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ABSTRACT

Conventional configuration of the disc-vibratory gyroscope is based on in-plane axisymmetric vi-
brations of the disc with a prescribed circumferential wave number. Due to Bryan’s effect, the
vibrating pattern of the disc becomes sensitive to the axial component of inertial rotation of the
disc. Rotation of the vibrating pattern relative to the disc is proportional to the inertial angular
rate and is measured by sensors. Hence in the conventional configuration, the disc gyroscope is
sensitive to the axial component of the external rotation. In this thesis, an attempt is made to de-
sign a single-body, disc-vibratory gyroscope which may replace the conventional three-body, dis-
vibratory gyroscope. For this disc-vibratory gyroscope, both in-plane and out-of-plane vibrations
(bending vibrations) are excited with different circumferential wave numbers. Inner and outer radii
of the disc as well as the disc thickness are matched so that the natural frequencies of the in-plane
and out-of-plane vibrations coincide, which is the "condition of tuning". In this case the tuning-
disc gyroscope becomes sensitive to three components of inertial rotation, namely, the z-axis, the
y-axis and the z-axis. Using the theory of linear elasticity and frequency tuning, a formula for the
so-called "Bryan’s factor" is derived to quantify a shift in angular velocity. In this thesis, analy-
sis of the effects of elastic boundary conditions on the dynamics of thin-plate circular discs used
as vibratory gyroscope resonators, is performed. The doctoral thesis is also devoted to the investi-
gation of the dynamical aspects of disc vibration and realisation of the conditions of tuning. The
thesis also includes the theory of imperfections of the vibratory gyroscope. The solutions to the
equations of motion and analysis are presented using computer algebra systems (CASs) such as

Mathematica and Maple.
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Chapter 1

INTRODUCTION

1.1 BACKGROUND

The need for mathematical modelling in science and engineering is at its peak due to a wide range
of applications of mathematical physics. Mathematical physics with a blend of vibrations and rota-
tions has wide range applications in areas such as seismology, astronomy, inertial navigation, aero-
dynamics and many other fields. Mathematical modelling plays an essential role in engineering
designs, scientific research, and technological innovations (Anandarajah, 2010, [1]). Mathemati-
cal modelling is essential in almost all areas of engineering, ranging from mechanical to civil, and
aerospace to biological. Without appropriate mathematical modelling, the design and utilisation
of automobiles, robots, acroplanes, space shuttles, skyscrapers, bridges, roads and dams could not

have been realised.

Vibrations and rotations are an integral part of most human activities such as hearing, breathing,
speaking and walking. Thus, the study of vibrations and rotations has drawn the attention of most
philosophers and mathematicians as far back as 4000 BC (Rao, 2011, [2]). One of the many instru-
ments whose operation involves vibration and rotation is a “gyroscope”. The name “gyroscope”
was derived from the Greek word ynpoo (gyros) meaning "turn" and orkomos (skopos) meaning
"view" (Acar & Shkel, 2009, [3]). The French scientist Léon Foucault invented the gyroscope in
1852 in an attempt to measure the rotation of the earth (Lawrence, 1998, [4]). Although Foucault
was given the credit for the discovery of the gyroscope, similar devices were made earlier by Jo-
hann Bohnenberger of Germany in 1817 and Walter Johnson of the United States of America in

1832 (Lawrence, 1998, [4]; Cooper, 1996, [5]; Sabageh, 2010, [6]).

A gyroscope is a sensor that measures the rate of rotation of an object (Acar & Shkel, 2009, [3])
or the angle of rotation of an object (Park, Horowitz & Tan, 2008, [7]) around a fixed axis with
respect to an inertial space. Gyroscopes are used in aviation and space exploration, in the mili-
tary industry, in digital camera stablisation, in rollover detection of vehicles and have many more

consumer applications (Vineelal et al., 2014, [8]). Foucault’s pendulum as invented by Léon Fou-
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cault was one of the first examples of a vibratory gyroscope (Loveday, 1999, [9], Cooper, 1996,
[5]). Foucault used his pendulum to measure the rotation rate as an experiment to demonstrate
the rotation of the earth. The swinging direction of the pendulum rotates with time at a rate pro-
portional to the sine of the latitude due to the earth’s rotation. The earliest gyroscopes, such as
the Sperry gyroscope, utilised a rotating momentum wheel attached to a gimbal structure (Scar-
borough 1958, [10]). Rotating wheel gyroscopes have many disadvantages such as friction to and

wear on bearings (Acar & Shkel, 2009, [3]).

The hemispherical-resonator gyroscope (HRG) and tuning-fork gyroscope eliminate rotation and
avoid bearing problems. As technology develops and vibratory gyroscopes become smaller, cheaper
and better-performing, many more applications will become possible (Loveday, 1999, [9]). High-
performance technologies such as the fibre-optic gyroscope (FOG) and ring-laser gyroscope (RLG),
based on the Sagnac effect, have been developed by eliminating nearly all mechanical limitations
such as vibration, shock sensitivity and friction. Despite their high cost, optic gyroscopes have
many high-end applications such as navigation aboard naval vessels (Zhang, 2015, [11]). Vibra-
tory gyroscopes, due to their high performance, high reliability, and minute size are used in many
diverse fields. These include navigation of air and marine vehicles, tracking control and rollover
detection systems in cars (Azgin, 2007, [12]). Early efforts for the development of vibratory gyro-
scopes were motivated mostly by military applications such as missile guidance and stabilisation,
gun, camera and antenna stabilisation, smart munitions including gun-fired munitions and GPS-

augmented navigation (Loveday, 1999,[9]).

Bryan (1890, [13]) in his 1890 experiment explained the beating of sound produced by a ringing
wine glass placed on a turntable. The foundation for the physics of present-day, hemispherical-
resonator gyroscopes (HRGs) was laid by Bryan’s experiment. In 1890, Bryan observed that when
a vibrating structure is rotated with respect to inertial space, the vibrating pattern rotates at a rate
proportional to the inertial rate of rotation (Shatalov et al. 2009, [14]). This effect, called "Bryan’s
effect" has numerous navigational applications in resonator gyroscopes (RGs) such as guidance
systems in ships, aircraft and spacecraft (Coetzee, 2008, [15]). The mathematical principles of a
resonator gyroscope have been discussed generally by Zhuravlev and Klimov (Joubert, Shatalov
& Coetzee, 2014, [16]). Detailed analysis of the gyroscopic effects for a thin-shelled cylinder was
done by Loveday and Rogers (1998, [17]). A commercial gyroscope based on Bryan’s effect has

a "three-body" array consisting of three hemispherical RGs with orthogonal axes of rotation. For



a fixed mode of vibration, Bryan (1890, [13]) made the following calculation for the constant of

proportionality (known as Bryan’s factor) or angular gain (Johari & Ayazi, 2007, [18]):
Rate of rotation of the vibrating pattern

(1.1)

" Inertial rate of rotation of the vibrating structure’

It is convenient to be able to calculate Bryan’s factor quickly and accurately for RGs made from
various substances, because it is used to calibrate each instrument. Its usefulness is confirmed by
David Rozelle (2009, [19]). Rozelle states that the hemispherical-resonator gyroscope (HRG) "has
been utilized in many applications over its developmental lifetime: aircraft navigation, strategic
missile navigation, underground borehole navigation, communication satellite stabilization, pre-
cision pointing, and in deep space missions". He further states the following: "Small size, low
noise, high performance and no wear-out has made the hemispherical resonator gyroscope (HRG)
the choice for high-value space missions. After 14 years of production, the HRG boasts over 12-
million operating gyrohours in space with 100% mission success”. Regarding calibration, note that
vibration patterns for various modes of vibration can be observed (see the holographic interfero-
grams of a vibrating wineglass in Rossing (1994, [20])). Assume that the disc shown in Figure 3.1
is made of fused quartz and a free vibration mode is induced. Then, if a spot of paint is placed at
a vibration node on the edge of the disc and the disc starts to rotate axially, the node moves away
from the spot of paint and the rotation rate of the pattern can be calculated, because Bryan’s factor
BF in Equation (1.1) can be easily obtained. If this observation were made inside a space shuttle

or submarine, then the rate of inertial rotation of the craft could be obtained.

It was in 1894 that Lord Rayleigh mentioned Bryan’s effect (1894, [21]). Investigations of the
latter effect appear to have lain dormant for 71 years, but reappeared in 1965 in the small Delco
Wakefield Research and Development facility in Massachusetts in the USA (Rozell, 2009, [19]).
Details of the working principles of the RG are scarce, mainly because of the secrecy involved in

commercial manufacture.

1.2 CLASSIFICATION OF GYROSCOPES

Classification of gyroscopes can be made based on cost, operation principles, the type of material
used for manufacture and the technology contained in the device. A number of classifications are
in use but only a brief classification based on the technology and operation principles is presented
here. Based on the existing technology, gyroscopes are broadly classified into the following main

classes namely: Mechanical spinning-wheel gyroscopes; optical gyroscopes; fluidic gyroscopes;



vibratory gyroscopes; and non-vibratory gyroscopes (Sharma, 2013, [22]). In this section only

mechanical, optical and vibratory gyroscopes are briefly discussed.

1.2.1 Mechanical gyroscopes

The mechanical gyroscope has a spinning disc mounted within the gimbal system. The disc moves
freely with respect to the gimbal structure mounting points. This gyroscope is based on the prin-
ciple of conservation of angular momentum and thus the axis of the rotor remains fixed in space
and is used as an indicator of change in direction and attitude (Sabageh, 2010, [6]). Examples of
mechanical gyroscopes include, for example: Dynamically-tuned gyroscopes (DTG); gas-bearing;
and electrostatically-suspended spherical gyroscopes. The spinning-mass gyroscope is one of the
highest-performance mechanical gyroscopes. However, its high cost, moving parts, longer start-up
time and difficulty in miniaturisation remain challenges for batch fabrication (Dreyer, 2008, [23]).

The mechanical-wheel spinning gyroscope (Sabageh, 2010, [6]) is shown in Figure 1.1.

Gyroscope
frame

Spin axis

Gimbal

Figure 1.1: The mechanical-wheel, spinning gyroscope

1.2.2  Optical gyroscopes

This class of gyroscopes has two categories, namely, fibre-optic gyroscopes (FOGs) and ring-
laser gyroscopes (RLGs). These gyroscopes are based on the Sagnac effect, which states that the
phase shift between two beams measured by a ring interferometer is proportional to the angular
velocity (Armensie ef al., 2010, [24]). The Sagnac effect induces either a phase shift between two
propagating signals or a frequency shift between two propagating resonant modes. A schematic

diagram of a RLG is given in Hyvonen (2011, [25]).



AT — mirror

sensor

laser output

Figure 1.2: The ring-laser gyroscope

Optical gyroscopes were developed in the quest for improvement in heavy mechanical gyroscopes.
They are much smaller than heavy mechanical gyroscopes and use more advanced technology and
have higher performance and are thus steadily replacing their mechanical counterparts. Optical
gyroscopes are widely used in inertial navigation units (INUs) in military and civilian aircraft.
Unlike mechanical-wheel, spinning gyroscopes, optical gyroscopes have no bulky moving parts.
However, due to their complex composition and components, and huge running costs due to in-
tensive power use for rotation detection and cross-talk and locks, their reliability is sometimes

questioned (Johari, 2008, [26]).

1.2.3  Vibratory gyroscopes

Both mechanical and optical gyroscopes are high precision gyroscopes, but due to bigger size and
high cost, their use is limited to a few areas of application only. Vibratory gyroscopes are an
alternative class of gyroscopes which use vibrating mechanical elements along with the Coriolis
effect to measure rotation rate (Dreyer, 2008, [23]). The Coriolis force is an apparent inertial force
that results from rotation and is proportional to the rotation rate. The Coriolis force appears when
an object moves inside a rotating coordinate frame (Hyvonen, 2011, [25]). The Coriolis force
was first observed by a French scientist Gaspar-Gustave Coriolis (1792—-1843) in 1835 (Ansari,
2008, [27]). Vibratory gyroscopes do not have any moving and rotating parts and it is possible
for them to be further miniaturised (Johari, 2008, [26]). Vibratory gyroscopes can be classified as

angular, displacement-measuring, vibratory gyroscopes and angular-rate gyroscopes (Shkel, Acar



& Painter, 2005, [28]). The operation principle of all vibratory gyroscopes depends mainly on the
exchange of energy between two vibration modes due to the Coriolis acceleration (Ansari, 2008,
[27]). In order to demonstrate the Coriolis effect, assume a particle that travels in space with a
velocity V and an observer seated on the z-axis of the zyz-coordinate system as shown in Figure
1.3, which has been adapted from (Ansari, 2008, [27]). Once the local coordinate system starts to
rotate about the z-axis with an angular velocity Q, then it appears for the observer on the z-axis that
the particle is moving towards him/her along the x—axis with an acceleration of d.,. = 20 x V.
No force is applied to the particle but to the observer on the rotating frame (xyz) it appears that
there is an apparent force which is proportional to the rotation rate Q. The Coriolis effect is the

basic operating principle of all vibratory gyroscopes.
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Figure 1.3: The Coriolis effect

Now consider the two reference frames A and B in Figure 1.4 as given in (Acar & Shkel, [3]),
where A is an inertial or stationary frame and B is a rotating frame. Suppose also thatr4 and rp
are the position vectors with respect to the stationary and rotating frames, respectively. Further
assume that 6 is the inclination of frame B with respect to frame A, €2 is the angular rate of the

rotating frame and given as 2 = 6, and R is the position vector of the rotating frame.

