∂2w

∂ϕ2
, τ̃ = −

1

r

∂2w

∂r∂ϕ
+

1

r2
∂w

∂ϕ
; (5.35)

where:

w = W (r) [A (t) cos (m + 1) ϕ + B (t) sin (m + 1) ϕ].

As for kinetic energy, an expression for the potential energy in terms of C, S,A and B is obtained

using MAPLE’s symbolic computation. By substitution of Equation (5.35) into Equation (5.34)

and integrating with respect to ϕ over the interval [0, 2π] using MAPLE yields:

Ep,out = Eh3

24(1−η2)

� b

a





2ηπ(A2+B2)W ′′

rrW
′

r

r
+ π

	
A2+B2



(W ′′

rr)
2

−
(2m2η−2m2+4mη−4m+2η−3)π(A2+B2)(W ′

r)
2

r2
+

2(2m2η−3m2+4mη−6m+2η−3)π(A2+B2)WW ′

r

r3
− 

2ηπ(m+1)2

r2

! 	
A2+B2



WW ′′

rr+

π
 
m4+4m3

−2m2η+8m2
−−4mη+8m−2η+3

r4

!
π
	
A2+B2








rdr; (5.36)

which can be written in compact form as:

Ep,out = I5π
	
A2 + B2



; (5.37)

with:

I5 =
Eh3

24 (1− η2)

� b

a





2ηW ′

rW
′′

rr

r
−

(2(η−1)(m+1)2−1)W ′2
r

r2
+ 

(2η−3)(m+1)2

r3

!
WW ′

r+r (W ′′

rr)
2 −

 
2η(m+1)2

r2

!
WW ′′

rr

+

�
m2(m2+4m+8−2η)−2(η−2)(2m+1)−1

r4

�
W 2





rdr. (5.38)

Here I5 is a constant that is determined by the out­of­plane eigenfunctions and their derivatives.

The total potential energy of the vibrating disc is obtained by summing up the strain energies of

the in­plane and out­of­plane vibrations. Consequently:

Ep(C, S,A, S) = Ep,in + Ep,out

= πI2(C
2 + S2) + I5π

	
A2 + B2



. (5.39)
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5.3.3 Lagrangian

The general form of the Lagrangian (Spiegel, 1967, [29]) for the system is defined as a difference

between the kinetic energy and potential energy. Hence the Lagrangian of the m and m + 1­

vibrating patterns for the disc gyroscope is obtained from Equations (5.29) and (5.39) and can thus

be written as:

L = K
 
C, S, Ċ, Ṡ, A,B, Ȧ, Ḃ

!
− P (C, S,A,B)

= π




I0

 
Ċ2 + Ṡ2

!
+ 2Ωζ

 
ĊS − CṠ

!
I1+

I3Ωη

 
AĊ − ȦC + BṠ − ḂS

!
+

I3Ωξ

 
AṠ − ȦS + ḂC −BĊ

!
+ I4

 
Ȧ2 + Ḃ2

!
−

[I2(C
2 + S2) + I5 (A2 + B2)]




. (5.40)

5.4 THE EULER­LAGRANGE EQUATIONS OF MOTION

The Euler­Lagrange equations of motion for a disc­vibratory gyroscope subjected to a slow 3D­

rotation rate are derived in this section. The equations of motion for a disc gyroscope with free

vibration and the disc gyroscope subjected to a small light isotropic damping are formulated.

5.4.1 Homogeneous equations of motion

In this subsection the equations governing the vibrating patterns of the disc gyroscope are derived

under homogeneous conditions. It is assumed that the gyroscope operates under ideal conditions

and hence any actions of non­conservative forces are neglected for now. In order to formulate the

81



governing equations, the following derivatives of the Lagrangian (L) are required:
∂L

∂C
= π

�
I3ΩξḂ − 2ΩζI1Ṡ − I3ΩηȦ− 2I2C

�
; (5.41a)

∂L

∂Ċ
= π

�
2I0Ċ + 2ΩζI1S + I3ΩηA− I3ΩξB

�
; (5.41b)

∂L

∂S
= π

�
2I1ΩζĊ − 2ΩηI3Ḃ − I3ΩξȦ− 2I2S

�
; (5.41c)

∂L

∂Ṡ
= π

�
2I0Ṡ − 2ΩζI1C + I3ΩηB + I3ΩξA

�
; (5.41d)

∂L

∂A
= π

�
I3ΩηĊ + I3ΩξṠ − 2I5A

�
; (5.41e)

∂L

∂Ȧ
= π

�
2I4Ȧ− I3ΩηC − I3ΩξS

�
; (5.41f)

∂L

∂B
= π

�
I3ΩηṠ − I3ΩξĊ − 2I5B

�
; and (5.41g)

∂L

∂Ḃ
= π

�
2I4Ḃ + I3ΩξC − I3ΩηS

�
. (5.41h)

If non­conservative forces are neglected, the Euler­Lagrange equations for the generalised coordi­

nates C,S,A and B (Goldstein, Poole & Safco, 2000, [64]) can be written as:
d

dt

�
∂L

∂Ċ

�
−

∂L

∂C
= 0; (5.42a)

d

dt

�
∂L

∂Ṡ

�
−

∂L

∂S
= 0; (5.42b)

d

dt

�
∂L

∂Ȧ

�
−

∂L

∂A
= 0; and (5.42c)

d

dt

�
∂L

∂Ḃ

�
−

∂L

∂B
= 0. (5.42d)

Differentiating Equation (5.41b) with respect to time yields:
d

dt

�
∂L

∂Ċ

�
= π

�
2I0C̈ + 2Ω̇ζI1S + 2ΩζI1Ṡ + I3ΩηȦ + I3Ω̇ηA− I3Ω̇ξB − I3ΩξḂ

�
. (5.43)

Substitution of Equations (5.43) and (5.41a) into Equation (5.42a) leads to:

π

4
2I0C̈ + 2Ω̇ζI1S + 2ΩζI1Ṡ + I3ΩηȦ− I3Ω̇ξB − I3ΩξB−�

I3ΩξḂ − 2ΩζI1Ṡ − I3ΩηȦ− 2I2C
�

�
= 0; and (5.44a)

π



2I0C̈ + 4ΩζI1Ṡ + 2Ω̇ζI1S + 2I3ΩηȦ− 2I3ΩξḂ + I3Ω̇ηA−

I3Ω̇ξB + 2I2C

�
= 0. (5.44b)

Dividing Equation (5.44b) throughout by 2I0π yields:

C̈ + 2
I1

I0
Ωζ Ṡ + Ω̇ζ

I1

I0
S +

I3

I0

 
ΩηȦ−ΩξḂ

!
+

I3

2I0

 
Ω̇ηA− Ω̇ξB

!
+

I2

I0
C = 0; and

C̈ + 2β1Ωζ Ṡ + Ω̇ζβ1S + ω2IC + β2

�
2
 

ΩηȦ− ΩξḂ
!

+
 

Ω̇ηA− Ω̇ξB
!�

= 0; (5.45)
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with:

β1 =
I1

I0
=

2
3 b
a
UV rdr

3 b
a

(U2 + V 2) rdr
; and (5.46)

β2 =
I3

2I0
=

1
2

3 b
a

(U + V ) Wrdr
3 b
a

(U 2 + V 2) rdr
; (5.47)

and

ω2I =
I2

I0
; and ωI =

�
I2

I0
. (5.48)

Differentiating Equation (5.41d) with respect to time yields:
d

dt

�
∂L

∂Ṡ

�
= π

�
2I0S̈ − 2Ω̇ζI1C − 2ΩζI1Ċ + I3Ω̇ηB + I3ΩηḂ + I3Ω̇ξA + I3ΩξȦ

�
. (5.49)

Thus, the equation in the generalised S coordinate can be obtained as shown here. Substitution of

Equations (5.49) and (5.41c) into Equation (5.42b) leads to:

π

4
2I0S̈ − 2Ω̇ζI1C − 2ΩζI1Ċ + I3Ω̇ηB + I3ΩηḂ + I3Ω̇ξA+

I3ΩξȦ−
�
2I1ΩζĊ − ΩηI3Ḃ − I3ΩξȦ− 2I2S

�
�

= 0; and (5.50a)

π



2I0S̈ − 4ΩζI1Ċ − 2Ω̇ζI1C + 2I3ΩξȦ + 2I3ΩηḂ + I3Ω̇ξA+

I3Ω̇ηB + 2I2S

�
= 0. (5.50b)

Dividing Equation (5.50b) throughout by 2I0π yields:

S̈ − 2
I1

I0
ΩζĊ −

I1

I0
Ω̇ζC +

I3

I0
ΩξȦ +

I3

I0
ΩηḂ +

I3

2I0
Ω̇ξA +

I3

2I0
Ω̇ηB +

I2

I0
S = 0;

S̈ − 2β1ΩζĊ − β1Ω̇ζC + β2ΩξȦ + β2ΩηḂ +
1

2
β2Ω̇ξA +

1

2
β2Ω̇ηB + ω2IS = 0; and

S̈ − 2β1ΩζĊ − β1Ω̇ζC + ω2IS + β2

�
2
 

ΩξȦ + β2ΩηḂ
!

+ Ω̇ξA + β2Ω̇ηB
�

= 0; (5.51)

with β1, β2 and ωI as defined in Equations (5.46), (5.47) and (5.48), respectively. Equations

(5.45) and (5.51) describe the equations of motion of the in­plane vibrating pattern of the disc

gyroscope. The equations of motion for the out­of­plane vibrating pattern are obtained using the

Euler­Lagrange form and the Lagrangian:

L = Ek

 
C, S, Ċ, Ṡ, A,B, Ȧ, Ḃ

!
= π




I0

 
Ċ2 + Ṡ2

!
+ 2Ωζ

 
ĊS − CṠ

!
I1+

I3Ωη

 
AĊ − ȦC + BṠ − ḂS

!
+

I3Ωξ

 
AṠ − ȦS + ḂC −BĊ

!
+ I4

 
Ȧ2 + Ḃ2

!
−

[I2(C2 + S2) + I5 (A2 + B2)]




.