By means of the transport theorem (Spiegel, 1982, [29]) it is true that:
i‘A: f‘B+Q><rB. (12)
From the vector representation in Figure 1.4, it can be seen that:

I‘A:R—I—I'B. (13)



Frame A

Figure 1.4: Representation of the position vector relative to the inertial frame A and the rotating
reference frame B

Acceleration with respect to the inertial frame is given by (Acar & Shkel, 2009, [3]):

as= A +ag+Q X rp+8 x (Qxry)+2Q x vy, (1.4)
where ap and vp are the acceleration and velocity vectors with respect to the rotating frame B.
Whereas A is the linear acceleration of the rotating frame, {2 and Q, respectively, are the angular
velocity and angular acceleration of the rotating frame. The term A + a 5+8 x rp is the acceler-
ation of a vibrating object in the rotating frame whereas the term €2 x (€2 x ry) is the centripetal

acceleration and the last term 22 x v is the fictitious term called Coriolis acceleration.

In vibratory gyroscopes, the Coriolis effect is responsible for the coupling of energy between two
modes of vibration. The drive mode, also called the primary mode, is responsible for setting
the resonator (the vibrating element) in motion with constant amplitude. The sense mode, also
called the secondary mode, is induced by the Coriolis effect and vibration of the primary mode.
Measurement of the amplitude of the sense mode provides the required measure of the angular
rate. Examples of vibratory gyroscopes may include: Disc-vibratory gyroscopes; hemispherical
resonator gyroscopes; tuning-fork gyroscopes; ring gyroscope; and vibratory-wheel gyroscopes
(Johari, 2008, [26]). The main focus of this thesis is the dynamics of the disc-vibratory gyroscope.
The disc-vibratory gyroscope may consist of a fused-quartz resonator that is actuated by electro-
static force or electromagnetic force or piezoelectric means. The disc considered in this thesis is a

thin disc made from isotropic material (Burdess & Wren, 1986, [30]).



1.3 RESEARCH METHODOLOGY

The research undertaken in this study considers both solid and annular discs that model the disc
gyroscope vibrating in a plane as well as out-of-plane in the presence of non-constant, three-
dimensional (3D), inertial rotation rate. Throughout this study, Hamilton’s variational principle
which deals with determination of the extrema of a functional is used to derive equations of motion.
Using the same method, the natural and prescribed boundary conditions are formulated. Various
models of the disc gyroscope are considered. Firstly, a disc gyroscope that vibrates and rotates
in its plane is considered, where all dynamics and boundary conditions of the in-plane vibration
of the disc for both rotating and non-rotating disc gyroscopes is detailed in depth. The analytical
solutions in terms of Bessel’s functions for a non-rotating disc vibrating in its plane is determined.
Later the eigenfunctions associated with the non-rotating disc is used to determine the eigenvalues
when the disc is slowly rotating. Secondly, the out-of-plane vibration of the disc gyroscope is
modelled using a circular plate that is subjected to bending out of its plane. Similar to the in-
plane vibration, analytical solutions to the vibration problem are determined in terms of Bessel’s
and modified Bessel’s functions. Using various boundary conditions, the frequency equations are
formulated and the corresponding eigenvalues and eigenfrequencies are numerically computed

using MATHEMATICA and MAPLE.

Thirdly, a disc gyroscope vibrating both in its plane and out-of-plane and subjected to a slow 3D-
inertial rotation rate is considered. The strain energies of in-plane and out-of-plane vibrations are
considered independent of one another and thus the total strain energy of the disc is obtained as
a sum of the two. The Lagrangian of the system vibrating with mode numbers m = 2 in-plane
and m = 3 out-of-plane is determined in terms of the generalised coordinates C, S, A and B. A
system of gyroscopic equations for the disc with 2-w; and 3-w, vibrating patterns in terms of the

generalised coordinates is obtained.

The operation principles of the 3D-disc gyroscope, Bryan’s effect and Bryan’s factors are inves-
tigated. The eigenvalues, eigenfrequencies and Bryan’s factors for various boundary conditions
are determined and analysed using tables and graphs generated by means of CASs. To eliminate
the frequency split between the in-plane modes and the out-of-plane modes, appropriate thick-
ness and/or radii of the disc are selected. To account for structural non-idealities, the case of mass

imperfections is included.



1.4 PROBLEM STATEMENT

Gyroscopes operating in single axis and dual-axis forms are widely developed and batch-fabricated

(Tsai & Sue, 2008, [31]). A number of applications which require 3D motion has necessitated

the need for a detailed study of 3D-vibratory gyroscopes. Sung (2013, [32]) used three devices

comprising of a yaw, a pitch and a roll integrated into a single chip to sense tri-axial rotation. Johari,

Shah and Ayazi (2008, [33]) designed and used a thick (100) silicon, high-frequency, single-disc

gyroscope capable of sensing the rotation rate around the x and z-axes. The main problems that

this thesis tries to investigate and answer are the following:

e s it possible to derive a mathematical model for a single disc gyroscope that is capable of
sensing inertial rotation rates in multiple axes?

e If so, how can the equations of motion that describe the dynamics of the system be derived?

e What is the system of equations for this dynamic system?

e What are the analytical solutions for the vibratory system if the rotation rate is neglected?

e What are the operation principles of such a single 3D-disc gyroscope?

e What are the formulas for the components of inertial rotation rate?

e What are the models for Bryan’s effect and Bryan’s factors for a slowly rotating 3D-disc gyro-
scope?

e What are the techniques used to tune eigenfrequencies of in-plane modes and out-of-plane

modes to maximise the sensitivity of this disc gyroscope?

1.5 RESEARCH OBJECTIVES

The principal objectives of this thesis are:

e To model mathematically a single 3D-solid and annular disc gyroscope that is capable of sens-
ing rotation rates around three mutually-perpendicular axes;

e To derive the equations of motion and expressions for various associated boundary conditions
for the disc gyroscope that is capable of measuring rotation rates in three axes;

e To establish the various boundary conditions and solve the associated frequency equations to
determine the approximate eigenvalues of the vibrating system;

e To determine the eigenfunctions associated with both in-plane and out-of-plane modes graph-

ically;



e To show how the tuning of natural frequencies of both modes can be achieved to maximise the
performance of the disc gyroscope; and
e To determine the approximate values of Bryan’s factor and the auxiliary Bryan’s factors for

the disc-vibratory gyroscope.

1.6 SUMMARY OF CONTRIBUTIONS

The main contributions of this work are the derivation of equations of motion, formulation of
boundary conditions, and the numerical determination of the eigenvalues and eigenfrequencies.
The components of the rotation rate for a 3D disc gyroscope are formulated analytically. Bryan’s
factor and auxiliary Bryan’s factors are derived. In general, a mathematical model for a disc-
vibratory gyroscope that is subjected to a 3D rotation rate is developed. The contributions are

summarised in the peer-reviewed publications and conference presentations as listed below.

[1] SEDEBO, G.T., JOUBERT, S.V. & SHATALOV, M.Y. 2018. An analytical theory for a three-

dimensional thick-disc thin-plate vibratory gyroscope. Journal of Physics: Conference Series,

991(1) 012072: 1-8. [Online]: doi:10.1088/17426596/991/1/012072.

[2] JOUBERT, S.V., SHATALOV, M.Y., FAY, T.H. & SEDEBO, G.T. 2017. On Bryan’s law and
anisotropic non-linear damping. International Congress on Sound and Vibration (ICSV24), 23-27

July 2017, London, United Kingdom: 1-8. [Online]:
http://iiav.org/icsv24/content/papers/papers/full_paper 689 20170416152259242.pdf.

[3] SEDEBO, G.T., JOUBERT, S.V. & SHATALOV, M.Y. 2016. The dynamics of a 3-dimensional
vibrating and rotating disc gyroscope. 18th International Conference on Applied Physics and
Mathematics (ICAPM 2016), 8-9 September 2016, Singapore. Won best oral presentation award.
[Online]: https://waset.org/abstracts//52286.

[4] SEDEBO, G.T., JOUBERT, S.V. & SHATALOV, M.Y. 2017. On the dynamics of a 3D vibratory-
disc gyroscope. Science Faculty research day, TUT, 8 September 2017.

[5] SEDEBO, G.T., JOUBERT, S.V. & SHATALOV, M.Y. 2015. The dynamics of a thin disc-
vibratory gyroscope. Postgraduate Seminar in Mathematics, 29 November - 3 December 2015,

Nelson Mandela Metropolitan University, Port Elizabeth, South Africa.
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1.7 OUTLINE OF THE THESIS

This thesis is organised in seven chapters. Chapter 2 provides a comprehensive literature review
for the disc-vibratory gyroscope and Bryan’s effect. The dynamics of the in-plane, disc-vibratory
gyroscope is discussed in Chapter 3. This study is not limited to the vibration of thin-shelled disc
gyroscopes (as is the case for almost all of the results in the literature). The derivation of equations
of motion for the disc-vibratory gyroscope is undertaken using the variational principle. Various
boundary conditions and frequency equations are established and the associated eigenvalues and
eigenfrequencies are calculated numerically. In Chapter 4 the out-of-plane vibration of the disc-
vibratory gyroscope is modelled by the bending vibration of a thin circular plate. Similar to Chapter
3, the equations of motion for the out-of-plane vibration are derived using the variational principle.
The eigenvalues and the eigenfrequencies as well as the eigenfunctions relating to the bending

vibration of the disc-vibratory gyroscope are determined numerically.

Chapter 5 discusses the derivation of equations of motion of a tuning, disc-vibratory gyroscope
subjected to slow 3D-rotation. The kinetic energy and strain energy of the slowly-rotating and
vibrating disc are described in terms of four generalised coordinates namely, C, S, A and B.
The analytical theory of the tuning, disc-vibratory gyroscope with tuned resonant frequencies of
the in-plane and out-of-plane modes is presented. Numerical examples of tuning of frequencies
of both modes are investigated for various dimensions of the disc gyroscope. Investigations of
Bryan’s effect in terms of the integrals of the eigenfunctions are presented in this chapter including
quantitative examples of Bryan’s factor and auxiliary Bryan’s factors. The operation principle for
this 3D-disc gyroscope is discussed and analytical determination of the components of the inertial
rotation is provided. The results of this contribution is published in Sedebo, Joubert and Shatalov

(2018, [34]).

Chapter 6 introduces the notion of mass imperfection to the vibratory-disc gyroscope. Imper-
fections such as mass imperfection are the major sources of limitations in the performance of
vibratory-disc gyroscope, if left uncorrected. A coupled system of gyroscopic equations with mass
imperfections are derived. Frequency splitting as a result of mass imperfections in the in-plane
modes and out-of-plane modes of the disc-vibratory gyroscope are discussed. Both non-averaged

and averaged equations are obtained and qualitative inferences are included.
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Chapter 7 summarises and concludes the thesis. Potential future research areas are identified and
recommendations are made. A list of contributions to this study in local and international confer-

ences and refereed scientific journals is summarised.
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Chapter 2

LITERATURE REVIEW

A disc and its vibration properties subjected to classical boundaries have been widely studied
and are well-documented. Substantial amounts of information on the nature of both in-plane and
out-of-plane vibrations can be found in literature. Circular discs are used and applied in widely
different areas, amongst others, in nozzle covers, pressure vessels, pump diaphragms, turbine disks,
submarines, airplanes, railway wheels, brakes, hard drive discs and as sensors (Bashmal, Bhat
& Rakheja, 2011, [36]). Love (1893, [35]) derived the equations of motion for a thin circular
disc with a free edge and obtained an analytical solution. The bending of circular plates with
various boundary conditions are thoroughly discussed by Timoshenko and Woinowsky-Krieger
(1959, [37]). Bashmal, Bhat and Rakheja (2011, [36]) investigated and analysed the in-plane free
vibration of an annular disc with an elastic support at a point. The Rayleigh-Ritz method was used
to determine the various frequency parameters and the associated mode shapes. Leissa (1969, [38])
and Leissa and Qatu (2011, [39]) presented analytical solutions for both solid and annular plates
in terms of the Bessel functions subjected to various boundary conditions. Theoretical as well as

experimental results for frequencies and ratios of radii for nodal circles were calculated.

Analytical solutions for a rotor consisting of multiple flexible discs were obtained by Jia, Chun
and Lee (1997, [40]). The authors also investigated the effect of a flexible disc on the coupled
longitudinal vibrations that link the disc and shaft. A car brake disc, regarded as an annular plate,
was investigated by Ouyang ef al. (2000, [41]) and its equation of motion was derived using the
theory of a thin plate. The equations of motion were purely those of a thin circular plate because
the authors intentionally dropped the dynamics of the in-plane vibrations that involve gyroscopic
effects. The first disc gyroscope based on Piezoelectric material was investigated by Burdess
and Wren (1986, [30]). The authors proposed a thin piezoelectric disc gyroscope that utilises
its in-plane vibration properties to detect the rotation rate. The authors neglected the stresses
in the transverse direction of the disc to derive both constitutive and field equations. Singh and
Gorain (2004, [42]) reported another piezoelectric disc gyroscope which uses the piezoelectric
material PZT-5H for both excitation of vibration and detection of rotation. The disc structure has

certain advantages as compared to other structures, due to its symmetry, and it is less sensitive to
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bogus vibrations. The vibrating disc is not sensitive to temperature and hence the sensitivity is not

affected by temperature variations (Singh & Gorain, 2004, [42]).

The authors Hao, Pourkamali and Ayazi (2004, [43]) reported a single, silicon-capacitive, disc res-
onator based on an elliptic bulk-mode which is modelled as a solid circular thin plate with a free
edge and a support beam. The authors also calculated the mode shape and presented both theo-
retical and numerical results. The disc resonator presented by Hao, Pourkamali and Ayazi (2004,
[43]), similar to the one reported by Burdess and Wren (1986, [30]) and Singh and Gorain (2004,
[42]) uses the in-plane vibration mode properties with mode number m = 2, to measure the rota-
tion rate. Tsai et al. (2010, [44]) reported the design of a reciprocally, micro-disc gyroscope driven
electromagnetically. In their innovative design, the micro-disc gyroscope had a two-dimensional
angular rate, the first dimension “spinning” as a result of the electromagnetic drive force and the
second “tilting” as a result of the Coriolis effect. A high-quality, high-frequency, single-crystal,
silicon (SCS) disc resonator driven by capacitive means and operating at its elliptic mode with a
mode number m = 2 was reported by Pourkamali, Hao and Ayazi (2004, [45]) as a continuation
of their work in part I (2004, [43]). They provided the details of implementation and character-
isation of the SCS. Another elliptical mode (SCS) disc resonator was also presented by Wei and
Seshia (2014, [46]), where the frequency split between the in-plane modes is analytically formu-
lated. Johari and Ayazi (2007, [18]) presented a capacitive, bulk-acoustic disc gyroscope which
also operates in elliptic mode with m = 2, in its plane. They compared the performance parameters

of the disc gyroscope for both silicon (100) and (111) substrates.

Despite their high precision, mechanical, optic or ring-laser gyroscopes are all too bulky and too
expensive and these factors limit their use in recent emerging applications. Miniaturisation of me-
chanical gyroscopes is very difficult and this has created an opportunity for vibratory gyroscopes
that can effectively be miniaturised using micro-machining technology. The size of vibratory gy-
roscopes can be shrunken by an order of magnitude reducing their fabrication costs considerably.
Micro-fabrication also allows designers to integrate the electronics on the same chip, further reduc-
ing the overall size of the gyroscope. Micro-electromechanical systems (MEM) are a technology
that combines electrical and mechanical systems at a micro level (Acar & Shkel, 2009, [3]). As
a result of miniaturisation, extremely complex electromechanical parts can be assembled together
to create complete and sophisticated systems on a chip. This provides an opportunity for mass-

production of low-cost gyroscopes.
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Conventional gyroscopes such as mechanical, optic or ring-laser gyroscopes can only measure ro-
tation rates around one axis at a time. If there is a need to measure the rotation rate around three
mutually-perpendicular axes, one of these gyroscopes has to be used at a time for each axis. Gy-
roscopes operating in single-axis and dual-axis are widely developed and batch-fabricated (Tsai &
Sue, 2010, [47]). A number of applications which require 3D motion has necessitated the need for
a detailed study of multi—axis vibratory gyroscopes. Cooper (1996, [5]) proposed a gyroscope that
is able to measure rotation rates around all three, mutually-perpendicular axes. His investigation
was mainly of qualitative nature with finite element (FE) analysis. Sung (2013, [32]) used three
devices such as a yaw, a pitch and a roll integrated into a single chip to sense tri-axial rotation. Jo-
hari, Shah and Ayazi (2008, [33]) designed and implemented a thick (100) silicon, high-frequency,
single-disc gyroscope capable of sensing the rotation rate around the x and z-axes. Despite us-
ing the same disc, the sensitivity for each in-plane axis was measured at different times. Another
multi-axis gyroscope using the ring element as a resonator was investigated and the operation prin-
ciple was detailed by Gallacher et al. (2006, [48]). The authors presented the principle of a 3-axis,

ring gyroscope and outlined the process of prototype fabrication using MEMS techniques.

Johari (2008, [26]) introduced a single disc gyroscope capable of sensing rotation rates along
the x and z-axes, operating at high frequency. The operation principle is based on the Coriolis
coupling of in-plane and out-of-plane vibrations. The implementation of this gyroscope involved
revised the high aspect-ratio, poly and single-crystalline silicon (HARPSS) fabrication process and
used 40 pm-thick SOI substrates. A successful, mode-matched hollow-disc, dual-axis gyroscope
was reported by Sung, Dalal and Ayazi (2011, [49]). The gyroscope uses three in-plane and out-
of-plane resonant modes to achieve maximum sensitivity. Furthermore, the gyroscope uses its
in-plane elliptical mode as a drive mode and the two other orthogonal out-of-plane modes as sense
modes. Although the device reported on was capable of sensing rates of rotation around more than
one axis, it needed to be integrated to the yaw-disc to exploit it for measuring rotation rates around

three mutually-perpendicular axes.

G.H. Bryan (1890, [13]) in his 1890 experiment explained that the angular rate of a vibrating
pattern of a rotating ring is proportional to the inertial angular rate of the ring structure. This effect
is called Bryan’s effect and the proportionality constant is called “Bryan’s factor”. Bryan’s effect
laid the foundation for the physics of present-day, vibratory-disc resonator gyroscopes (VDRGs)

and hemispherical resonator gyroscopes (HRGs). Bryan’s effect has many applications such as

15



in the fields of navigation, seismology and cosmology (Coetzee, 2008, [15]). Coetzee (2008,
[15]) investigated the dependence of Bryan’s factor on various physical and geometric parameters
of a spherical body. Bryan’s effect for a cylinder with a vibrating lateral side was discussed by
Voges (2006, [50]). Joubert, Shatalov and Fay (2009, [51]) obtained approximate but extremely
accurate values for Bryan’s factor in terms of integrals for isotropic rotating structures. Pretorius
(2007, [52]) studied Bryan’s effect for a thin disc subjected to an inertial rotation. Analysis of the
effects of isotropic, non-linear damping on Bryan’s effect was performed by Joubert, Shatalov and

Manzhirov (2013, [53]).

To date, there is no example with sufficient detail, of a 3D, single-disc vibratory gyroscope, avail-
able in the literature. For this reason, this thesis is devoted to the investigation of a single-disc
vibratory gyroscope that is capable of measuring 3D rotation rates. To accomplish this investi-
gation, the equations of motion that describe the dynamics of the 3D-disc vibratory gyroscope
are derived, the operation principle is devised, the rotation rates are determined analytically and

Bryan’s factors are investigated in subsequent chapters.
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Chapter 3

IN-PLANE DISC-VIBRATORY GYROSCOPE

3.1 INTRODUCTION

In this chapter, the in-plane vibrations of the disc-vibratory gyroscope are investigated. The equa-
tions of motion and boundary conditions describing the in-plane vibration of the disc are derived
and discussed. Only the vibration of the disc in its plane mode resulting from extension and shear

are emphasised in this chapter.

3.2 ELASTODYNAMICS

Elasticity of materials is defined as the subject that deals with the stress, strain and displacement
of an elastic solid (Sadd, 2009, [54]). The main idea behind the theory of elasticity is that the
deformation of the body due to an external load is small with respect to unity, which allows for the
establishment of various mathematical models in numerous areas of application in engineering and
science. A perfectly elastic body returns to its natural undeformed state when all loads or external
forces are removed (Achenbach, 1973, [55]). Throughout this thesis, wherever applicable, only
aspects of linear elasticity are used. Fan (2011, [56]) reduces the basic assumptions of elasticity to

the following core ideas:

e Continuity of the medium: The medium in which the field variables are considered is uniform.
From this, it follows that the field variables are continuously differentiable functions of the

spatial coordinates.

e Homogeneity of the medium: The physical constants of the medium do not depend on spatial
coordinates.

e Small deformations: The strain components as a result of deformation are less than unity.

e Rigid body motions are not part of the deformation of the body.

3.2.1 Strain-displacement relations

If an elastic body undergoes deformation due to external loads, its shape or volume varies. Below,
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the strain-displacement relations are shown for the cylindrical coordinates (r, ¢, z) of an elastic

body that undergoes deformation:

ou 1 ov ow
ET—E,ELP—;(U—I—G—SO),EZ—a, (3.1)

where u is radial displacement, v is tangential displacement, w is axial displacement, ¢, is a tensile
strain in the radial direction, €, is a tensile strain in the tangential direction and €. is a tensile strain

in the axial direction. The shear strains are given as follows:
18u+8v v 8u+8w and 18w+8v
€rp=——F - —— €=+ —ande, = —— + .
Yorde  Or r dz  Or v rdp 0z

For the deformation of a perfectly elastic body, the infinitesimal or differential displacement is a

(3.2)

continuous function of the coordinate axis. Tensile strains given by Equation (3.1) are obtained
from the diagonal elements of the displacement-gradient matrix, while shear strains given by Equa-
tions (3.2) may be obtained from the symmetry of the displacement-gradient matrix (Yenwong-Fai,

2008, [57]).

3.2.2 Hooke’s law

Hooke’s law for isotropic material in cylindrical coordinates may be written in its general form as:
op = A& +e,+€)+2pue;
o, = A +e,+e€,)+2ue,; and (3.3)
o, = MNe +e,+e)+2ue;

where o,, 0, and o, are the tensile stresses, in radial, tangential and axial directions respectively,

A and p are the Lame coefficients. The shear stresses are:

Orp = MHErp,
Ory = €n; and (3.4
Opr = HEps.

For an isotropic material the strain-stress relationship in cylindrical coordinates is summarised by

and represented in the matrix shown below (Reddy, 2004, [58]):

€r 1 —n —n 0 0 0 oy

€ -n 1 —-n 0 0 0 Oy

€, R e/ /| 0 0 0 o,
%ew - E 0O 0 0 147 O 0 Orp |’ (3-5)
%EW 0 0 0 0 147 0 o
5€rz 0 0 0 0 0 147 Ors

18



where F-is modulus of elasticity, n-is Poisson’s ratio. The Lame¢ constants are:

nk E
A= sand u=G=————. (3.6)
(L+m)(1—2n) 2(1+mn)
The following relationships can be obtained from Equation (3.6) (Redwood, 1960, [59]):
(3N + 2u) A 2
E=" """ p=—" _andk=)\+ -u. 3.7
Arp T o0 ™ L S

Here ;o = G-is shear modulus and k-is bulk modulus..

3.2.3 Equilibrium equations

The equilibrium equations or Navier’s equations for an isotropic solid with a material density p in

cylindrical coordinates (Redwood, 1960, [59]) are:

2, W _20v o (Lo 1ov  ow) _ O
,u(Vu 2 T28w)+(A+u)8T (TaT(Tu)—I-Ta@—I-aZ = Pops (3.8)
o v 20u 90 (10 10v  ow\ &,
,u(Vv r2+r28<p)+(>\+'u)8<p (T@T(TU)+T8@+8Z B p8t2,and (3)
d (10 10v  Ow 0%w
2
—_ _— _— _— = _ '1
uv w+(A+u)aZ (TaT(Tu)—I-Ta(’O—I-aZ) P o (3.10)

3.3 THE SINGLE-AXIS, DISC-VIBRATORY GYROSCOPE

Consider an annular disc of thickness i with inner radius a and outer radius b that is rotating slowly
at rate Q = £Qk. Assume that dm = phrdrdy is an infinitesimal element of the disc located at a
distance r from the origin as shown in Figure 3.1 on the disc, with radial displacement given as u
and tangential displacement as v from the position of rest. The element dm has a polar angle ¢,
measured from the x-axis with terms: mass density p of the disc and Poisson’s ratio 7. It is also
assumed that the thickness / is much smaller than the typical in-plane dimensions of the disc, that

is, h << min(a, b) and hence the disc is "thin".