Differentiating Equation (5.41f) with respect to time yields:
d

dt

�
∂L

∂Ȧ

�
= π

�
2I4Ä− I3ΩηĊ − I3ΩξṠ − I3Ω̇ηC − I3Ω̇ξS

�
. (5.52)

Substituting Equations (5.52) and (5.41e) into Equation (5.42c) yields:

π

4
2I4Ä− I3ΩηĊ − I3ΩξṠ − I3Ω̇ηC − I3Ω̇ξS−�

I3ΩηĊ + I3ΩξṠ − 2I5A
�

�
= 0; and (5.53)

π
�
2I4Ä− 2I3ΩηĊ − 2I3ΩξṠ − I3Ω̇ηC − I3Ω̇ξS + 2I5A

�
= 0. (5.54)
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Dividing Equation (5.54) throughout by 2I4π results in:

Ä−
I3

I4
ΩηĊ −

I3

I4
ΩξṠ −

I3

2I4
Ω̇ηC −

I3

2I4
Ω̇ξS +

I5

I4
A = 0;

Ä− 2β3ΩηĊ − 2β3ΩξṠ − β3Ω̇ηC − β3Ω̇ξS + ω2oA = 0; and

Ä + ω2oA− β3

�
2
 

ΩηĊ + ΩξṠ
!

+
 

Ω̇ηC + Ω̇ξS
!�

= 0; (5.55)

with:

β3 =
I3

2I4
=

1
2

3 b
a

(U + V ) Wrdr
3 b
a
W 2rdr

; (5.56)

and
I5

I4
= ω2o, ωo =

�
I5

I4
; (5.57)

where I4 is given by Equation (5.31) while I5 is given by Equation (5.38). By the same analogy,

the equation for the other out­of­plane coordinate B can be obtained as follows. Differentiating

Equation (5.41h) with respect to time gives:
d

dt

�
∂L

∂Ḃ

�
= π

�
2I4B̈ + I3ΩξĊ + I3Ω̇ξC − I3ΩηṠ − I3Ω̇ηS

�
. (5.58)

Substituting Equations (5.58) and (5.41g) into Equation (5.42d) yields:

π

4
2I4B̈ + I3ΩξĊ − I3ΩηṠ + I3Ω̇ξC − I3Ω̇ηS−�

I3ΩηṠ − I3ΩξĊ − 2I5B
�

�
= 0; and (5.59)

π
�
2I4B̈ + 2I3ΩξĊ − 2I3ΩηṠ + I3Ω̇ξC − I3Ω̇ηS + 2I5B

�
= 0. (5.60)

Dividing Equation (5.60) throughout by 2I4π gives:

B̈ +
I3

I4
ΩξĊ −

I3

I4
ΩηṠ +

I3

2I4
Ω̇ξC −

I3

2I4
Ω̇ηS +

I5

I4
B = 0;

B̈ + ω2oB + 2β3ΩξĊ − 2β3ΩηṠ + β3Ω̇ξC − β3Ω̇ηS = 0; and

B̈ + ω2oB + β3

�
2
 

ΩξĊ − β3ΩηṠ
!

+
 

Ω̇ξC − Ω̇ηS
!�

= 0. (5.61)

For the generalised coordinates C , S, A andB, a system of highly­coupled equations of motion for

a rotating 3D­disc vibratory gyroscope is obtained. Thus the equations of motion for a vibratory­

disc gyroscope in 3D can now be written as:

C̈ + 2β1Ωζ Ṡ + Ω̇ζβ1S + ω2IC + β2

�
2
 

ΩηȦ− ΩξḂ
!

+
 

Ω̇ηA− Ω̇ξB
!�

= 0; (5.62)

S̈ − 2β1ΩζĊ − β1Ω̇ζC + ω2IS + β2

�
2
 

ΩξȦ + ΩηḂ
!

+ Ω̇ξA + Ω̇ηB
�

= 0; (5.63)

Ä + ω2oA− β3

�
2
 

ΩηĊ + ΩξṠ
!

+
 

Ω̇ηC + Ω̇ξS
!�

= 0; and (5.64)

B̈ + ω2oB + β3

�
2
 

ΩξĊ − ΩηṠ
!

+
 

Ω̇ξC − Ω̇ηS
!�

= 0. (5.65)
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The equations of motion in matrix form can be written as:


C̈

S̈

Ä

B̈


+ 2




0 β1Ωζ β2Ωη −β2Ωξ

−β1Ωζ 0 β2Ωξ β2Ωη

−β3Ωη −β3Ωξ 0 0
β3Ωξ −β3Ωη 0 0







Ċ

Ṡ

Ȧ

Ḃ


+




0 β1Ω̇ζ β2Ω̇η −β2Ω̇ξ

−β1Ω̇ζ 0 β2Ω̇ξ β2Ω̇η

−β3Ω̇η −β3Ω̇ξ 0 0

β3Ω̇ξ −β3Ω̇η 0 0







C

S
A
B


+




ω2I 0 0 0
0 ω2I 0 0
0 0 ω2o 0
0 0 0 ω2o







C
S
A
B


 = 0. (5.66)

In Equations (5.62) to (5.65), the terms such as 2β1Ωζ Ṡ, 2β1ΩζĊ, 2β2ΩηȦ and 2β2ΩξḂ, and so

forth, are the so­called “gyroscopic coupling forces” where as ω2IC , ω
2
IS, ω

2
oA and ω2oB are the

elastic forces. It can be seen from these equations that the in­plane modes are gyroscopically cou­

pled to each other and to the out­of­plane modes but there is no gyroscopic coupling between the

out­of­plane modes. Note that gyroscopic coupling forces determine how the modes of vibration

interact with each other.

If #Ω = (Ωx,Ωy, Ωz) = 0, Equation (5.66) becomes fully uncoupled and gives:


C̈

S̈

Ä

B̈


+




ω2I 0 0 0
0 ω2I 0 0
0 0 ω2o 0
0 0 0 ω2o







C
S
A
B


 = 0; (5.67)

which is a harmonic oscillator equation with four degrees of freedom. In this case the in­plane

modes (C, S) have undamped natural frequency:

ωI =

5666666667

Eh
2(1−η2)




3 b
a

(U ′

r)
2 + 2ηU ′

r

(U + mV )

r
+

�
U + mV

r

�2
+

1−η
2

�
V ′

r −
mU + V

r

�2




3 b
a

(U2 + V 2) rdr
; (5.68)
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and the undamped out­of­plane natural frequency for the modes (A,B) is given by:

ωo =

5666666666667

Eh3

24(1−η2)

3 b
a




2ηW ′

rW
′′

rr

r
−

(2(η−1)(m+1)2−1)W ′2
r

r2
+ 

(2η−3)(m+1)2

r3

!
WW ′

r+r (W ′′

rr)
2 −

 
2η(m+1)2

r2

!
WW ′′

rr

+

�
m2(m2+4m+8−2η)−2(η−2)(2m+1)−1

r4

�
W 2




rdr

ρh

2

3 b
a

W 2rdr

. (5.69)

5.4.2 Non­homogeneous equations of motion

In the previous sub­section the equations of motion for the ideal case was developed, where the

external forces and dissipative forces were neglected. For the purposes of the present discussion,

assume that there is an ever­present, light­isotropic linear damping, with damping factor δ for

both in­plane and out­of­plane vibrations. Define Rayleigh’s dissipation functions R as shown in

Joubert, Shatalov and Manzhirov (2013, [53]), namely:

R = πδ
8
I0

 
Ċ2 + Ṡ2

!
+ I4

 
Ȧ2 + Ḃ2

!9
. (5.70)

By “small light damping” it is meant that δ is substantially smaller than the lowest eigenvalue ωmin

of either the in­plane or out­of­plane vibration. It has been demonstrated by Joubert, Shatalov

and Manzhirov (2013, [53]) that the rotation rates of vibrating patterns are not affected by light

isotropic damping.

Using Equations (5.30) and (5.39), the Lagrangian L = Ek − Ep(Ep,in + Ep,out) + Ee is deter­

mined, where Ee is the electrical potential energy introduced to achieve electronic control of the

gyroscope. The electrical potential energy Ee is chosen in such a manner that it produces a so­

called force­to­rebalance regime (See Wang et al. (2011, [73]) for a similar setup) that drives only

the C and S­channels (not the A and B­channels) of the gyroscope at an operational angular fre­

quency ω close to the natural frequencies, respectively, ωI and ωo of in­plane and out­of­plane

vibrations. As in Joubert, Shatalov and Spoelstra (2017, [74]), the Euler­Lagrange equations for

the generalised coordinates C , S, A and B in the Lagrangian L is applied, obtaining the coupled

system of ODE of gyroscopic motion for an isotropically­damped and externally­excited system

that can be written as:
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C̈ + 2δĊ + 2β1ΩζṠ + β1Ω̇ζS + ω2IC+

β2

�
2
 

ΩηȦ− ΩξḂ
!

+
 

Ω̇ηA− Ω̇ξB
!�

= f cos (ωt + ψ) ;
(5.71)

S̈ + 2δṠ − 2β1ΩζĊ − β1Ω̇ζC + ω2IS+

β2

�
2
 

ΩξȦ + ΩηḂ
!

+
 

Ω̇ξA + Ω̇ηB
!�

= F cos (ωt + Ψ) ;
(5.72)

Ä + 2δȦ + ω2oA−

β3

�
2
 

ΩηĊ + ΩξṠ
!

+
 

Ω̇ηC + Ω̇ξS
!�

= 0; and
(5.73)

B̈ + 2δḂ + ω2oB+

β3

�
2
 

ΩξĊ − ΩηṠ
!

+
 

Ω̇ξC − Ω̇ηS
!�

= 0.
(5.74)

In the above equations, ψ and Ψ are phase angles with:

β1 =
I1

I0
; β2 =

I3

2I0
; β3 =

I3

2I4
; ωI =

�
I2

I0
; and ωo =

�
I5

I4
. (5.75)

The constant β1 is Bryan’s factor (See Joubert, Shatalov and Spoelstra (2017, [74])) while β2 and

β3 are auxiliary Bryan’s factors (Sedebo, Joubert & Shatalov, 2018, [34]). The quantities ωI and

ωo are the eigenvalues of the in­plane and out­of­plane vibrations, respectively.

5.5 THE OPERATION PRINCIPLE OF THE DISC GYROSCOPE

The disc gyroscope operates as a rate sensor when one of the C­channels is set to oscillate at a

constant amplitude with an in­plane natural frequency. This self­excited oscillation is said to be

“the primary motion of the gyroscope”. The amplitude of the primary oscillation is kept constant

by means of an amplitude control loop (Wang et al., 2011, [73]). To demonstrate the operation

principle, Equations (5.71 to 5.74) are used without any external forces. Suppose that the primary

motion of the gyroscope via the C­channel is independent of the rotation rate and is given by:

C (t) = Cs sin (ωIt) . (5.76)

The rotation rate #Ω = (Ωx, Ωy,Ωz) is significantly less than the lowest eigenvalue of the vibrating

system. Thus, the cross­coupling terms with contributions of O

� 
Ωη
ωI

!2
Cs

�
, O

� 
Ωξ
ωI

!2
Cs

�
and

O

� 
Ωζ
ωI

!2
Cs

�
are neglected (Gallacher et al., [75]). Furthermore, all the effects of centrifugal

forces are negligible and thus angular accelerations are irrelevant. Equations (5.72) to (5.74) then

reduce to:
S̈ + 2δṠ + ω2IS = 2ωIβ1ΩζCc cos (ωIt) ;

Ä + 2δȦ + ω2oA = 2ωoβ2ΩηCc cos (ωIt) ; and
B̈ + 2δḂ + ω2oB = −2ωoβ2ΩξCc cos (ωIt) .

(5.77)

Solving equations in Equation (5.77), using the method of undetermined coefficients and neglect­

ing the transient part of the solution yields an approximate solution for each channel as:
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S (t) =
β1ΩζCc cos (ωIt)

δωI

; (5.78)

A (t) = −
2β2ΩηωICc cos (ωIt− α):

(ω2o − ω2I)
2

+ 4δ2ω2Iω
2
o

; (5.79)

and

B (t) =
2β2ΩξωICc cos (ωIt− α):

(ω2o − ω2I)
2 + 4δ2ω2Iω

2
o

; (5.80)

with:

α = tan−1
�

2δωIωo

ω2o − ω2I

�
. (5.81)

It is clear from Equations (5.78) to (5.80) that the components of the applied inertial rate #Ω can be

obtained by means of the measurement of the respective secondary motions. The components of

the inertial rate and Bryan’s effect are presented in the next section.

5.6 INERTIAL ROTATION RATES AND BRYAN’S EFFECT

G.H. Bryan (1890, [13]) in his experiment at the end of the nineteenth century explained the beating

of sound produced by a ringing wine glass placed on a turntable, and his work laid the foundation

for the physics of present day hemispherical resonator gyroscopes (HRGs). For a fixed mode

of vibration, Bryan made the following calculation for the constant of proportionality (known as

Bryan’s factor) or angular gain (Johari & Ayazi, 2007, [18]) given by

BF =
Rate of rotation of the vibrating pattern

Inertial rate of rotation of the vibrating structure
. (5.82)

Now assume that the disc is subjected to slow three­dimensional rotation described by projections

Ωξ, Ωη and Ωζ of the inertial angular rate onto the coordinate system 0ξηζ as in Figure 5.1. Further,

assume that the angular rate is much less than the smallest eigenvalue of the vibrating system. Now

consider that in­plane vibrations of the structure are realised at m­mode and that of out­of­plane

or bending vibrations are realised at (m + 1)­mode. If the corresponding eigenvalues of the in­

plane and out­of­plane vibrations are ωI and ωo, respectively then the equations of the m­ωI and

(m + 1)­ωo vibration patterns can be used in Section 5.6.1.
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5.6.1 Inertial rotation rates

The control or excitation force f cos(ωt + ψ) in Equation (5.71) is used to keep the vibration

amplitude of the C­channel constant with the phase shift ψ chosen in such a way that C (t) =

Cc cos (ωt). With an appropriate phase shift Ψ, the rebalance force F cos (ωt + Ψ) in Equation

(5.72) is used to obtain S (t) = 0.

To demonstrate how β1 and β3 are related to rotation rates, the force­rebalance electronic array

discussed in (Wang et al., 2011, [73]) can be used and it is assumed that a steady­state solution for

Equation (5.71) to Equation (5.74) is of the form:

C (t) = Cc cos (ωt) ; (5.83)

S(t) = 0; (5.84)

A (t) = Ac cos (ωt) + As sin (ωt) ; and (5.85)

B (t) = Bc cos (ωt) + Bs sin (ωt) . (5.86)

Owing to the slow inertial rotation rate #Ω, the amplitudes Ac, As, Bc and Bs are slowly varying

time­dependent quantities that are assumed to be constant in order to determine simplified expres­

sions for the angular rates. The exact nature of these amplitudes is left for future study. It can be

assumed that acceptable average estimations of these amplitudes could be measured experimen­

tally.

Substituting Equations (5.83) to (5.86) into Equations (5.71) to (5.74) yields the equations for the

angular velocities Ωζ ,Ωη, Ωξ and angular accelerations Ω̇ζ , Ω̇η, Ω̇ξ as follows:

Ωζ = −
F sin Ψ

2ωCcβ1
; Ωη =

1

2

�
2Acδω + Asω

2 − Asω
2
o

Cc β3 ω

�
; and

Ωξ = −
1

2

�
2Bc δω + Bsω

2 − Bsω
2
o

Ccβ3ω

�
. (5.87)

Ω̇ζ = −
F cos Ψ

Ccβ1
; Ω̇η = −

�
Acω

2 − Acω
2
o − 2Asδω

Ccβ3

�
; and

Ω̇ξ =
Bcω

2 −Bcω
2
o − 2Bsδω

Ccβ3
. (5.88)

If the frequency split is introduced by a difference between the in­plane angular frequencies and

the out­of­plane angular frequencies, the gyroscope can be “tuned” by varying the radial and/or

axial thickness, thus ωI = ωo = ω for all practical purposes. It has been verified in Section 5.7 that

this “tuning” is possible by conducting a numerical experiment. This "tuning” yields the following
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simplified equations:

F sin Ψ = −2ωCcβ1Ωζ ; Ac =
Ccβ3

δ
Ωη; Bc =

−Cc β3Ωξ

δ
; (5.89)

F cos Ψ = −Ccβ1Ω̇ζ; As =
Ccβ3
2δω

Ω̇η; Bs = −
Ccβ3
2δω

Ω̇ξ. (5.90)

The first equation in (5.89) demonstrates that the axial inertial rotation rate Ωζ is directly propor­

tional to the amplitude F of the rebalance force. This result is essentially the same as that reported

for the axial rotation rate of a HVG operating under the force­to­rebalance regime (see Wang et al.

(2011, [73])). The amplitude F and phase angle Ψ of the rebalance force, the operational angular

frequency ω as well as the amplitudes Ac, Bc and Cc should all be experimentally measurable.

5.6.2 Bryan’s factors

The factors:

β1 =
I1

I0
=

2
3 b
a
UV rdr

3 b
a

(U2 + V 2) rdr
;

β2 =
I3

2I0
=

1
2

3 b
a

(U + V ) Wrdr
3 b
a

(U 2 + V 2) rdr
;

and

β3 =
I3

2I4
=

1
2

3 b
a

(U + V ) Wrdr
3 b
a
W 2rdr

;

from Equations (5.46), (5.47) and (5.56), respectively, are Bryan’s factor (See Joubert, Shatalov &

Spoelstra (2017, [74])) and what this study refers to as auxiliary Bryan’s factors (Sedebo, Joubert

& Shatalov, 2018, [34]). It was demonstrated in Joubert, Shatalov and Fay (2014, [76]) that the

eigenfunctions (form­factors ) of a vibrating structure that is not rotating remain invariant for a

slowly rotating structure. Consequently, it is assumed that a small inertial rotation εΩ takes place

with εΩ << ωmin where ωmin is the minimum eigenvalue of the vibrating disc. Then, keeping

in mind the remarks made above, Bryan’s factor is calculated using the eigenfunctions already

calculated. The quantities ωI and ωo are the eigenvalues or angular rates of the in­plane and out­

of­plane vibrations, respectively. All the integrals I0, I1, I2, I3, I4 and I5 can be determined once

the eigenfunctions U , V andW have been obtained in terms of Bessel’s functions.

It has been shown by Shatalov, Fedotov and Joubert (2006, [77]) that Bryan’s factor β1 has values

in the range −1 ≤ β1 ≤ 1. Furthermore, β1 varies with the geometric parameters, amongst others,

for example, with the radius of the disc. It also varies with parameters like the mass density of

the disc ρ and the modulus of elasticity E. It should also be noted that Bryan’s factor depends
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on the particular mode eigenfunctions. Bryan’s factors β1, β2 and β3 can be calculated from the

formulae in Equation (5.75), once the eigenfunctions U (r) , V (r) andW (r) have been calculated

as outlined in Sections 3.4 and 4.6, respectively. In Tables 5.2 and 5.4, the negative Bryan’s factor

β1 indicates that, for in­plane­vibrations, the vibration pattern is rotating in the opposite direction

to the direction of the inertial axial rotation rate. As the annulus decreases in thickness (inner

radius increases), so Bryan’s factor β1 and the auxiliary Bryan’s factor β2 appear to increase in

size, whereas the auxiliary Bryan’s factor β3 decreases in size.