Assume that the disc rotates around its axis (z) with an inertial angular rate of 2 = eQk where ¢ is
a small parameter and k: is the unit vector in the direction of increasing z. From this, the absolute
velocity of the element dm is:
V=(ua v o) +QxFR (3.11)
with:
Q=(0 0 ¢2)";and (3.12)
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R=(r+u v 0); (3.13)

and 7' is the transpose of a matrix, while %, v and w = 0 are the derivatives of u, v and w
respectively with respect to time. The absolute linear velocity can now be written as (Joubert,
Shatalov & Fay, 2009, [51]):

V = (i — Q) 7 4 (0 + eQ(r +u)) ¢ + Ok; (3.14)

were 7, ¢ and k are the unit vectors in the increasing directions of r, ¢ and z, respectively.

dm-p-h-rdrde

Figure 3.1: A slowly rotating annulus with inertial rotation rate 2 —eQk, with inner radius a, outer
radius b and thickness h with vibrating disc element of mass dm = phrdrdy at its position of rest
with polar coordinates Oryz

3.3.1 Lagrangian and density

The kinetic energy of the vibrating and slowly-rotating disc (Joubert, Shatalov & Fay, 2009, [51])

1 h 27 b I
K = —/ / /p(V-V)ngpdrdz
2 0 0 a

/27r bohr . > . 2
- [ /az(@—gszm (0 + £Qr +u))?) drdp. (3.15)

Assuming that the inertial rotation £€) is much smaller than the lowest eigenvalue of the system,

is given by:

terms of order O(¢?) are neglected. The centrifugal forces that are proportional to (5(2)2 are also
neglected. The term 2720 in the expression of the kinetic energy is neglected because it disap-

pears in the Euler-Lagrange equations. Thus one obtains the following approximate expression for
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the kinetic energy:

2 bph?“
K~ / / 3 (4 + 9% — 2eQ (iw — ud)) drdep. (3.16)
0 a

Please take note of the dot and prime notations used for derivatives elsewhere in this chapter:

_ ou . w , Odu , Ou , v , v

— —_ e — = — = — = — 3.17
“ o T o T o e T 0 T o e T g G

Pu , Pu , P*u , Ou

. _ _ _ O, 1
u 8t2 Y uT’T’ 8T2 ? u(p(p 8(102’ u?"ip 8T(10’ (3 8)
. 0% 0% 0% v
Po= G U= g Yee = gt and v, =50 (3.19)

In order to calculate the strain energy (the potential energy) it is assumed that the in-plane dis-
placements u and v and their derivatives do not influence the mid-plane curvatures (x; and x,) and
torsion (7). This assumption corresponds to the simplification of the Novozhilov’s theory of thin
shells to the Novozhilov-Goldenveizer theory of shallow shells (Leissa, 1993, [60], Novozhilov,
1970, [61]). In the Novozhilov-Goldenveizer theory, it is accepted that the curvatures and torsion

become (Soedel, 2004, [62]):

1 0 1 ow 1 04 0w

T T A o (A1 8a1) T A2 00 Dy (3.20)
1 0 1 ow 1 04, dw

T T A0y \ A - =0; 21

e Ay Dary (A2 8a2) A2Ay Doy Day and (3.21)

2
~ 1 ( 0*w 1 0A; Ow i%@_w)zo; (3.22)

T _A1A2 80&180&2 B A_1 80&2 80&1 B AQ 80&1 80&2
where A; and A, are the Lamé parameters and the axial displacement is w = 0. The parametrisa-

tion of the mid-plane of the disc is as follows:

T =Q1C080o; Y =aaisinag; 2z =070 (3.23)
where:
ap =T Q= Q. (3.24)
The corresponding curvatures are:
1 1 1
lim —=0; — =—; 3.25
R1£I£IOO Rl b R2 T? ( )

The strains in the mid-plane of the disc are then calculated as: (Soedel, 2004, [62])
1 Ouy 1 0A ug  Ou /

L A 2
A1 80&1 * A1A2 80&1 vzt R1 or s (3 6)

1 Ouy 1 0A, uzs 1 o 1

A, o T > == L) 2

Ay Oty + A A, Do Uy + R (u+ 8@) . (u+v)); and  (3.27)

A 0w Ay O us 1 [/ 0u ov 1

(Ut . Y ov _ Lo N o '
Lo A T A 00 A, " ( e v) + 5, =, (W) —v. (328)

g1 =

g1 =
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In accordance with the theory of a thin shell (Soedel, 2004, [62]), it can be seen that:
U =u; Uy =0v; uz=w =70 (3.29)

and the metric coeflicients are:

or \? dy 2 92\’
A = ¢(@) + (@) + (@) = 1; and
or \? dy 2 9z \>
Ay = \/(&“2) + (&“2) + (&“2) =T. (3.30)

The strain energy of deformation in thin shells (Novozhilov, 1970, [61]) is:

27 b
Eh 1—7n
P = e =+ 249 2| rdrdpd
f /0 /a2(1_772) {51%—52%— ne1€s + 9 ]rrgpz

21 b 3
Eh -
+ / / = G+ + 2nxxe +2 (1 — ) 7P rdrdedz. (3.31)
0 a 24 (1 -0 )
The first part of Equation (3.31) is the strain energy of extension and shear, whereas the second part
is the strain energy of bending and torsion. The terms €1, 5 and T are given by Equations (3.26),
(3.27) and (3.28), respectively, whereas the terms x;, x, and 7 are given by Equations (3.20),
(3.20) and (3.22), respectively. In an attempt to model a 3D (multi-axis) disc-vibratory gyroscope,
it is assumed that the in-plane and out-of plane vibrations are independent (Rourke, McWilliam &

Fox, 2005, [63]). Hence, the strain energy of in-plane vibrations after substitution of Equations

(3.20), (3.20), (3.22), (3.26), (3.27) and (3.28) into Equation (3.31) yields:

P = e bi g2 4+ &2 4 2peqe +ﬂT2 rdrdodz
B o Jo Ja2(1—7?% ! 2 e 2 4
21 b
E 2 1 7\ 2 277 ’ /
— h/o /a2(1_772) {ur +ﬁ(u+v¢) +7ur(u+v¢)+

1-— Ui 1 / / ?
{— (uw + ’UT) — v] rdrde. (3.32)

r

2

The Lagrangian of the system with regard to in-plane vibration is:

L = K-P
2 b,r
= h/ /2{p(u2—|—i}2—25§2(uv—u2’1))—
0 a
E

/’ 1 ! 2 2/’7 ! !
= {uf + 3 (u+ er) + U (u+ er) +
11— n 1 / / 2
— | (uw + ’UT) —v drdep. (3.33)
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The Lagrangian density function is the integrand of the Lagrangian given in Equation (3.33):
L= {p (i +" — 20 (i — ui)) —

1 ?772) {uf + r_12 (u+ U;,)Q - 277724 (u+v))+
1;277 E (u, —v) + v;] 2 } : (3.34)
then:
I = 11 (@, 9, ., vy, U, U, U, V) ; (3.35)
and the Lagrangian is:
L= h/%/bH (1, 0, up., 0], ul, 0], w,v) drdep. (3.36)
0o Ja

Note here that the Lagrangian density function II for in-plane vibration does not depend on the
thickness of the disc, which helps the tuning of in-plane natural frequency of the disc with its

out-of-plane natural frequency.

3.3.2 Generating equations

Hamilton’s variational principle (Goldstein, Poole & Safco, 2000, [64]) states that of all possible
paths by which a point in the system could travel from, its position at time ¢; to its position at
time ¢, the system takes the path for which the action integral A, is stationary. The action integral

(Goldstein, Poole & Safco, 2000, [64]) is given by:

Ay = /t2 Ldr. (3.37)
By means of Hamilton’s variational principle, theti/ariation of action is mathematically written as:
0A; = 5/t2 Ldr = ; oLdr =0, (3.38)
provided that b !
u(t=1t) =du(t=1y)=0 (3.39)
and
o (t=t1) =o0v(t=ty) =0. (3.40)

In what follows, Hamilton’s variational principle is used to derive the equations of motion as well

as a set of possible boundary conditions, assuming that €{2 = 0 in Equation (3.34).
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The variation of A, for a vibrating disc using Equation (3.36) is:

t h 2T b
0A; = / / / / olldrdpdzdr
0o Jo Jo Ja
t 2T b
= h// /5Hdrd<,0d7‘;
0 0 a

where it 1s assumed that:

and
0Ag=0 with dul__o, = dv[ o, =0.
From Equation (3.35), 011 can be calculated as follows:

ol . O o, ol
oll = %5u+%5v—l—au;5ur+8w§vr+
II
ol dul, + ol 5v;+f8H5u—l—7a v.

u, ¥ 0, ou Jv
Keeping the product rule of differentiation in mind, an example would be:

0 (8H5u) 88H5u+81'[5u2;

or \ ou. - Oroul ou!,
and so the third term of Equation (3.44) is:

ol _ o0 (oIl 5 0 OIl 5

ou, U= oy (824 u) - Oroul, u.

Continuing in this fashion with all the terms in Equation (3.44) the following is obtained:

0

(oom oon oon oy,
Ot du ~ Irodu, ~ Opou, Ou
(2om, 00, 0o _omy,
or v~ Ir v, dpdvl, v

V.
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(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



Hence, substituting Equation (3. 47) into Equation (3.41) the variation of action becomes:

0A; = /%/ / a9 (5u gnév) drdrdy +
//&/&( 2 )mwm+
[ 72 (o ) -
RO S

0 8H 0ol 0 oIl 0l
g 4
/ / / (87' ov  Or ov! + Oy (% (%) Ovdrdpdr. (3.48)

Performing integration on the first, second and third terms of Equatlon (3.48) yields the following:

T=t
0A; = / / (—5u a—Hév )drd<,0+
8,U 7=0
L) | B L 1|
h/o /o (au ) r:a—l— v r:a,) dodT +

5 |
©

t b =27
h / / ( ot ou 0V ) drdr —
o Ja \ Ou o Ov o0

o Jo S, L\oraa T orow T apou,  ou)!
9ol 9ol o9 ol ol
(aﬂ% + orau + oo, 81}) 57;} drdpdr. (3.49)

The method of variation requires that du| _, = du| __, = dv| _, = 6v| _, = 0. Furthermore, due

0Vl g = 0|

to the continuity of the disc in the circumferential direction, du,_, = du

=27 p=2m">
=27 p=2m
(;91'/[ = 81_,1 and 81_,1 81’/[ . Hence —du = 81_,1 ov = 0. This
u‘P =0 8u§0 p=2m 8U‘P =0 8U‘P p=27 8'& =0 8U‘P =0
means that Equation (3.49) simplifies to:
21 r=b 8]:[ =b
A pr—
o= f &w "o ()w“+
/ / / g 8_H o0 Ol 8 oIl oIl Su—
or 8u Or ou!, 8@0 8u  ou Y
0 oIl 0 011 0 oIl oIl
(@a + an{q + %8’&) 8’&1) 5’&1} d?“d(,DdT (3.50)
By means of inspection, if displacements u and v could be determmed such that:
oon oo oo on a5t
Or 0 Orou.  dpdu, Ou '
0 oIl 0 011 0 oIl oIl _ 0 (3.51b)

o 00 " orou, " opou, v
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H r=b
0 ou = 0; and (3.52)
oul,|,_,
and \
m._ |~
0 —0v = 0 (3.53)
o, |._,

then this would "solve" the equation 6 A4 = 0.

From Equation (3.52):

)0 N 1 | oIl
) = ) — ) = 0. 3.54
ou!, b —  Oul b —p  Oul b —a ( )
The above would occur if:
oIl
ou =0; (3.55)
au;" r=b
and
11
0 ou =0. (3.56)
oul, |,_,
But Equation (3.55) implies that:
oIl
| =0 or dul._,=0;
which would occur if:
oIl
=0 or wu|_,=0. (3.57)
oul | _,
Similarly, Equation (3.56) occurs if:
oIl
=0 = 0. 3.58
au; —b Or u|7’:b ( )

Similar arguments result in the following combinations of boundary conditions (BCs) that, together

with the partial differential equations (PDEs) (3.51a) and (3.51b) satisfy § A, = 0:

o1l
=0or u|,_, =0and 507
v

r=a r

o011
o’

T

on
Cou!

T

oIl
au;" r=b r=b

For example, boundary conditions u| _, = 0 and v| _, = 0 correspond to fixed edges of the disc

oIl
= (0 and
and -

r=a (s

=0or v|,_, =0;and

r=a

r = b: =0or v|,_, =0. (3.59)

=0 or u|,_, =0and

= 0 correspond to free edges at r = a.

r=a

while

o’

T

The variational method provides boundary conditions for free edges of the disc that are unambigu-

ous. Indeed, = 0 is equivalent to setting o,.| _, = 0 (that is, there are no radial forces at

r=b

11
ou!,
r = b) while al

ov!

T lr=b

r = b). Hence, assuming that there are no tangential forces at » = b (that is choosing | _, = 0)

r=b

= 0 is equivalent to setting o,.,| _, = 0 (that is, there are no shear forces at

does not yield the correct boundary condition. Setting o, = 0 as a boundary condition for a free
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edge is an infamous historical error that was corrected using the variational method.