5.7 TUNING

For this first approximation theory of a 3D­tuning, disc­vibratory gyroscope, a numerical experi­

ment is provided, which demonstrates that it may well be possible to tune and design a TDVG. Con­

sider an aluminium disc with Young’s modulus E = 7 × 1010 N.m−2, density ρ = 2700 kg. m−3

and Poisson’s ratio η = 0.33. With reference to Figure 5.1, the outer radius is kept constant at

b = 100 mm, while the inner radius a and the height h are varied. Figure 5.2 illustrates how the

estimate for tuned values of angular frequencies of in­plane and out­of­plane vibrations form = 2

andm = 3, respectively, of an aluminium disc is obtained.

Figure 5.2: The graph used to estimate the tuned angular frequencies of in­plane and out­of­plane
vibrations form = 2 andm = 3, respectively, of an aluminium disc with inner radius a = 42 mm,
outer radius b = 100 mm , density ρ = 2.7×103 kg. m−3,Young’s modulusE = 7×1010 Pa and
Poisson’s ratio υ = 1

3
. The brown curve spike is used to approximate the out­of­plane eigenvalues

and the red curve spikes are used to approximate the in­plane eigenvalues. Both eigenvalues are
tuned approximately at ω ≈ 688949.1598 rad s−1

Tables 5.1, 5.2, 5.3 and 5.4 were generated using Equation (5.75) and the computer algebra system
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Maple 18 at standard working precision. In Table 5.3, with h = 4.824 mm and b = 100 mm, the

inner radius in each case is approximately a = 40 mm. Hence the thickness T of the annular disc is

T = b− a ≈ 60 mm for each inner radius, and so the value of the ratio
T

h
≈ 12 lies in the interval

defined for a “thin plate” in Section 1.1.3 of Venstel and Krauthammer (2001, [68]). Consequently,

the values used in all the tables are commensurate with the theory developed above. With an inner

radius of 42.51 mm, it appears that it is feasible to “tune” the gyroscope and achieve a frequency

split∆f ≈ 0 kHz (to four significant figures of accuracy).

Table 5.1: Eigenfrequencies for an aluminium vibratory disc gyroscope for a fixed outer radius of
b = 100 mm and inner radius of a=42.51 mm for various values of thickness

h (mm) fin =
ωI
2π
( kHz)

fout =
ωo
2π
( kHz)

∆f =
|fI − fo| ( kHz)

4.4240 5.7521 5.2749 0.4772

4.5240 5.7521 5.3941 0.3580

4.6240 5.7521 5.5133 0.2380

4.7240 5.7521 5.6323 0.1195

4.8240 5.7521 5.7518 0.0003

Table 5.2: Bryan’s factor and auxiliary Bryan’s factors for an aluminium vibratory­disc gyroscope
for a fixed outer radius of b = 100 mm and inner radius of a = 42.51 mm, for various values of
thickness h

h (mm) β1 β2 β3

4.4240 −0.7516 −0.1064 −0.0032

4.5240 −0.7516 −0.1064 −0.0032

4.6240 −0.7516 −0.1064 −0.0032

4.7240 −0.7516 −0.1064 −0.0032

4.8240 −0.7516 −0.1064 −0.0032

Table 5.3: Eigenfrequencies for an aluminium vibratory­disc gyroscope for a fixed outer radius of
b = 100 mm and thickness of h = 4.824 mm for various values of inner radius a

a (mm) fin =
ωI
2π
( kHz)

fout =
ωo
2π
( kHz)

∆f =
|fI − fo| ( kHz)

38.51 6.3233 5.8616 0.4617

39.51 6.1778 5.8329 0.3449

40.51 6.0341 5.8049 0.2293

41.51 5.8922 5.7777 0.1145

42.51 5.7521 5.7518 0.0003
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Table 5.4: Bryan’s factor and auxiliary Bryan’s factors for an aluminium vibratory disc gyroscope
with a fixed outer radius of b = 100 mm and thickness of h = 4.824 mm, for various values of inner
radius a

a (mm) β
1

β
2

β
3

38.51 −0.7515 −0.1008 −0.0072

39.51 −0.7513 −0.1037 −0.0060

40.51 −0.7513 −0.1057 −0.0050

41.51 −0.7514 −0.1067 −0.0040

42.51 −0.7516 −0.1064 −0.0032

5.8 EIGENFUNCTIONS FOR VARIOUS FREQUENCIES

Considering in­plane vibration with mode number m = 2 and out­of plane vibration with mode

numberm+1 = 3, and assuming free boundaries on the tuning, disc­vibratory gyroscope (TDVG),

the eigenfunctions are calculated as outlined in Sections 3.4 and 4.6, respectively. The normalised

eigenfunctions for various boundary conditions and values of eigenfrequencies are determined

numerically and presented graphically in Figures 5.3 through 5.7. Salient properties are given

in the captions. The U2,0 V2,0 and etcetera in Figures 5.5 and 5.6, respectively, are the radial

and tengential eigenfunctions corresponding to the fundamental eigenfrequency, while U2,1 V2,1

and etcetera, respectively, are the radial and tangential eigenfunctions corresponding to the first

overtone eigenfrequency. Similarly, in Figure 5.7, the W3,0,W3,1 and etcetera represent the axial

eigenfunctions corresponding to the fundamental, first overtone and etcetera eigenfrequencies.

Figure 5.3: The normalised eigenfunctions U (blue curve), V (red curve) and W (brown curve)
for an annular disc with clamped edges and scaled by their maximum modulus such that U and
V are determined for mode number m = 2 while W is determined for mode number m = 3 and
ω ≈ 1.681977× 106 rad s−1
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Figure 5.4: The normalised eigenfunctions U (purple curve), V (red curve) andW (brown curve)
for a clamped solid disc and scaled by their maximum modulus such that U and V are determined
for mode numberm = 2 whileW is determined for mode numberm = 3 and ω ≈ 1.362852×106

rad s−1

Figure 5.5: The first five normalised radial eigenfunctions corresponding the first five eigenfre­
quencies for an annular­disc gyroscope clamped at both edges
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Figure 5.6: The first five normalised tangential eigenfunctions corresponding the first five eigen­
frequencies for an annular­disc gyroscope clamped at both edges

5.9 CONCLUSION

In this chapter it was demonstrated that the model of the disc gyroscope can be developed in

such a way that it measures three mutually­perpendicular rates of rotation along its different axes.

The work presented here is new and it describes the dynamics of a 3D, disc­vibratory gyroscope.

The equations of motion were derived using Hamilton’s variational principle. The natural and

geometric boundary conditions were set up using previous chapters. The eigenvalues and eigen­

functions of the vibrating disc for both in­plane and out­of­plane vibrations were incorporated

with 3D rotations and fully described using Bryan’s effect and inertial rotations. The eigenvalues

and/or eigenfrequencies of both in­plane and out­of­plane vibrations were tuned to guarantee an

optimum sensing capability of the proposed disc sensor. Eigenfunctions of both modes were ob­

tained numerically to demonstrate how the deformations inside the disc gyroscope behave. The

eigenfunctions demonstrated how the waves within the prescribed boundaries are guided. The

natural frequencies of in­plane vibrations and out­of­plane vibrations were tuned by selecting ap­

propriate thickness and radius of the disc. An approximate theory for an essentially ideal­tuning,

disc­vibratory gyroscope (TDVG) rotating at a slow inertial angular rate in three dimensions was

developed. Under various mild assumptions, the equations of motion of the TDVG were derived.

Under a force­rebalance regime, assuming a steady­state solution, approximate expressions for the
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Figure 5.7: The first six normalised axial eigenfunctions corresponding to the first five eigenfre­
quencies for an annular­disc gyroscope clamped at both edges

angular rotation rate along each orthogonal rotation axis as well as the corresponding angular ac­

celerations were formulated. The expression derived in this work for the axial inertial angular rate

agrees with known results for a single axis of rotation, hemispherical, vibratory gyroscope. A nu­

merical experiment using the first approximation theory was conducted to illustrate how it might

be feasible to build and tune a three­dimensional (3D) TDVG.
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Chapter 6

MASS IMPERFECTION IN A THREE­DIMENSIONAL, DISC­VIBRATORY

GYROSCOPE

6.1 INTRODUCTION

The investigations of the disc gyroscope so far did not consider imperfections. Imperfections

resulting from fabrication processes are the major sources of limitation of the performance of

disc­vibratory gyroscopes (Lynch, 1995, [78]). The presence of imperfections in these gyroscopes

causes deviations from ideal mass, stiffness and damping distributions and hence affects the dy­

namics of the resonator (Coetzee, 2008, [15]). The most common and easily observable conse­

quences of imperfections in a resonator designed to operate in degenerate modes are : Natural

frequency mismatch; localised mode shapes; and explicitly different damping factors associated

with each mode (Ngungu, 2014, [79]).

Structural imperfections such as mass imperfections are discussed in the literature at length. Gal­

lacher et al. (2005, [80]) studied procedures for identifying both mass and stiffness imperfections

which result from fabrication variances in a microring gyroscope. They used electrostatic “tun­

ing” because of its advantages over the usual trimming techniques to correct these perturbations.

Control schemes to reduce structural imperfections in “whole angle” or “rate integrating” ring­

vibratory gyroscope were investigated by Bowles et al. (2015, [81]). The authors provided an

experimental validation to substantiate the theoretical study of the control scheme they investi­

gated. A vibratory gyroscope with stiffness and damping imperfections was studied by Friedland

and Hutton (1978, [82]), where they transformed the differential equations into the fourth order of

linear systems in terms of average energy and momentum. A micromachined, silicon disc gyro­

scope with stiffness imperfections was investigated for analytical formulation of modal frequency

split by Wei and Seshia in (2014, [46]). The theoretical study conducted for the elliptical mode

was in good agreement with the finite element simulation.

In this study only mass anisotropy is considered, that is, anisotropies resulting from stiffness,

Poisson’s ratio and Young’s modulus are left for future study. The derivation and analysis of mass

imperfection in the disc­vibratory gyroscope are discussed in the sections that follow.
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6.2 ENERGY AND THE LAGRANGIAN

In this section the expressions for kinetic energy, potential energy and the Lagrangian for a disc

gyroscope with mass imperfections are derived. Similar to the perfect disc, the effects of rotary

inertia are neglected. Hence, the kinetic energy of the disc will only be influenced by the absolute

velocity of the centre of mass.

6.2.1 Kinetic energy

The approximate kinetic energy of a perfect disc gyroscope vibrating in its plane as well as out­of­

plane is given by Equation (5.15), that is:

Ek ≈

� 2π

0

� b

a

ρhr

2

 
2̇u2 + 2̇v2 + 2̇w2

!
drdϕ; (6.1)

where ρ is the mass density of the disc. Now assume that the latter density of the disc varies

circumferentially with respect to the orbital angle ϕ. Further assume that all the properties of light

mass­imperfections that are needed to be addressed are explained by the ϕ dependence of the mass

density. Due to the periodicity of the mass density along the circumference of the disc, it can be

expanded using Fourier­series expansion as:

ρ (ϕ) = ρ0

�
1 + ε

∞*

k=1

(ρkc cos (kϕ) + ρks sin (kϕ))

�
; (6.2)

where ε > 0 is a measure of smallness and hence characterises the variation of mass density with

the circumferential angle ϕ. Further, ρ0 is the fundamental component of the Fourier series or the

average density of the disc and ρkc and ρks are the coefficients of the kth­ harmonic component of

the Fourier series. Taking mass­anisotropy into account Equation (6.1) can now be rewritten as:

K ≈
h

2

� 2π

0

� b

a

ρ (ϕ)
 
2̇u2 + 2̇v2 + 2̇w2

!
rdrdϕ. (6.3)

It should be kept in mind that:

u[r, ϕ, t] = U (r) [C (t) cos (mϕ) + S (t) sin (mϕ)]; (6.4)

v[r, ϕ, t] = V (r) [C (t) sin (mϕ)− S (t) cos (mϕ)]; and (6.5)

w[r, ϕ, t] = W (r) [A (t) cos (m + 1) ϕ + B (t) sin (m + 1) ϕ]; (6.6)

and further, the following integrals for all values ofm should be recalled:� 2π

0

sin2 (mϕ) dϕ =

� 2π

0

cos2 (mϕ) dϕ = π;

98



� 2π

0

sin (mϕ) cos (mϕ) dϕ = 0;

� 2π

0

sin ((m + 1) ϕ) cos (mϕ) dϕ = 0;

� 2π

0

cos ((m + 1) ϕ) sin (mϕ) dϕ = 0; and

� 2π

0

cos ((m + 1) ϕ) cos (mϕ) dϕ = 0.

Thus it can be seen that only the 2mth and 2 (m + 1)th harmonics are important in the calculation

of the kinetic energy of the system.

As explained in previous chapters the vibration modes which are investigated in this study are the

m = 2 and the (m + 1)­modes, respectively. Consequently only the 4th and 6th harmonics are

crucial in the Fourier­series expansion. Now ρ (ϕ) × 2̇u2, ρ (ϕ) × 2̇v2 and ρ (ϕ)× 2̇w2
are expanded

in Equation (6.3) using direct series expansion around ε = 0 and up to order O (ε2) (calculation

details are given in the Appendices). Retaining terms proportional to O (ε) and integrating the

result with respect to ϕ on [0, 2π] for each term, respectively, yields:

� 2π

0

ρ (ϕ)× 2̇u2dϕ ≈





U2πρ0

��
dC

dt

�2
+

�
dS

dt

�2�
+

πε





U 2ρ0
2

�
dC

dt

�2
ρ4c −

U 2ρ0
2

�
dS

dt

�2
ρ4c+

−2Uρ0
dS

dt
ΩζCV + 2Uρ0

dC

dt
ΩζSV +

−Uρ0
dC

dt
ΩξBW + Uρ0

dS

dt
ΩξAW+

Uρ0
dS

dt
ΩηBW + Uρ0

dC

dt
ΩηAW+

U 2ρ0
dC

dt

dS

dt
ρ4s









; (6.7)

� 2π

0

ρ (ϕ)× 2̇v2dϕ ≈





V 2πρ0

��
dC

dt

�2
+

�
dS

dt

�2�
+

επ





−2Uρ0
dS

dt
ΩζCV + 2Uρ0

dC

dt
ΩζSV +

V 2ρ0
2

�
dS

dt

�2
ρ4c −

V 2ρ0
2

�
dC

dt

�2
ρ4c+

−V 2ρ0
dC

dt

dS

dt
ρ4s − V ρ0

dC

dt
ΩξBW+

V ρ0
dS

dt
ΩξAW + V ρ0

dS

dt
ΩηBW+

V ρ0
dC

dt
ΩηAW









; (6.8)
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and

� 2π

0

ρ (ϕ) × 2̇w2
dϕ ≈





πW 2ρ0

��
dA

dt

�2
+

�
dB

dt

�2�
+

πW





W 2ρ0
2

�
dA

dt

�2
ρ6c −

W 2ρ0
2

�
dB

dt

�2
ρ6c+

W 2ρ0
dA

dt

dB

dt
ρ6s + Wρ0ΩξC

dB

dt
V +

−Wρ0ΩξS
dA

dt
V −Wρ0ΩηC

dA

dt
V +

−Wρ0ΩηS
dB

dt
V −Wρ0ΩηC

dA

dt
U+

−Wρ0ΩηS
dB

dt
U + Wρ0ΩξC

dB

dt
U+

−Wρ0ΩξS
dA

dt
U









. (6.9)

Substitution of the expressions given by Equations (6.7), (6.8) and (6.9) into Equation (6.3) yields

the approximate kinetic energy of disc gyroscope with mass imperfection vibrating in the m = 2

for in­plane and m = 3 for out­of­plane vibration modes. Using dot notation for derivatives with

respect to time yields the following expression for kinetic energy:

K = π
 
Ċ2 + Ṡ2

! ρ0h

2

� b

a

	
U 2 + V 2



rdr + 2πεΩζĊSρ0h

� b

a

UV rdr +

περ4sĊṠ
ρ0h

2

� b

a

(U − V ) (U + V ) rdr − 2πεΩζCṠρ0h

� b

a

UV rdr +

+επρ4c

 
Ċ2 − Ṡ2

! ρ0h

4

� b

a

(U − V ) (U + V ) rdr + ȦḂπερ6s
ρ0h

2

� b

a

W 2rdr +

επĊ (AΩη −BΩξ)
ρ0h

2

� b

a

W (U + V ) rdr + επṠ (AΩξ + BΩη)
ρ0h

2

� b

a

W (U + V ) rdr −

Ȧπε (SΩξ + CΩη)
ρ0h

2

� b

a

W (U + V ) rdr + Ḃπε (CΩξ − SΩη)
ρ0h

2

� b

a

W (U + V ) rdr +

 
Ȧ2 − Ḃ2

!
περ6c

ρ0h

4

� b

a

W 2rdr + π
 
Ȧ2 + Ḃ2

! ρ0h

2

� b

a

W 2rdr. (6.10)

Assuming that the eigenfunctions U , V and W of Equations (6.4)­(6.6) are known and replacing

the density with the average density, the following definite integrals can be obtained:

I0 =
ρ0h

2

� b

a

	
U2 + V 2



rdr, I1 = ρ0h

� b

a

UV rdr; (6.11)

I3 =
ρ0h

2

� b

a

W (U + V ) rdr, I4 =
ρ0h

2

� b

a

W 2rdr; and (6.12)

I6 =
ρ0h

4

� b

a

	
U2 − V 2



rdr. (6.13)

Thus, substituting the expressions given for the definite integrals in Equations (6.11), (6.12) and

(6.13) into Equation (6.10), the kinetic energy of the disc gyroscope with mass imperfection in
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terms of C , S, Ċ , Ṡ, A, B, Ȧ and Ḃ in compact form can now be written as:

K = π
 
Ċ2 + Ṡ2

!
I0 + επρ4c

 
Ċ2 − Ṡ2

!
I6 + 2περ4sĊṠI6 + 2πεΩζĊSI1 −

2πεΩζCṠI1 + επĊ (AΩη − BΩξ) I3 + επṠ (AΩξ + BΩη) I3 −

Ȧπε (SΩξ + CΩη) I3 + Ḃπε (CΩξ − SΩη) I3 + ȦḂπερ6sI4 +

1

2

 
Ȧ2 − Ḃ2

!
περ6cI4 + π

 
Ȧ2 + Ḃ2

!
I4. (6.14)

In Equation (6.14), terms of order O (ε2) , such as Ω2
ξ , Ω2

η, Ω2
ζ , ΩζΩη, ΩηΩξ and ΩξΩζ are ne­

glected, because the lowest eigenvalue of the vibrating system is assumed to be much larger than

the angular rotation rate #Ω. It should be noted here that the time dependence of #Ω = (Ωx, Ωy, Ωz)

is suppressed in this chapter for the purpose of simplification of the model.

6.2.2 Potential energy

The disc gyroscope under investigation is assumed to be a perfectly elastic structure and hence

when the structure deforms the potential energy is stored in the form of strain energy. In this

study pre­stresses which stipulate the stiffness imperfections are ignored. Consequently, stiffness

imperfections are not considered. Similar to the previous model, the total potential energy of the

disc is given by the sum of the in­plane potential energy and out­of­plane potential energy. Thus

the potential energy of the disc gyroscope is assumed to be the same as the potential energy of the

perfect disc gyroscope discussed in Subsection 5.3.2 as given in Equation (5.39).