3.3.3 Explicit equations of motion

It is important to keep in mind that the primary goal is to determine the displacements u(r, ¢, )
and v(r, ¢, t), assuming that inertial rotation £{) = 0. By substituting the Lagrangian density given

by Equation (3.34) into the two PDEs (3.51), the following is obtained:

pd—mn) . 1—17 1 147 3—1 _
g T rul. —ul — 5 ug,, + U= vy, + = v, = 0;(3.60a)
pl—mn) . 147 3—1 1—17 l—n, 1 1—1
PR Uy, — 5 u, — ?rv:fr - | — ;Uge@ to v = 0.(3.60b)

Following standard methods in the linear theory of elasticity (Landau & Lifshitz, 1975, [65]) and

using the "grad-curl" representation of the displacements (vector functions) u and v yields the
g g p p y

u | <I>;—|—%\1120
HEER o0

where ® = ®(r, p,t) and ¥ = U(r, ¢, t) are scalar functions, called potential functions. The

following:

usual prime notations (' and ") are used for first and second partial differentiations, respectively
with respect to the subscript variable. These potential functions are considered to be new variables.

The derivatives of u and v are given as follows:

ul = " — 7}2@; + img;.; (3.62)

W= WS W
SR A A T (3.63)
W = W (3.64)
W, = @4 W and (3.65)
W, o= W (3.66)

and the second-order derivative of u with respect ¢ becomes:

i=d + 714\11%0 (3.67)
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Similarly, the derivatives of v are obtained as follows:

o = —7}2¢; n 71«% — 0, (3.68)
- L AT AL T T (3.69
o= e (3.70)
=l W and (3.71)
R T ARL A 1% (3.72)

and the second-order derivative of v with respect ¢ becomes:

PRy s (3.73)

ro ¢
Substitution of Equations (3.62), (3.63), (3.64), (3.65) (3.66) and (3.67) into Equations (3.60a)
and Equations (3.68), (3.69), (3.70), (3.71) (3.72) and (3.73) into Equation (3.60b) after extensive

simplification (see Pretorius (2007, [52])) yields:
—n?) . 1—73). 1-—
-2 {Mcb - v2<1>} + aﬁ {p( ) nVQ\IJ} — 0:and (3.74)
¥

or FE FE 2
O [pl—n*): s O [pl=n")s L1-=m_o | _ .
a@{ R A UV = 0, (3.75)

where:

P10 18
Cor2 ror r20g?
is the Laplace operator in polar coordinates. If one can determine scalar functions ¢ and W that

\Y% (3.76)
solve the partial differential equations (PDEs) given by Equations (3.74) and (3.75), then these
solutions yield solutions for u and v given by Equation (3.61). By inspection, if one makes the

choice that the scalar potential functions ® and ¥ must satisfy the partial differential equations:

—_— 2 .

p(1 77)<I> — V20 (3.77)
E

w\if _ V20 (3.78)

then these functions satisfy Equations (3.74) and (3.75). From the standard theory of linear partial
differential equations (PDEs) (Asmar, 2005, [66]), harmonic solutions of the form:

O(r,t,0) = ¢(r)cos (wqt + 6) cos mep; and (3.79)

U(r,t,p) = (r)cos (wgt + 0)sinmey; (3.80)

are suitable candidate functions that solve PDEs in Equations (3.77) and (3.78), respectively. Here
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1

wq is the circular frequency (eigenvalue) or angular frequency', with 6 as some phase angle and
the positive integer m is the circumferential wave number that is obtained from the fact that both ¢
and ¥ are periodic in the variable (¢ with period 27. Substituting Equations (3.79) and (3.80) into
Equations (3.77) and (3.78), respectively, yields two ordinary differential equations (ODEs):

d2¢) 1 dd) 2 m2
g |:(DEWd) - F} ¢ = 0 (3.81)
d2’¢1 1 d’(/) 2 m2
2 T T (Dowa)”™ — gy Y = 0 (3.82)
where:
2
Dy = p(lE”); (3.83)
and
2p(1
De = p(;”). (3.84)

Both of the ODEs in Equations (3.81) and (3.82) are Bessel’s ODEs of order m and have respective
solutions (O’Neil, 2007, [67]) of the form:

d)(’l“) = 01J7n(k717“) + CQY;n(kfl’l“), and (385)

Y(r) = Csp(kor) + CaYon(kor); (3.86)
where J,, is Bessel’s function of the first kind of order m and Y, is Bessel’s function of the

second kind of order m with C;_; 34 being arbitrary constants. Furthermore, k1 = wyDp =

2p(1
— Dawy = Wy M

1_ 2
PL=T) nd b, =

Wy B

Now Equations (3.85) and (3.86) are substituted into Equation (3.61). Using a CAS such as MATH-

EMATICA(R) or MAPLE™ or by using the well-known identity:

d m
%Jm(ar) = ?Jm(Oé’l“) - aJ7n+1 (O‘T); (387)
solutions for the displacements are found to be:
u(r,o,t) = U(r)cos (wqt + 0) cosmeyp; (3.88)
and
v(r,p,t) = V(r)cos(wgt + 0)sinmey; (3.89)

where the functions U(r) and V' (r) are the eigenfunctions (form-factors) which have to be deter-

The angular frequency w, = 27 f where f is the frequency of vibration of the disc.
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mined, namely:

1
Ur) = 501DEwd(Jm_1(DEwd7“) — Jmr1(Dpwgr)) +

1
§C2DEwd(Ym—1(DEwd7“) — Y1 (Dpwar)) +
m(Cng(DGwdT) + C4Ym(DGwd’l“)) .

- . and (3.90)
Vi) = _m(Cljm(DEwdr)T—l— CoYn(Dpwar))
%CgDGwd(Jm_l(DGwdT) — Jmy1(Dewqar)) —
%C’4Dgwd(Ym_1(DGwdT) — Y1 (Dawar)). (3.91)

For a solid disc with a = 0, the Neumann’s function Y;,(«r) is singular at 7 = a = 0, thus

Cy = Cy = 0, because the amplitude of vibrations is finite. Consequently, the eigenfunctions have

the form:
1 mCsJ,,(Dgwgr
Ur) = 501DEwd(Jm—1(DEwd7“)—Jm+1(DEwd7“))+ 3 5 Gd ); (3.92)
and
mCJ, (Dgwar 1
Vir) = - 5 par) _§C3DGWd(Jm—1(DGCUdT)—Jm+1(DGwd7“)). (3.93)

3.3.4 The explicit boundary conditions

Substitution of the Lagrangian density from Equation (3.34) into the boundary conditions in Equa-
tion (3.59), gives:

T:a’b u|r=ab = Oor |:u;"+ﬂ(vil,0+u):| :Oa
’ r=a,b

and | = Oor {UL +- (ul, — v)} =0; (3.94)

r=a,b

respectively.

Substitution of Equations (3.88) and (3.89) into Equation (3.94) for the non-trivial case yields:

r=ab U — Oor [U’(T) + g (mV(r) + U(r))} — 0

r=a,b

and V(r)| 0 or {V’(r) — % (mU(r) + V(T))] =0. (3.95)

r=a,b



Consequently, when a # 0 there are four arbitrary constants in Equations (3.90) and (3.91) and
four boundary conditions in Equations (3.95) and hence eigenfunctions U(r) and V(r) can be
determined explicitly. On the other hand, if the disc is not annular with a = 0, there are two
arbitrary constants in Equations (3.90) and (3.91) with two boundary conditions at the outer edge

of the disc, that is:

r=b U(r)|,_, = Oor [U’(r) + g (mV (r) + U(T))L:b = 0;
and V(r)|,_, = Oor |:V,(7“) — % (mU(r) + V(T))] = 0; (3.96)

and consequently eigenfunctions U(r) and V(1) can be determined explicitly. In the next section,

solutions of a flat disc vibrating in its plane with various boundary conditions are investigated.

3.4 NUMERICAL DETERMINATION OF THE EIGENVALUES AND EIGENFRE-
QUENCIES OF THE IN-PLANE VIBRATIONS

In this section both solid and annular-disc boundary conditions are considered. The eigenvalues
and eigenfrequencies are determined numerically and the normalised displacements are obtained

graphically taking the mode number m = 2 as an example.

3.4.1 Solid disc clamped at its edge

For a solid disc clamped at its edge, the boundary conditions in explicit form using Equation (3.96)
can be written as:

r=b U(r)|,_,=0and V(r)|,_, =0. (3.97)
Now substitution of Equations (3.90) and (3.91) into Equation (3.97) gives a matrix equation which

may be written as:

11 Qg2 4 _n. .
( - ) ( C, ) = 0; where: (3.98)
—-—
My
1
ay = §DEWd [Jm_l(DEwdb) - J7n+1(DEde)] !
me(DGwdb)
a9 = T;
m D
I _M; and
1
Aoy = —EDGwd [Jm—l(DGde) - Jm+1 (DGwdb)] .

The functions Y,, i, Y,, and Y,,,; in Equations (3.90) and (3.91) are singular at a = 0, thus
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Cy=Cy=0.IfC1 =1, then:
Cy— o (wa) _  3Dpwq [Jm—1 (Dpwab) — Jm+1(DEwdb)]. (3.99)
ars (wq) mJm (Dgwab)

b

The only unknown quantity in Equation (3.99) is the angular frequency w,. For a non-trivial solu-

tion of Equation (3.98) the determinant of the coefficient matrix vanishes. That is:

A (wq) = det (M;) = 0. (3.100)

Table 3.1: Material constants and geometric parameters of the solid disc

Parameter name Parameter symbol Unit Value
Thickness h m 1.7106 x 103
Radius b m 1072
Poisson’s ratio n 3.3x 107!
Material density p kgm™3 2.7 x 103
Young’s modulus E Pa 70 x 10°

Equation (3.100) is known as the characteristic equation of the boundary value problem (BVP).
Using a CAS to solve this transcendental characteristic equation yields, for each circumferential
wave number m, a sequence of eigenvalues wg, ; (k= 0,1,2,3,- - -) with:

Wam,0 < Wam,1 < Wam2 < * - - (3.101)
The eigenvalue wg, o 1s called the fundamental vibration eigenvalue while wg;, ; is called the first
overtone vibration eigenvalue, and so forth. Results for the fundamental and the first five over-
tone vibration eigenvalues and the associated eigenfrequencies are given in Table 3.2 for the disc

clamped at its edge for m = 2.

Table 3.2: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of a clamped solid disc vibrating at m = 2

k Wa2.k (rads_l) fo = 22k (Hz)
0 1.362852 x 106 216904.6854
1 1.784281 x 108 283977.2867
2 1.904047 x 108 303038.5248
3 3.126511 x 106 497599.7893
4 3.621574 x 106 576391.5361
5 4.093600 x 106 651516.8309

A plot of the function f(wq) = In|A (wq)| appears in Figure 3.2. The radial and tangential dis-
placements (eigenfunctions) of a clamped solid disc vibrating at circumferential wave number

m = 2 are shown in Figure 3.3. It can be clearly seen from the figure that both tangential and ra-
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Figure 3.2: The function f(wy) = In|det (IM;)| produced by the CAS for a solid vibrat-
ing aluminium disc of radius b = 1cm, circumferential wave number m 2, density

p=2.7x 10> kg. m3, Young’s modulus £ = 7 x 10'° Pa and Poisson’s ratio v =

W= ||

dial displacements are zero at the clamped edge of the disc. Local maxima for both displacements
seem to be at about half-way between the centre and the clamped edge of the disc. It is also evident
from the solution that the displacements are not equal to zero at the centre of the disc. Note that this
approximate calculation is made for the fundamental eigenvalue wge o = 1.362852 x 10°rad s™*

of the disc gyroscope vibrating in its plane with mode number m = 2.

Eigenfunction
10F

05

=05

=10F

Figure 3.3: The eigenfunctions U (blue curve) and V' (red curve) divided by their maximum-mod-

ulus corresponding to the eigenvalue wyy = 1.362852 - - - x10%rad.s™! for the aluminium solid
disc clamped at the edge and mentioned in Figure 3.1
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3.4.2 Annular disc clamped at both edges

As before the disc is assumed to be isotropic and obeys Hooke’s law. The boundary conditions for

the annular disc clamped at both edges can be written as:

U(r)| =0and V(r)] = 0.

r=a,b r=a,b

(3.102)

Once again substituting Equations (3.90) and (3.91) into Equation (3.102) results in the frequency

(characteristic) equation in its matrix form as:

with:
a11
45D)
a3
Q14
21
22
23
24

atr = a and:
asi
a32
as3
34
Q41

Qg2

Q43

Q44

a1 G2 G13 Q414 Cy
Qo1 G2z Q23 024 Cy —0:
31 A4z G33 0a34 Cs ’
41 Q42 Q43 Q44 Cy
N -~ _
D

mJdm (k; (wa)a) Ts1 (k1 (wa) @) k1 (wq) ;

Yoo (k1 (waa@)) = Ying (k1 (wa) @) k1 (wa) ;
(k2 (wa) a) ;

<

SAEEIEENE
3
F
€
&
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2[3=]3
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- mdy (k‘; (wa) @) + g (ko (wa) a) ko (wq) ; and
_mYy, (k‘; (wa) a) + Yoyt (k2 (wq) @) ks (wq) ;

md,y, (kg (Wd) b) - Jm+1 (kfl (Wd) b) k1 (Wd) ;

% (k1 (Wab)) = Yongr (k1 (wa) b) by (wa) ;

7 Im (K2 (wa) ) ;

o (ks () D)

5 I (k1 (wq) b) ;

- ) Tovr (b (wa) ) b () and

_ + Yinpa (B2 (wa) ) ka (wa) ;
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atr = b.