6.2.3 Lagrangian

The Lagrangian (L) of the disc with mass imperfections is given as the difference between the ki­

netic and potential energies (Spiegel, 1982, [29]). Using Equation (6.10) for the kinetic energy and

Equation (5.39) for the potential energy, the expression of the Lagrangian for the disc gyroscope

with mass imperfection is given by:

L = π
 
Ċ2 + Ṡ2

!
I0 + επρ4c

 
Ċ2 − Ṡ2

!
I6 + 2περ4sĊṠI6 + 2πεΩζĊSI1 −

2πεΩζCṠI1 + επĊ (AΩη − BΩξ) I3 + επṠ (AΩξ + BΩη) I3 −

Ȧπε (SΩξ + CΩη) I3 + Ḃπε (CΩξ − SΩη) I3 + ȦḂπερ6sI4 +

1

2

 
Ȧ2 − Ḃ2

!
περ6cI4 + π

 
Ȧ2 + Ḃ2

!
I4 −

I2π
	
C2 + S2



− I5π

	
A2 + B2



. (6.15)
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6.3 THE EULER­LAGRANGE EQUATIONS OFMOTION FOR A DISC GYROSCOPE

WITH MASS IMPERFECTIONS

To formulate the governing equations of motion for a disc gyroscope with mass imperfections the

generalised coordinates C, S, A and B are used. The following derivatives are required to derive

the equations of motion:
∂L

∂C
= π

8
−2εΩζ ṠI1 − ȦεΩηI3 + ḂεΩξI3 − 2I2C

9
; (6.16)

∂L

∂Ċ
= π

8
2I0Ċ + 2ερ4cĊI6 + 2ερ4sṠI6 + 2εΩζSI1 + ε (AΩη − BΩξ) I3

9
; (6.17)

d

dt

�
∂L

∂Ċ

�
= π

)
2I0C̈ + 2ερ4cC̈I6 + 2ερ4sS̈I6 + 2εΩζ ṠI1+

ε
 
ȦΩη − ḂΩξ

!
I3

�
; (6.18)

∂L

∂S
= π

8
−ȦεΩξI3 − ḂεΩηI3 + 2εΩζĊI1 − 2I2S

9
; (6.19)

∂L

∂Ṡ
= π

8
2I0Ṡ − 2ερ4cI6Ṡ + 2ερ4sĊI6 − 2εΩCI1 + ε (AΩξ + BΩη) I3

9
; (6.20)

d

dt

�
∂L

∂Ṡ

�
= π

8
2I0S̈ − 2ερ4cI6S̈ + 2ερ4sC̈I6 − 2εΩĊI1 + ε

 
ȦΩξ + ḂΩη

!
I3

9
;(6.21)

∂L

∂A
= π

8
εĊΩηI3 + ṠεΩξI3 − 2I5A,

9
, (6.22)

∂L

∂Ȧ
= π

8
2ȦI4 + 2Ȧερ6cI4 − ε (SΩξ + CΩη) I3 + Ḃερ6sI4

9
, (6.23)

d

dt

�
∂L

∂Ȧ

�
= π

8
2ÄI4 + 2Äερ6cI4 − ε

 
ṠΩξ + ĊΩη

!
I3 + εB̈ρ6sI4

9
, (6.24)

∂L

∂B
= π

8
−εΩξĊI3 + εΩηṠI3 − 2I5B

9
; (6.25)

∂L

∂Ḃ
= π

8
2ḂI4 − 2Ḃερ6cI4 + Ȧερ6cI4 + ε (CΩξ − SΩη) I3

9
; and (6.26)

d

dt

�
∂L

∂Ḃ

�
= π

8
2B̈I4 − 2B̈ερ6cI4 + Äερ6cI4 + ε

 
ĊΩξ − ṠΩη

!
I3

9
. (6.27)

The governing equations of motion for the disc gyroscope vibrating in the mth and (m + 1)th vi­

bration modes are obtained in terms of the generalised coordinates (C , S, A, S) (Goldstein, Poole

& Safco, 2000, [64]) as:
d

dt

�
∂L

∂Ċ

�
−

∂L

∂C
= 0; (6.28a)

d

dt

�
∂L

∂Ṡ

�
−

∂L

∂S
= 0; (6.28b)

d

dt

�
∂L

∂Ȧ

�
−

∂L

∂A
= 0; and (6.28c)

d

dt

�
∂L

∂Ḃ

�
−

∂L

∂B
= 0. (6.28d)
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Assume that there is ever­present light isotropic, linear damping, with damping factors δ1 for in­

plane and δ2 for out­of­plane vibrations, respectively. Now Rayleigh’s dissipation function D is

defined as (see Joubert et al. (2017, [83])):

D = πε
8
I0δ1

 
Ċ2 + Ṡ2

!
+ I4δ2

 
Ȧ2 + Ḃ2

!9
. (6.29)

Including light isotropic damping into Equations (6.28a)­(6.28d) the following are obtained:
d

dt

�
∂L

∂Ċ

�
−

∂L

∂C
= −

∂D

∂Ċ
; (6.30a)

d

dt

�
∂L

∂Ṡ

�
−

∂L

∂S
= −

∂D

∂Ṡ
; (6.30b)

d

dt

�
∂L

∂Ȧ

�
−

∂L

∂A
= −

∂D

∂Ȧ
; and (6.30c)

d

dt

�
∂L

∂Ḃ

�
−

∂L

∂B
= −

∂D

∂Ḃ
. (6.30d)

Substituting Equations (6.16)­(6.18) into Equation (6.30a) after simplifications yields:

(1 + ερ4cγ1) C̈ + ερ4sγ1S̈ + 2εΩζβ1Ṡ + 2β2ε
 
ȦΩη − ḂΩξ

!
+ ω2IC = −2εδ1Ċ; (6.31)

where:

γ1 =
I6

I0
, β2 =

I3

2I0
, β1 =

I1

I0
, ω2I =

I2

I0
. (6.32)

Similarly, for the generalised coordinate S, substitution of Equations (6.19) to (6.21) into Equation

(6.30b) leads to:

ερ4sC̈γ1 + (1− ερ4cγ1) S̈ − 2εΩζβ1Ċ + 2β2ε
 
ȦΩξ + ḂΩη

!
+ ω2IS = −2εδ1Ṡ. (6.33)

Equations (6.31) and (6.33) describe the in­plane vibration of the disc gyroscope with mass imper­

fections and vibrating at mode numberm = 2.

The equations of motion which describe the out­of­plane vibrations of the disc gyroscope with a

mode number m = 3 can be derived in a similar way. Consequently, substitution of Equations

(6.22) to (6.24) into Equation (6.30c) simplifies to:

(1 + ερ6cγ2) Ä + ερ6sγ2B̈ − 2β3ε
 
ĊΩη + ṠΩξ

!
+ ω2oA = −2εδ2Ȧ; (6.34)

where:

γ2 =
I4

2I4
, β3 =

I3

2I4
, ω2o =

I5

I4
. (6.35)

For the generalised coordinate B, substituting Equations (6.25) to (6.27) into Equation (6.30d)

yields:

ερ6sγ2Ä + (1− ερ6cγ2) B̈ + 2β3ε
 
ĊΩξ − ṠΩη

!
+ ω2oB = −2εδ2Ḃ. (6.36)

The Euler­Lagrange equations for the generalised coordinates C, S, A and B in the Lagrangian L,

for the isotropically­damped disc gyroscope with mass imperfections leads to a coupled system of
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ODEs of gyroscopic motion :

(1 + ερ4cγ1) C̈ + ερ4sγ1S̈ + 2εΩζβ1Ṡ + 2β2ε
 
ȦΩη − ḂΩξ

!
+ ω2IC = −2εδ1Ċ (6.37)

ερ4sγ1C̈ + (1− ερ4cγ1) S̈ − 2εΩζβ1Ċ + 2β2ε
 
ȦΩξ + ḂΩη

!
+ ω2IS = −2εδ1Ṡ (6.38)

(1 + ερ6cγ2) Ä + ερ6sγ2B̈ − 2β3ε
 
ĊΩη + ṠΩξ

!
+ ω2oA = −2εδ2Ȧ (6.39)

ερ6sγ2Ä + (1− ερ6cγ2) B̈ + 2β3ε
 
ĊΩξ − ṠΩη

!
+ ω2oB = −2εδ2Ḃ. (6.40)

In Equations (6.37) to (6.40), β1 is Bryan’s factor whereas β2 and β3 are the auxiliary (secondary)

Bryan’s factors (Sedebo, Joubert & Shatalov, 2018, [34]). Note that −1 ≤ β1 ≤
I1

I0
≤ 1.

6.4 FREQUENCY SPLIT

It is common that structural imperfections such as mass imperfections resulting from manufactur­

ing processes perturb the system from the ideal isotropic mass (Gallachar et al., 2005, [80]). Due

to mass imperfection the symmetry of the disc gyroscope breaks and that results in a frequency

split. In this section this frequency mismatch is shown for both in­plane and out­of­plane vibration

modes. As an example, the frequency split between the two in­plane modes and the out­of­plane

modes is shown as below.

The matrix form of Equations (6.37) and (6.38) can be written as:�
1 + ερCI ερSI

ερSI 1− ερCI

��
C̈

S̈

�
+

�
0 2εΩζβ1

−2εΩζβ1 0

��
Ċ

Ṡ

�
+

�
2εΩηβ2 −2εΩξβ2
2εΩξβ2 2εΩηβ2

��
Ȧ

Ḃ

�
+ ω2I

�
1 0
0 1

��
C
S

�

=

�
−2εδ1 0

0 −2εδ1

��
Ċ

Ṡ

�
; (6.41)

where:

ρ4cγ1 = ρCI ; and ρ4sγ1 = ρSI .