The eigenfunctions U (1) and V' (r) can thus be written as:

v = o (M gk e0) +
Co (Yo (ks @) = Yoo (ks () ) s ()
70 (U (ke (wa) 1) + 7 G (1Yo (ke (wa) 7)) (3.104)
and:
V() = = Ci (b (@a)7) = CoYip (k1 (wa) )

Cy (_m‘]m B2 a)T) 4 s (b ) ) (w))

c, (—my’” (kj (wa)r) | Y1 (ko (wa) ) ko (wd)) . (3.105)

As in the previous section the characteristic equation of the matrix D; of Equation (3.103) needs
to be zero for non-trivial solutions of ( Cy, Cy C5, C4 )T. The roots of the resulting char-
acteristic equation give the eigenvalues for the vibrating disc. The fundamental eigenvalue and
the first five overtone eigenvalues with the fundamental eigenfrequency and the first five overtone
eigenfrequencies for a disc clamped at both edges are given in Table 3.3. In this case, once again

m = 2.

Table 3.3: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at both edges and vibrating at m = 2

k waz  (rads™?) for = Z52* (Hz)
0 1.681977 x 108 267695
1 1.202229 x 106 350495
2 1.249287 x 108 517140
3 3.628088 x 106 577482
4 3.355487 x 106 693197
5 4.204516 x 108 828324

For annular disc clamped at both edges, both radial and shear forces are non-zero at either edges.
Thus, as can be seen from Figure 3.5, with an increase in the inner radius, both radial and tangential
displacements decrease, but both displacements completely vanish at the edges. The shear and

radial forces are stronger at the clamped edges than elsewhere on the disc.
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Figure 3.4: The function f(wy) = In|det (D;)| produced by the CAS MATHEMATICA(R) for an
annular vibrating aluminium disc of inner radius a = 0.1 cm, outer radius b = 1 cm circumferential
wave number m = 2, density p = 2.7 x 10*kg. m~3, Young’s modulus £ = 7 x 10'° Pa and

Poisson’s ratio v = %

3.4.3 Annular disc clamped at inner edge and free at outer edge

This section demonstrates how to obtain an explicit approximate solution and hence the eigenvalue
w, and corresponding eigenfunctions U(r) and V' (r) for a disc with fixed inner boundary and free

outer boundary, that is:

U@ = 0, V(a)=0; (3.106)

and
bU'(b) +n(mV(b) +U(()) = 0, bV'(b)— (mU(b)+ V(b)) =0. (3.107)
By substituting Equations (3.90) and (3.91) into Equations (3.106) and (3.107), a system of 4 x 4

equations is obtained and can be written in matrix form as:

a11 G2 aiz a4 Cy
21 G22 A23 A4 Cy —0 (3.108)
asr sz a3z (34 C3 ' '
41 Q42 Q43 Q44 Cy
N —~ _
D3
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Eigenfunction
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—0.5F

L0

Figure 3.5: The eigenfunctions U(r) and V' (r) (divided by their maximum modulus) correspond-
ing to the eigenvalue wo o = 1.681977 x 10°rad. s™* for the aluminium disc clamped at both edges
and mentioned in Figure 3.1

Table 3.4: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at the inner edge and free at the outer edge and
vibrating at m = 2

k waz,k (rads™?) fo, = “22E (Hz)
0 752771 x 10° 119807
1 1.350581 x 106 214952
2 2.530764 x 106 402784
3 2.788630 x 106 443824
4 3.757043 x 106 597952
5 4.444012 x 10 707287

The first line of the matrix equation from Equation (3.108) is given by:
m
Ula) = C) (E‘]m (r (w0a) @) — Tst (K1 (wa) @)k (wd)) +

Co (" ¥on (kt () @) = Yina (b (wa) @)k () ) +

m(C'ng(k‘g (wd) CL) + C4Ym(/€2 (wd) CL)
a
Similarly, V' (a) and the terms in Equation (3.107) can be determined, with all components being:

— 0. (109)
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Figure 3.6: The function f(wg) = Iln|det D3| produced by the CAS MATHEMATICA(®R) for a
vibrating aluminium disc with inner radius ¢ = 0.1 cm, outer radius b = 1cm, circumferential
wave number n = 2, density p = 2.7 x 103kg. m~3, Young’s modulus £ = 7 x 10'° Pa and
Poisson’s ratio v =

m

an = I (b (wa) @) = Jnsa (kr (wa) a)kr (wa) 5
my = Vo (b (00) @) = Yo (ks (wa) @)l (w0):
Gy — My, (ke (Wa) a)
P mY, (kg (wa) a)
I ~ mJp (k1 (wa) a)
Gy — ~ mYp (k1 (wa) @)
iy = = (s (wa) 0) = Ty (ks (w0) 0k ()
ay = =Y (b (wa) 0) = Y (b (w0) @)k (w0):
_ 2 m(m—1) (1)
az; — (-k’l (.Ud) — 62 ) Jm (kl (wd) b) —

(
) (1= 1) i1 (k1 (wa) D) ;

asy = (—lﬁ (wa)? =" m _blg) = 1)) Vin (k1 (wa) b) —

ki (wa) (0 — 1) Yopga (K1 (wa) 0) 5

m(m—1)(n—1) ka (wa) m (n — 1) Jop1 (k2 (wa) D)

azy = — P2 Im (k2 (wa) b) + b ;

k1 (wa) (n
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m(m—1)(n—1) ka (wa) m (n = 1) Js1 (K2 (wa) b) |

a3y = — b2 Yo (k‘g (wd) b) + b :
T _2m (m —1) Jp, (k1 (wq) b) n 2J i1 (F1 (wa) b) By (wa) b

b? b ;
Gy = _2m (m — 1) Ym (kfl (Wd) b) X 2Ym+1 (kfl (wd) b) k‘l (wd) b

b? b ;
Q43 = (k'2 (Wd)2 - M(Tbr;_l)) Im (k‘2 (wd) b) - 2y (Wd) ngl (kQ (a) b); and
i = (1 = PG Y v () - 22 (2 (000)

As before it is evident that the only "unknown" quantity in the values a;; is the angular frequency
Wy, that is:

aij = a;(wq), 1,7 =1,2,3,4. (3.110)
The Equation (3.108) has a non-trivial solution if the determinant of D3 = D3(wy) is zero, that
is:

A(wy) = det D3(wy) = 0. (3.111)

Equation (3.111) is known as the characteristic equation of the boundary value problem (BVP).
Using a CAS to solve this transcendental characteristic equation yields, for each circumferential
wave number m, a sequence of eigenvalues wap, i (k = 0,1,2,3, - - ) with:

Wim,0 < Wdm,1 < Wam,2 < - . (3.112)
The eigenvalue wg, o 1s called the fundamental vibration eigenvalue while w1 1s called the first
overtone vibration eigenvalue, and so forth. A plot of the function f(w,) = In (|det D3(wq)|) ap-
pears in Figure 3.6 for an aluminium disc where the "spikes" point towards the roots of the function
det D3(w,), showing the sequence of eigenvalues depicted in inequality in Equation (3.112). Note

that the eigenvalues are not linearly spaced along the w -axis.

Now, an integer k£ with &£ > 0 is fixed and the eigenvalue wy;, ;. 1s substituted back into Equation
(3.108). By performing Gaussian elimination on the augmented matrix of Equation (3.108) it is
now possible to choose any one of C', Cs, (5, and Cj as being free. Hence, choosing any non-zero

value for C} (say Cy = 1), the value of (' can be obtained using Cramer’s rule:

—a14Cy a1p ais

det | —a2uCs ax a3

—a3sCy azy  ass

C = ; (3.113)

a1 412 G13
det | az1 az ass
agy Gaz2 0a33

similarly for Cy and C5. Consequently, with these values of C;_; » 5 4 the eigenfunctions U (r) and
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Figure 3.7: The eigenfunctions U(r) and V' (r) (divided by their maximum modulus) correspond-

ing to the eigenvalue wog = 752771 rad.s™! for the aluminium annular disc clamped at the inner
boundary and free at the outer boundary

V (r) corresponding to wy = wam x can be calculated (see Figure 3.7). These eigenfunctions are

also referred to as the form factors of the m-wg4-vibrating pattern or mode.

3.4.4 Annular disc free at the inner edge and clamped at the outer edge

In this sub-section the eigenvalue wy and corresponding eigenfunctions U(r) and V' (r) for a disc

with a fixed outer boundary and a free inner boundary are shown. The boundary conditions for

the annular disc vibrating in its plane where its inner edge is free and its outer edge is clamped are
written as:

aU'(a) +n(mV(a) +U(a)) = 0, aV'(a)— (mU(a)+ V(a))=0. (3.114)

Uib) = 0, V(b)=0. (3.115)

By substituting Equations (3.90) and (3.91) into Equations (3.114) and (3.115), the characteristic

equation in matrix form can be written as:

a1 G2 aiz ai4 Cy
Qo1 G2z Q23 024 Cy —0:
31 A4z G33 0a34 Cs ’
a41 Q42 A43 Qg4 Cy
N -~ _
Dy
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with:

a1 =
a2

__(_hL%f_nwm—1Mn—n)Jh%MMD@_

ap = (—kl w)’ — = o _;2) 0= 1)) Vi (k1 (wa) @) —

ki (wa) (0 — 1) Yinga (k1 (wa) @) ;

ay = 0 (m —;2) (n—1) T (s (wa) @) + k2 (wa) m (n — 1lJm+1 (k2 (wa) a);
g = T (m _a12) (n=1) Y, (ks (wq) a) + kz (wa)m (n = 1)aJm+1 (he (wa) @)
o 2m(m —1) Jy (k1 (wa)a)  2Jpmg (k1 (wa) a) k1 (wa) @
Ao = — CL2 + a )
o 2m(m—1) Yy, (k1 (wa)a) | 2,41 (k1 (wa) a) ki (wa) a
o9 = — CL2 + a )
a3 = (k‘g (wq)® — W) I (ko (wq) a) — 2ks (wa) ‘]m;rl (k2 (a) a);
= (o = TNy, Gy ) ) - 2 e (a0,
as = T (b @a)B) = T (ki (00) D)y ()
ap = Yo (b (@0) D) = Yo Oy (@) Dl ()
~ mdp(ka (wa) )
aszs = b )
 mY (ke (wa)b)
a34 = b )
 mdp(kr (wa) b)
aqr = — )
b
B mY, (ki (wa) b)
a2 = — b )
awg = =y T (ky (£4) b) = T (ks (2) D)k () and
4y = —%Ym (ks (wa) D) — Yinsr (Ko (wa) ) (wa) -
It is only w, that is an "unknown" quantity in a;;, that is:
a;; = ag(wa), ,j=1,2,34. (3.116)

It is well-known from linear algebra, that the Equation (3.108) has a non-trivial solution if the

determinant of My = My(wy) is zero, that is:
A(wy) = det My(wy) = 0. (3.117)
Equation (3.117) is known as the characteristic equation of the BVP. Using a CAS to solve this

transcendental characteristic equation yields, for each circumferential wave number m, a sequence
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Figure 3.8: The function f(w,) = In|(det My)| produced by the CAS MATHEMATICA(R) for a
vibrating aluminium disc with inner radius ¢ = 0.1 cm, outer radius b = 1cm, circumferential
wave number m = 2, density p = 2.7 x 10*kg. m~3, Young’s modulus £ = 7 x 10'° Pa and
Poisson’s ratio v =

5
of eigenvalues Wy, (k =0,1,2,3,- - -) with:

Wam,0 < Wam,1 < Wam2 < * - - (3.118)
Similarly, the plot of the function f(ws) = In|(det My4(wq))| appears in Figure 3.8 for an alu-
minium disc where the "spikes" point towards the roots of the function f(w), showing the se-
quence of eigenvalues depicted in inequality given by Equation (3.118). As for the previous cases,

the eigenvalues are not linearly-spaced along the w,-axis.