The determinant ∆1 of the leading coefficient matrix after neglecting terms proportional to O (ε2)

gives:

∆1 = det

�
1 + ερCI ερSI

ερSI 1− ερCI

�
≈ 1. (6.42)

Thus, the inverse of the leading coefficient matrix is given by:
1

∆1

�
1− ερCI −ερSI
−ερSI 1 + ερCI

�
=

�
1− ερCI −ερSI
−ερSI 1 + ερCI

�
. (6.43)

Consequently, multiplication on the left of Equation (6.41) by Equation (6.43) and again neglecting
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O (ε2) terms yields: 



�
C̈

S̈

�
+

�
0 2εΩζβ1

−2εΩζβ1 0

��
Ċ

Ṡ

�
+

ω2I

�
1− ερCI −ερSI
−ερSI 1 + ερCI

��
C
S

�
+

�
2εΩηβ2 −2εΩξβ2
2εΩξβ2 2εΩηβ2

��
Ȧ

Ḃ

�

=

�
−2εδ1 0

0 −2εδ1

��
Ċ

Ṡ

�
.





. (6.44)

The eigenvalues:

ω2I

�
1 + ε

:
ρ2CI + ρ2SI

�
; and ω2I

�
1− ε

:
ρ2CI + ρ2SI

�
; (6.45)

of the matrix:

ω2I

�
1− ερCI −ερSI
−ερSI 1 + ερCI

�
;

indicate that the mass imperfection causes a frequency splitting (beats) in the in­plane vibration

mode. Thus it is clear that there are two waves operating with frequencies:

f1 =
ωI

2π

�
1 + ε

:
ρ2CI + ρ2SI ; (6.46)

and

f2 =
ωI

2π

�
1− ε

:
ρ2CI + ρ2SI ; (6.47)

respectively. Direct series expansions of
:

1 + ε
;

ρ2CI + ρ2SI and
:

1− ε
;

ρ2CI + ρ2SI , neglecting

terms proportional to O (ε2) and higher yields:�
1 + ε

:
ρ2CI + ρ2SI = 1 +

1

2
ε

:
ρ2CI + ρ2SI + O

	
ε2



; (6.48)

and �
1− ε

:
ρ2CI + ρ2SI = 1−

1

2
ε

:
ρ2CI + ρ2SI + O

	
ε2


. (6.49)

Approximate values for the two frequencies can be written as:

f1 ≈
ωI

2π

�
1 +

1

2
ε

:
ρ2CI + ρ2SI

�
; (6.50)

and

f2 ≈
ωI

2π

�
1−

1

2
ε

:
ρ2CI + ρ2SI

�
. (6.51)

Thus the frequency of the beats of the in­plane vibration is:

∆fI = |f1 − f2| =
ωIε

;
ρ2CI + ρ2SI
2π

. (6.52)

Using similar reasoning it can be shown that the mass imperfection can cause a frequency split

or beats between the out­of­plane modes. Accordingly, the frequency of beats between the two
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out­of­plane modes is:

∆fo =
ωoε

;
ρ2Co + ρ2So
2π

; (6.53)

where:

ρCo = ρ6cγ2; and ρSo = ρ6sγ2.

Mechanisms of control and compensation of frequency split either between the two in­plane modes

or the two out­of­plane modes or between the in­plane and out­of­plane modes are not considered

in this study and are left for future study.

6.5 THEORETICAL ANALYTICAL DISCUSSION

The coupled equations of gyroscopic motion given in Equations (6.37) to (6.40) which are sub­

jected to light isotropic damping and mass imperfections are used for theoretical analysis of opera­

tion principles and light imperfections of the disc gyroscope. The cosine signal (A) and sine signal

(B) of the out­of­plane vibration of the disc­vibratory gyroscope are demodulated into in­phase

(As, Bs) and in­quadrature (Ac, Bc) components as follows:

A (t) = Ac cos (ωt) + As sin (ωt) ; (6.54)

and

B (t) = Bc cos (ωt) + Bs sin (ωt) ; (6.55)

with the phase of demodulating signal being:

φ1 = ωt. (6.56)

Here ω = ωo is the operational frequency of the disc gyroscope and t is dimensionless time. Thus

the original variablesA, B Ȧ, and Ḃ are transformed into the new variables, these beingAc, As, Bc

and Bs. A theoretical analysis using the new variables is presented in the subsections that follow.

6.5.1 Non­averaged solution

Consider the matrix form of Equations (6.39) and (6.40), which can be rewritten as:�
1 + ερ6cγ2 ερ6sγ2

ερ6sγ2 1− ερ6cγ2

��
Ä

B̈

�
=

�
FA

FB

�
−

�
−2εδ2Ȧ

−2εδ2Ḃ

�
; (6.57)

where: �
FA

FB

�
= 2εβ3

�
Ωη Ωξ

−Ωξ Ωη

��
Ċ

Ṡ

�
− ω2o

�
A

B

�
. (6.58)

Since:

det

�
1 + ερ6cγ2 ερ6sγ2

ερ6sγ2 1− ερ6cγ2

�
≈ 1; (6.59)
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neglecting O (ε2) and higher, and then using Cramer’s rule and solving for Ä and B̈, respectively,

yields:

Ä + ω2A = ω2εγ2 (Aρ6c + Bρ6s) + 2β3ε
 
ĊΩη + ṠΩξ

!
− 2εδ2Ȧ; (6.60)

and

B̈ + ω2B = ω2εγ2 (Aρ6s −Bρ6c)− 2β3ε
 
ĊΩξ − ṠΩη

!
− 2εδ2Ḃ. (6.61)

By letting:

2β3

 
ĊΩη + ṠΩξ

!
= F̃A; (6.62)

and

−2β3

 
ĊΩξ − ṠΩη

!
= F̃B ; (6.63)

for Equations (6.60) and (6.61), respectively, the following is obtained:

Ä + ω2A = ε
 
ω2γ2Aρ6c + ω2γ2Bρ6s + F̃A

!
− 2εδ2Ȧ; (6.64)

and

B̈ + ω2B = ε
 
ω2γ2Aρ6s − ω2γ2Bρ6c + F̃B

!
− 2εδ2Ḃ. (6.65)

Now consider the demodulated signal A (t) given by Equation (6.54). Taking the first derivative of

A (t) with respect to t yields:

Ȧ = Ȧc cos (ωt) + Ȧs sin (ωt) + ω [−Ac sin (ωt) + As cos (ωt)] ; (6.66)

and imposing the condition that:

Ȧc cos (ωt) + Ȧs sin (ωt) = 0; (6.67)

then yields:

Ä + ω2A = ω
�
−Ȧc sin (ωt) + Ȧs cos (ωt)

�
. (6.68)

Further, comparing Equation (6.64) with Equation (6.68) leads to:

−Ȧc sin (ωt) + Ȧs cos (ωt) =
ε

ω

�
F̃A + ω2γ2Aρ6c + ω2γ2Bρ6s − 2εδ2Ȧ

�
. (6.69)

Keeping Equations (6.66) and (6.67) in mind and using the new variables leads to:

−Ȧc sin (ωt) + Ȧs cos (ωt) =
ε

ω




F̃A + ω2γ2ρ6c [Ac cos (ωt) + As sin (ωt)] +
ω2γ2ρ6s [Bc cos (ωt) + Bs sin (ωt)]−
2εδ2ω [−Ac sin (ωt) + As cos (ωt)]


 . (6.70)

Solving Equations (6.67) and (6.70) simultaneously for Ȧc and Ȧs, respectively, yields:

Ȧc = −
ε

ω





F̃A sin (ωt) +
ω2γ2ρ6c

2
[Ac sin (2ωt) + As (1− cos (2ωt))] +

ω2γ2ρ6s
2

[Bc sin (2ωt) + Bs (1− cos (2ωt))]−

δ2ω [−Ac (1− cos (2ωt)) + As sin (2ωt)]





; (6.71)
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and

Ȧs =
ε

ω





F̃A cos (ωt) +
ω2γ2ρ6c

2
[Ac (1 + cos (2ωt)) + As sin (2ωt)] +

ω2γ2ρ6s
2

[Bc (1 + cos (2ωt)) + Bs sin (2ωt)]−

δ2ω [−Ac sin (2ωt) + As (1 + cos (2ωt))]





. (6.72)

The first derivative of B (t) with respect to t yields:

Ḃ = Ḃc cos (ωt) + Ḃs sin (ωt) + ω [−Bc sin (ωt) + Bs cos (ωt)] ; (6.73)

and again imposing the condition that:

Ḃc cos (ωt) + Ḃs sin (ωt) = 0; (6.74)

and differentiating Equation (6.73) with respect to time (t) yields:

B̈ + ω2B = ω
�
−Ḃc sin (ωt) + Ḃs cos (ωt)

�
. (6.75)

Comparing Equation (6.65) with Equation (6.75) simplifies to:

−Ḃc sin (ωt) + Ḃs cos (ωt) =
ε

ω

�
F̃B + ω2γ2Aρ6s − ω2γ2Bρ6c − 2εδ2Ḃ

�
. (6.76)

Solving Equations (6.74) and (6.75) simultaneously for Ḃc and Ḃs, respectively yields:

Ḃc = −
ε

ω





F̃B sin (ωt) +
ω2γ2ρ6s

2
[Ac sin (2ωt) + As (1− cos (2ωt))]−

ω2γ2ρ6c
2

[Bc sin (2ωt) + Bs (1− cos (2ωt))]−

δ2ω [−Bc (1− cos (2ωt)) + Bs sin (2ωt)]





; (6.77)

and

Ḃs =
ε

ω





F̃B cos (ωt) +
ω2γ2ρ6s

2
[Ac (1 + cos (2ωt)) + As sin (2ωt)]−

ω2γ2ρ6c
2

[Bc (1 + cos (2ωt)) + Bs sin (2ωt)]−

δ2ω [−Bc sin (2ωt) + Bs (1 + cos (2ωt))]





. (6.78)

6.5.2 Averaging

Averaging is an effective method that is used to suppress quadrature error imperfections (Lynch,

1995, [78]). Averaging is used here to do the theoretical analysis using the first approximation.

Consequently the first­order derivatives of the in­phase (As, Bs) and quadrature (Ac, Bc) com­

ponents of the cosine and sine signals of the out­of­plane vibrations are determined. The main

objective of averaging is to obtain an equation which can be more easily used to draw inferences

about the dynamics of the unaveraged system after having obtained the equations for the averaged

system.

If f is a continuous function of t on [0, 2π] and has a period T = 2π, then the averaged form of
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the function f is given by:

�f� =
1

2π

� 2π

0

f (t) dt.

Now by applying the method of averaging to Equations (6.71), (6.72), (6.77) and (6.78), the fol­

lowing is obtained:

<
Ȧc

=
= −

ε

2πω





� 2π

0




F̃A sin φ1 +
ω2γ2ρ6c

2
[Ac sin 2φ1 + As (1− cos 2φ1)] +

ω2γ2ρ6s
2

[Bc sin 2φ1 + Bs (1− cos 2φ1)]−

δ2ω [−Ac (1− cos 2φ1) + As sin 2φ1]


 dφ1





= −
εω

2
[ρ6cAs + ρ6sBs]− εδ2Ac; (6.79)

<
Ȧs

=
=

ε

2πω





� 2π

0




F̃A cosφ1 +
ω2γ2ρ6c

2
[Ac (1 + cos 2φ1) + As sin 2φ1] +

ω2γ2ρ6s
2

[Bc (1 + cos 2φ1) + Bs sin 2φ1]−

δ2ω [−Ac sin 2φ1 + As (1 + cos 2φ1)]


 dφ1





=
εω

2
[ρ6cAc + ρ6sBc]− εδ2As; (6.80)

<
Ḃc

=
= −

ε

2πω





� 2π

0




F̃B sin φ1 +
ω2γ2ρ6s

2
[Ac sin 2φ1 + As (1− cos 2φ1)]−

ω2γ2ρ6c
2

[Bc sin 2φ1 + Bs (1− cos 2φ1)]−

δ2ω [−Bc (1− cos 2φ1) + Bs sin 2φ1]


 dφ1





= −
εω

2
[ρ6sAs − ρ6cBs]− εδ2Bc; (6.81)

and

<
Ḃs

=
=

ε

2πω





� 2π

0




F̃B cos φ1 +
ω2γ2ρ6s

2
[Ac (1 + cos 2φ1) + As sin 2φ1]−

ω2γ2ρ6c
2

[Bc (1 + cos 2φ1) + Bs sin 2φ1]−

δ2ω [−Bc sin 2φ1 + Bs (1 + cos 2φ1)]


 dφ1





=
εω

2
[ρ6sAc − ρ6cBc]− εδ2Bs. (6.82)

6.6 CONCLUSION

It is possible to make qualitative inferences based on both the non­averaged and averaged systems

of ordinary differential equations as given in Equations (6.71) to (6.78) and (6.79) to (6.82). Both

systems of ODEs can be solved using the "NDSolve" routine in Mathematica but that is left for

future investigation. In Equations (6.79) to (6.82) it appears that the rate of change of amplitudes

of in­phase and quadrature components are not influenced by the inertial angular rates. But for the

case of the non­averaged systems given in Equations (6.71) to (6.78) the time rate of change of
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both amplitudes is influenced by the inertial angular rates. The time rate of change of quadrature

amplitudes of both signals is out­of­phase with respect to each amplitude. The drift caused by mass

imperfections to the quadrature amplitudes is more significant than the drift caused to the in­phase

amplitudes. If mass anisotropy is absent in both the in­phase and quadrature components of both

sine and cosine signals then the only amplitude suppression comes from light isotropic damping.

110



Chapter 7

FINAL CONCLUSIONS AND RECOMMENDATIONS

7.1 SUMMARY OF CONCLUSIONS

In this study, the disc gyroscope subjected to a 3D rotation rate was studied and various boundary

conditions were formulated. Implicit equations of motion for both in­plane and out­of­plane vi­

brations of the disc gyroscope were derived using Hamilton’s variational principle. For this study,

the disc under investigation was assumed to be perfectly elastic and thus obeyed Hooke’s law. In

determining the potential energy of the deformation of the disc, the potential energy of in­plane

vibrations and the potential energy of out­of­plane vibrations were assumed to be independent pro­

vided that the disc is “thin”. The potential energy of in­plane vibrations comes from extension and

shear while the potential energy out­of­plane vibrations comes from bending and torsion. The La­

grangian and Euler­Lagrange equations of motion were derived for a disc gyroscope using polar

coordinate systems. A coupled system of gyroscopic equations in terms of the generalised coordi­

nates was obtained for a free as well as lightly, isotropically­damped disc gyroscope.

Analytical determination of the components of the rotation rate was performed and their depen­

dence on the amplitudes of the secondary motion was calculated. Expressions for the solutions

of the angular accelerations of each axis were determined. The ratio of the rate of rotation of the

vibrating pattern to the rate of rotation of the disc was obtained as the ratio of the integrals of

the eigenfunctions. The relationship between the rate of rotation of the vibrating pattern and the

rate of rotation of the disc was described by Bryan’s factor. Apart from the well­known Bryan’s

factor, the so­called “auxiliary Bryan’s factors” or “secondary Bryan’s factors” were identified

due to the inclusion of the bending vibrations. The auxiliary Bryan’s factors were described by

the ratios of sums and/or products of the integrals of the eigenfunctions. Various magnitudes of

the eigenvalues and eigenfrequencies were calculated for both the m = 2 and m = 3 modes.

The eigenfrequencies of the in­plane mode with the out­of­plane mode were tuned by varying the

radial and\or axial thickness. By conducting a numerical experiment, it was verified that this tun­

ing was achieved . The disc gyroscope operating under tuned natural frequencies was shown to

have improved sensitivity (Bryan’s factor) to the applied rotation rates. Note that a 3D­disc vi­
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bratory gyroscope realisation is still possible even if the modal frequencies are not tuned, but at

reduced sensitivity. Numerical solutions of the normalised displacements were obtained for vari­

ous in­plane and out­of­plane frequencies. In this study, MATHEMATICA 11 was used to solve the

equations numerically.

Analysis of the dynamics of the in­plane vibration of the disc­vibratory gyroscope made up the

core of Chapter 3. The equations of motion for the in­plane vibration of the disc gyroscope were

derived using Hamilton’s variational principle. Boundary conditions for both a solid and annular

disc vibrating in its plane were obtained from the Lagrangian density. The eigenvalues for various

boundary conditions of both the solid and annular disc gyroscope were obtained numerically from

the frequency equations. Normalised values of the eigenfunctions for the in­plane vibration of the

disc were numerically obtained. In Chapter 4, the out­of­plane vibration of the disc gyroscope

was modelled using the transverse vibration of a circular plate. The Lagrangian density for the

vibrating circular plate was obtained implicitly and used in the derivation of the equation of motion

using Hamiliton’s principle. As it was done for in­plane disc vibration in Chapter 3, an analytical

solutions for a non­rotating disc in terms of Bessel and modified Bessel functions were calculated.

The frequency equations for a non­rotating circular plate for various boundary conditions were

formulated. Numerical values of the eigenvalues and the eigenfrequencies were also included in

Chapter 4. Normalised values of the out­of­plane eigenfunctions for various boundary conditions

were presented graphically.

Chapter 5 constituted novel work that investigated and discussed the 3D­tuning, disc­vibratory

gyroscope. In the literature, single axis and dual axis gyroscopes were well­documented but

multi­axis gyroscopes were not addressed adequately. Hence this study aimed to investigate the

possibility of a disc gyroscope that is capable of sensing rotation rates around three, mutually­

perpendicular axes. The equations of motion for a disc gyroscope subjected to a slow rotation were

derived in terms of the generalised coordinates. A coupled homogeneous system of gyroscopic

equations that describe the dynamics of the disc gyroscope was obtained. A non­homogeneous

system of coupled gyroscopic equations, where the rebalance and excitation forces were included

to set the gyroscope at primary oscillation and for control purposes, respectively, was formulated.

The operation principle of the 3D­disc vibratory gyroscope was briefly discussed and formulated.

The components of the rotation rates as well as the components of angular acceleration were cal­

culated for the disc­vibratory gyroscope, initially set to vibrate at constant amplitude in one of its
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in­plane modes. Bryan’s factor and auxiliary Bryan’s factors were calculated and tabulated for var­

ious geometric values of the disc­vibratory gyroscope. Section 5.7 discussed the tuning of in­plane

natural frequencies to the out­of­plane natural frequencies by varying the thickness of the disc.

Hence an approximate frequency split between the in­plane vibration modes and the out­of­plane

vibration modes was small. The normalised eigenfunctions for the 3D­disc vibratory gyroscope

for various boundary conditions were determined numerically. Graphical representation of the

normalised eigenfunctions were determined for various frequency overtones.

In Chapter 6, mass imperfections were incorporated in order to study the structural anisotropies.

It was assumed that the mass density of the disc varies circumferentially and that it models the

mass imperfections. The frequency splitting caused by mass imperfection between the in­plane

vibration modes was shown. Qualitative analysis was done for averaged an non­averaged equations

of motion.

7.2 RECOMMENDATIONS FOR FURTHER STUDY

The research covered in this study is purely of a theoretical­applied mathematics. Thus the theory

developed here has to be verified via experiments and therefore actual observations need to be set

up to validate the theoretical findings. Future investigation should explore prototype production

and development of appropriate circuitry for a separate detection and demodulation of the rotation

rates. This study did not consider anisotropies such as stiffness imperfections, Poisson’s ratio

imperfections and Young’s modulus imperfections, nor anisotropic non­linear damping. Thus a

future study should consider anisotropies such as those resulting from non­linear damping, stiffness

imperfections, Poisson’s ratio imperfections and Young’s modulus imperfections.
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