Table 3.5: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular disc clamped at the outer edge and free at the inner edge and
vibrating at m = 2

k Wa2.k (rads_l) fo = 2% (Hz)
0 1.511566 x 10° 240573
1 2.098169 x 106 333934
2 2.861315 x 106 455392
3 3.613884 x 106 575167
4 3.912401 x 106 622678
5 4.964034 x 10 790051
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Eigenfunction

0.002 0.004 0.006 0.008 _-0.010

Figure 3.9: The eigenfunctions U(r) and V' (r) (divided by their maximum modulus) correspond-

ing to the eigenvalue wsy = 1.511566 x 10° rad.s™! for the aluminium annular disc clamped at
the outer boundary and free at the inner boundary

3.5 CONCLUSION

In this chapter, the variational principle is used to derive the governing equations of motion of
the single-axis disc gyroscope. For in-plane vibration of the disc gyroscope, only potential energy
resulting from extension and shear is considered. The eigenvalues and the eigenfrequencies corre-
sponding to the in-plane vibration of the disc gyroscope are calculated numerically. The in-plane

eigenfunctions are presented graphically.

For a clamped solid disc vibrating at circumferential wave number m = 2, it is evident from Figure
3.3 that both tangential and radial displacements vanish at the edge for the fundamental eigenvalue
waz,0 = 1.362852 % 10 rad s—!. Note that both displacements are non-zero at the centre of the disc.
If the annular disc is clamped at both edges, with an increase in the inner radius, both the radial
and tangential displacements decrease (as seen in Figure 3.5), but similar to the solid clamped disc,
both displacements completely vanish at the edges, because of the shear forces at either edge. The

dynamics of the out-of-plane vibration of the disc gyroscope are discussed in Chapter 4.
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Chapter 4

THE DYNAMICS OF THE OUT-OF-PLANE VIBRATIONS OF A DISC GYROSCOPE

4.1 INTRODUCTION

Chapter 3 of this thesis dealt with in-plane vibrations of the disc-vibratory gyroscope. In this
chapter, the equations of motion and boundary conditions describing the out-of-plane vibration of
the disc are derived and discussed. Vibration of the disc in its out-of plane mode is modelled as
circular-plate vibration and hence the vibration resulting from bending only, is emphasised in this

chapter.

4.2 THIN PLATES

Venstel and Krauthammer (2001, [68]) describe plates as flat structures bounded by two parallel
faces and an edge. The separation between the plane faces of the plate are called thickness. The
thickness characterises the plate and it is significantly smaller than the other typical dimensions
(length, breadth) of the faces of the plate. Plates are widely used in almost all fields of engineering,
in architectural structures, bridges, hydraulic structures, pavements, containers, airplanes, missiles,
ships, instruments and machine parts, just to name a few applications. The latter-mentioned authors
categorise plates as follows below, into three main groupings based on the ratio of the typical plane

dimension (a) to the thickness (%) of the plate:

o Thick plates: If the ratio % < 8...10. In this case the analysis of the plate uses the theory of
three-dimensional elasticity.

e  Membranes: If the ratio % > 80...100. This type of plate does not have flexural rigidity.

e Thin plates: These are the intermediate types of plates with 8...10 < % < 80...100. They
are the most widely-used type of plates which can also be sub-categorised into stiff or flexibe

based on the ratio of maximum deflection of the plate to its thickness.

4.2.1 Classical or Kirchhof plate theory

Wherever applicable in this thesis, Kirchhof’s theory of plates is assumed. The following is a list
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of the widely-accepted assumptions of this theory:

e The material of the plate is elastic, homogeneous and isotropic.

Initially, the plate is assumed to be flat.

e The displacement of deformation perpendicular to the plane of the plate is substantially small
compared to the thickness of the plate. Hence the square of the gradient of the deflected surface
is much smaller than unity.

e The straight lines, initially normal to the middle plane before bending, remain straight and
normal to the middle surface during deformation.

e The stress, normal to the middle plane o, is small compared to the other stress components
and can be neglected in the stress-strain relationships.

e The middle surface remains unstrained after bending, because the displacements of the plate

are assumed to be small.

43 EQUATIONS OF MOTION OF CIRCULAR PLATES

Circular plates are elements of the structures which are important in application domains such as
aeroplanes, submarines, discs, pressure vessels and many more. The dynamics of a circular plate
are used to describe vibration properties of out-of-plane vibrations of the vibratory disc gyroscope.
Therefore, in this thesis, the terms plate vibration and bending vibration are used interchangeably

to model the out-of-plane vibrations of the disc gyroscope.

The classical plate equation in rectangular coordinates for free vibration is (Leissa & Qatu, 2011,

[39]):

0*w 0*w *w d*w
h— =0 4.1
b (aa;4 T gz T ay4) TP =0 @1
where: ,
Eh
D = 21— (1 - 772), 4.2)

is flexural rigidity, F is Young’s modulus, w is the transverse displacement and 7 is the Poisson’s
ratio. It is more convenient to write the equation in polar coordinates. The coordinate transforma-
tion as discussed and shown below is used to re-write the equation (See Figure 4.1 adapted from

Spoelstra (2015, [69]).
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Figure 4.1: In this figure the shaded area represents the volume element of the vibrating point P.
The position of rest of P is given by polar coordinates r and (. The inner and outer arclengths are
both assumed to be rdy as dr is verysmall, that is, (7 + dr) dp = rdy

If (r, ) are the polar coordinates, then the rectangular coordinates are given by:

x =rcosp, and y = rsin p. 4.3)
Thus:
r? =z +y? o =tan™! Y. 4.4)
By differentiation, the following is obtained: v
g:;:;L:zrciswzcosgpandg;:i{:singp. (4.5)

In addition to the above, the following expressions are also valid:
dp Y sin ¢ dp x  cosgp
7 _ - _ cand — = — = ) 4.6
ox 72 r o0 oy  r? r (4.6
Since the deflection w is a function of both 7 and ¢, the relations from the application of the chain

rule, as shown below, are obtained:

ow 8w@ 8_w%

dx  Orox + dp Ox
ow 10w .
= E COS Y — ;% S Q. (47)

Differentiating Equation (4.7) with respect to x, once again, yields:

Fu _ 0w\ 1 0 (o
oz~ % \or o (’08@ Ox

0%w O*w sin2¢p Owsin®¢p  Owsin2p  O*wsin’ p
= —— cos’ ©w— + = — +
or? dpdr r or r dp 12 op? 12

(4.8)

Similarly:
0w _ 0w sin? o+ 0%w sin 2y N OJwcos’p  Jwsin2p  JPwcos® p
oy?  or? orde r or r dp r? op? r2 7’

(4.9)
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and
Pw  Pwsin2¢p N Pw cos2p Owcos2p Jwsin2p  J*wsin2p
oxdy  Or? 2 ordp dp 12 or 2r dp? 2r2 7
Substitution of Equations (4.8), (4.9) and (4.10) by repeating differentiation twice on each part into

(4.10)

Equation (4.1), yields:

5 1o 0*w
D (V*(V w))+ph@=0; (4.11)
where:
92 190 1 02 Pw 10w 1 0%w
22, _ (9 Lto Lo\ [fow 1ow 10w
v (V w) N (87“2 + rOr + 72 8(,02) (87“2 + r Or + 72 8@02) ' (4.12)

The expression in Equation (4.12) after expansions and simplifications yields:

Ow 20 1w 10w 2 dw 2 Pw 4@ 10w
ort rord  r20r2 3 or  r20r2002  r30p20r  rtdp?  rt 0pt’
where ¢ is time and V* is a biharmonic differential operator. Equation (4.11) is the well known

(4.13)

classical differential equation of motion of plate in polar coordinates with respect to the transverse

displacement w of the plate.

4.4 DERIVATION OF THE EQUATIONS OF MOTION USING THE VARIATIONAL
PRINCIPLE

To build the theory of a three-dimensional disc gyroscope, assume that in-plane vibrations of the
disc (u, v) and its out-of-plane vibrations (w) are independent (Rourke, McWilliam & Fox, 2005,
[63]). Hence, it is possible to consider strain energy of the disc as the sum of two strain energies,
namely, the strain energy of the in-plane vibrations of the disc discussed in Chapter 3 (see Equation
3.32) and the strain energy of its out-of-plane vibrations. The out-of-plane vibrations are consid-
ered as the bending vibrations of the disc in its out-of-plane direction (in other words, considered

as the vibration of the circular plate).

4.4.1 Kinetic energy of out-of-plane vibrations

Neglecting in-plane vibrations (Novozhilov, 1970, [61]) as well as in-plane displacements of the
plate (u, v), the kinetic energy of the plate in terms of of the axial deformation (w) is given by

(Hagedorn & DasGupta, 2007, [70]):

27 b h
K, = /O / %w%drd@ (4.14)

The expression in Equation (4.14) is obtained by assuming pure bending of the plate where the

angular rate of rotation along all inertial axes are assumed to be zero, that is, €2, = Qe = Q- = 0.
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4.4.2 Strain energy of the bending and torsional vibrations

The strain energy of bending and torsion for out-of-plane vibrations can be written as (Landau &

Lifshitz, 1975, [65]), (Venstel & Krauthammer, 2001, [68]):

27 b Eh3 ~
B, = /O /a (1) (XT + X3 + 20x1x2 + 2 (1 —n) 72) rdrdy; (4.15)
with:
1 0 1 ow 1 04, ow
- — — : 4.1
X1 A1 8041 (A1 8041) AlA% 8042 8042’ ( 6)
1 0 1 ow 1 04, ow
- _ — — - and 4.1
X2 AQ 8042 (AQ 8042) A%AQ 8041 8041’ an ( 7)

2
= 1 ( O w 1(3A18_w i%@_w)’ (4.18)

T = — - —
A1A2 80418042 A1 8042 8041 AQ 8041 8042
and where x, and yx, represent bending strains and 7 represents torsional strain. For the sake of

disc geometry, from Equations (3.24) and (3.30) the parameters in Equations (4.16), (4.17) and
(4.18) can be replaced by:

ap =100 =@; Ay = 1;and Ay = 7. (4.19)
According to the Novozhilov-Goldenveizer theory of thin shells (Leissa, 1993, [60]), the tangential
displacements (u,v) are neglected. Thus, terms Y, x, and 7 can be evaluated using only axial

displacement w. Substitution of Equation (4.19) into Equations (4.16), (4.17) and (4.18) results in:

0*w
Xl = - a/r‘Q 7 (420)
10w 1 0%*w
_ 1 0*w 1 ow
[ PR 422

Substitution of Equations (4.20), (4.21) and (4.22) into Equation (4.15) yields:

p, = T B (xi+x3+2 2(1—n)7%) rdrd

y = /0 /a24(1—772) X1+ X5+ 20x0x + 2 (1 —n) 72) rdrdy
( 9w\ 1ow 1 0*w\> )
(_87“2) +(_r87“_7“28<,02) *

b gyl Pw 10w 1 0%w
= /0 /a 724 (1 — 772) 27’] (_8’1“2) (_’I“a’l“ - 7“28(,02) + ’I“d’l“d(p. (423)
2

The Lagrangian of the plate can thus be written as:

L, K,— P,
27 b

= / / Adrdy; (4.24)
0 a
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where:

2 24 (1 —n?) 72
o 1 2(1—n) 1,\?
7 (w:q + T’LU(ZLP) ’LU;IT + T 'LULILP - ;w; 3 (425)
is the Lagrangian density, with:
ow ow , ow , ow , Pw , Ow 0w
=—=—; W, = —; = — == =—; andw), = . (426
S T o T o e T ol M T g Ve T gt MM T, (420)
The Lagrangian density in implicit form can be written as:
A=A (w,w:fr, Wy, W,y W w;,) ) (4.27)

4.4.3 Governing equation of motion

The functional of an action is given by (Goldstein, Poole & Safco, 2000, [64]):

t
A, = /LpdT
0

t 2 b
= / / / Adrdpdr. (4.28)
0 JO a

According to Hamilton’s variational principle (Goldstein, Poole & Safco, 2000, [64]), the variation

of action (0 A,) satisfies:

provided that
dw| _, = dw|,_, =0;

thus:
t
0A, = /5Lpd7'
0

t 27 b
= / / / OAdrdedr = 0. (4.29)
0 0 a
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The variation of the Lagrangian density (0A) can be calculated as follows:

oA 8/\ oN .,  ON _
N = 9 ol ou, ow, + 8w;,r5ww +
oN _ , on
8'LU" 5 8 // ow <P<P
_ 9 8A5 8 oA dw + 8/\ dw,. + oA dw,, | +
or \ Ow 8@0 ow!, owy, owl, %
9 8A5 8A5,_2%+g8]\+i8/\ 5
or \owr " T G O or 0w orow. | dpowe) "
3} 8A , 0 OA 0 OA ,
_8_@810{2@&[]@ — (E . + %&U%) ow,. (4.30)

Rearranging the right-hand side of Equation (4.30) gives:

5 /aA 9 (/oA O oA
s = 2 (9 9 _ 9
or (awaw) o0 {(awgo Do 8wg¢) ow

oA oA ;L O f(OA 0 0A 0 oA
our, owr " f T ar \\ow, ~ arowr,  9p ol
SR o 5

8 // w

OA 0 [ OA o2 A
{ ( ) (8w’) * % (&w{p) T or2 (&w;,r) - (4.31)

> ON '\ 0* [ OA 5
Irdp \ owy, % \ owl,, v

Substitution of the first term of the right-hand side of Equation (4.31) into Equation (4.29) and

changing the order of integration yields:

P2 (250 )i -
/ / {( ) » 5w)f=t‘(;AD)T:O(‘W%:o}M@ = 0; (4.32)

since dw| _, = dw| _, = 0. Again by substitution of the second group of terms of Equation

(4.31) into Equation (4.29) and then by changing the order of integration and by 2m-periodicity
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and continuity of the disc over the polar angle ¢ yields:

A
// {/ ((a _ 0 oA )5w+ OBy A 5w;> dw}drdf
0 ow, 8(10 8wtptp 8w7"90 8w‘P‘P
d OA ON 0 OA
_ Y Sw) . — — ow),_o+
- LG ) o () o

N OA
+( " 5w;) (5w;') =27 - ( 1 5'UJ;,) (5w;) = +
ow, e =2 owy, - ¢=0

oA oA

—I—( p ) ow') —( - ) ow') s drdr = 0. (4.33)

81%;@ oon ( ‘P)ap_27r 8wapap o 0( @)¢_0

Note that:
(5w)ip:0 = (5w)ap:27r and
oA 0 OA ) (8]\ 0 OA )
= = = . (4.34)
(81% Oy aww om0 8w¢ dp aww oo

Now consider the third group of terms of Equation (4.31) which after performing integration result

OA 0 OA 0 OA oA _ ,
/ / {/ {(aw’ an” 8@0 o’ ) ow + A 5wr] dr} dodTt

// A 90N 9 0N ol oA sl
aw arouwt, ~ dpouwr,| owy, | 0=

0 OA 0 O0A 5u) OA
8wr Corow". Ao ouw o Whr=a ow”

n:

} [5w£]7q:a} dpdr. (4.35)
%) rrdr=aq

Combining the fourth group of terms of the right-hand side of Equation (4.31) together with Equa-
tions (4.32), (4.33) and (4. 35) into Equation (4.31), for variation of action, gives the following:

// 28[\_88/\ [5]+8A o]
8w orow!"  OJp ow! - Whr=b ow!. | _, Wrlr=p

re rr
0 OA 0 OA oA ,
|:8,w 87“ 8'LU” 8(10 8wr<p:| s [5w]r=a |:a ;/T:| - [5wr]r:a} d(,DdT
/ / / IA 8 OA n 0 [ 0A B 8_2 oA B
or 87“ ow! o \ Ow, or? \ ow!"
0? 82 OA
ooy (&Ui«'@) 92 (aww 5w)] drdpdr. (4.36)

But from Equation (4.29), A, = 0. Thus, for the right-hand side of Equation (4.36) to be zero,
one has to impose certain conditions. However, from the fact that the variations such as [5w]7q:a7 b

and [5w;]7q:a7 , are arbitrary and by the First Fundamental Lemma of the Calculus of Variations

(Soedel, 2004, [62]), the following implicit form of equation with the corresponding boundary
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conditions is obtained as:

D (0NN 0 (MY, 0 (OAN & (oA
or \ 0w or \ Ow!. Do \ 0w, or? \ ow!"

B 0? Z 0? OA
ordp \ owy, dp? \ Owl,

— 0. (4.37)

Note that Equation (4.37) is the implicit form of the governing equation of motion of the circular

bending plate in polar coordinates.

4.4.4 Boundary conditions in implicit form

Keeping Equation (4.36) in mind and from the Fundamental Lemma of the Calculus of Variations
(Soedel, 2004, [62]), the implicit form of the boundary condition for a circular plate vibrating in

the transverse direction can be written as:

w = Oor aA_ﬁ OA —ﬁ oA = 0;
r=a,b T aw; or aw}’r 8(10 aw;ftp r=a,b o

ow OA
and o s = Oor e

—0. (4.38)

r=a,b
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4.4.5 Explicit form of the equations of motion of the vibrating plate

Substitution of Equation (4.25) into Equation (4.37) gives the following equations for each part:

O (oA _
or \ow) — T

8 aA 2 n +2 " 2 /
- = T % w -—w,, — FWw,.—
or \ ow, 24 (1—ap) | T T

ﬁ % _ Eh3 4(1_77) " _4(1_77) Vi
dp\ow,) — 2u(—p) 2 e s Y

82 oA ER® 2w +4 " +92 " +
— = - 2rw w w
a,r.Q a’UJ;’T 24 (1 _ /’72) rrrr rrr /’7 rrr
4 " 277 "
2 TeY + TP
82 oA _ Eh3 8 (1 - 77) " + 4 (1 - 77) "
ardp \ 0 ) pz ree T

872 aA _ Eh3 2 l/// —l— % nn —l— 3
D2 \ dut, 241 - ) 73 Yopop Wrrpp T 2
Substitution of Equations (4.39)-(4.47) into Equation (4.37) yields:
9 " g nmoo_ w:",r El 3 mo_ 3 "
12 (1 - 7’] )w + wrrrr + wrrr 2 7“3 + rrapip 7“3 TYY
Eh? _|_4w<p<p i i 1
ré 4 Voppp
which can be rewritten as:
120(1—n) . 4
where V* (del fourth) is the biharmonic differential operator defined as V*
”? 10 1 0?
Vie — 44—
or? + ror + r2 02’

e |

(4.39)
(4.40)

(4.41)

} : (4.42)

4 !
= (@43

(4.44)

+ (4.45)

(4.46)

(4.47)

(4.48)

(4.49)

= V?(V?), and:

(4.50)

is the Laplace operator in polar coordinates. Equation (4.49) is the equation of the circular plate

in polar coordinates.

4.4.6 Explicit form of the boundary conditions

To derive formulas for boundary conditions in explicit form, Equations (4.38) and (4.25) are used.
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Indicated differentiations are carried out on equations:

AN 0 [ OA 0 AN
{&U; or (8w;’r) Oy (aw}'go)]r:a b . &0
and:
8/,\, _o (4.52)
8w7"§0 r=a,b

Now substitution of the Lagrangian density A into Equation (4.51) for each term gives:

oA —Eh3r 2 1 )

ow., — 24(1—n?) {_ (w; + ;w;ﬁ@) + 777102'7«} : (4.53)
8A —E'h37“ 2/)7 1
ow! = 24 (1 — 772) {2w{!r + o (w; + nglp) } r; then

ﬁ ZA _ —ER’r 20" % /_I_l " +
or\owy. ) — 2a@—mp) " e e

v T
24&15_5’;7 . {wafr + 2;7 (w; + iwgw) } : (4.54)
_ER3 _
8(30/;@ Y (fi 22) {4(17“2 1) ( o~ %w;)},then
8(1 (aawA) N 24_(?322) {mﬂ_ Vg, - 4(13_”)%0} (4.55)

Combining Equations (4.53), (4.54) and (4.55) into Equation (4.120) gives:
leE_fL;) {i (w; " iwg;w) +2ll} +
A (12 (Llwf ) {ZTw;';r — 2;7 (w:q + iwg“’) +
2 (w;; Sl + T—iw;;r) } "

ER3 2n 1
2" <1 / /i
it (2 () b

ER: [4(1-n) 4(1-mn)
3
Division of Equation (4.56) throughout by ————— after simplification yields:
a 8 1201 — )7
wr 1 -3+ 2 —
wi + i ﬁw; + ( e 77) wy, + ( TQ”) Wy,
w! 1 2 — 3—
= {wﬂr + ;r — 710; + TQ”wff;@ - Tgnwgw} - =0. (4.57)
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The other boundary condition for the free edge of the plate is:

OA —ERh3r 2n 1
= 2w+ — | w. + —w = 0. 4.58
o, = (1) (2o (4ot @
Taking the non-trivial case which satisfies Equation (4.58) yields:
2 1
2w, + il (wL - wgw) = 0; and
r r
1
w’ + (w; + —wgw) ~ 0. (4.59)
r r
The boundary conditions in explicit form of the circular plate vibration are summarised as fol-
lows:
r=ab:w|._,,=0; (4.60)
or
1 1 2-n ,  3-—
|:’LU;’;T + ;'LUZT - ﬁw; + T2nw:",<ptp - 3 nwg¢:| oy = 0, (461)
and
1
r=a,b:w| _, ,=0o0r {w{fr + 1 (wfq + wgw)} = 0. (4.62)
’ r r r=a,b
In the above boundary conditions: [w],._, , = 0 and [w'],_, , = 0 correspond to the fixed rims of

the plate, while the other boundary conditions:

1 1 2
" " /
|:wrrr + ;wrr - ﬁwr +

r2 TP

nw/// 3_77,w// _ 0:| :
r=a,b

and

n
T
correspond to the free boundaries or the free rims of the plate.

1
" / " .
W, + w, + TWep | = 0l;

4.4.7 Boundary conditions in explicit form for the m'" vibrating mode

The explicit boundary conditions for a modal vibration of the form:
w (7, @, t) = W () cos (myp) et (4.63)
can be obtained by substituting Equation (4.63) into Equations (4.60), (4.61) and (4.62), respec-

tively. After performing the indicated differentiation the following is obtained:

r = a,b (respectively)  W|._,, = 0;
1 2 — 241 3—
or (W 4 Ly — mmmI A Ly (370 ey — 0, (4.64)
r r? r? r=a,b
and
7 = a,b (respectively) ~ W/|._,, = 0;
2
or {W;; + Ty —@W] — 0. (4.65)
r r r=a,b
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4.5 ANALYTICAL SOLUTION TO THE VIBRATING CIRCULAR PLATE

Assume that the transverse vibration of the plate vibrating at its m™-mode is given by the time-
harmonic solution of the form shown in Equation (4.63). Then substitution of Equation (4.63)
into Equation (4.49) results in a fourth-order ODE. The procedure is demonstrated using Equation

(4.63) as follows:

2
%—;U = b = —w?W cos (my) e (4.66)
) Pw 10w 10w

VU = et Trag

82W iwt 1 8W iwt

= 52 COS (myp) e +;W cos (my) e
m? ,
— 2 W cos (meyp) ™. (4.67)

For the purpose of calculation, the procedure is as follows:

0w 10w 1 0%w
272 2 2 2
= 4.
v =v (55) v (15 )+ (54 ) (4.68)
and differentiation is applied separately for each term. Using Mathematica’s symbolic computation

makes the process effortless. Now differentiating Equation (4.67) twice with respect to r term by

term gives:
2 TO2 1 4
ot | e eosmpetr| = S cos () e 469
02 [10W ] 200 20°W  10°W »
or? {;WCOS (me)e I (7“3 87“ 2 Or? * r o ) 008 (mip) €7 and(3.70)
0? m? - 4m2 oW m2 *W "
a2 {—TQWCOS (myp)e™t| = ( 5 o 2 g2 )cos (mep) e“'(4.71)
For the part — ! 5 it follows that:
ror
10 [0°W , 103W
o { 52 cos (myp) | = o cos (me) e™*; 4.72)
19 [1oW ] 1LOW 16w o
o |:7“87“ cos (my) e“'| = (_7“387“ =3 8T2)cos (myp) e“'; and  (4.73)
10 m? - 2m? m2 oW ,
o {—TQW cos (mp) e“*| = (7“4W - 73(%) cos (myp) . 4.74)

56



2

Similarly, for the part differentiation yields:

1 0% [0*W it m? W i
22 { 5,2 008 (mp)e™t| = — 7 g 08 (myp) et (4.75)
1 0% [10W it m? oW i
120 L“ar cos (my) e“'| = — 5 g 08 (myp) e™"; and (4.76)
1 82 m2 't: m4 ot
e B W _ 7 W ) 4.
20,7 { = W cos (my) e | - W cos (myp) e (4.77)
Substitution of Equations (4.66) to (4.77) into (4.49) gives:
2p(1-n%) .  u  _ [—120(1-7%) , ow (1 1\ W
Eh? oV = Eh? oW ort + r o r) or3 +

2 m? N 1 m2\ *W
or?

2 2m? 2m?> 1 m? m2\ oW

ot t e s m )t

+—+ ) W] } cos (my) et = 0. (4.78)
T
The eigenfunction W is a function of only r and thus the differential equation becomes an ODE.

Equation (4.78) after simplification becomes:
2p(1—n) .. —y  [=12p(1—10%) , d'w 2d*W
g UtV = e O e T e
2m? + 1\ d*W 2m? + 1\ dW

_( m? + ) +( m? + ) N

2 dr? 73 dr

r
4 4 2 )
MHW] } cos (myp) ™' = 0. (4.79)
r
Due to the periodic nature of ¢ for a non-trivial case Equation (4.79) reduces to:
‘W 2d8°W B 2m? + 1\ &*W
drt  r dr? r? dr?
2m? + 1\ dW  [m*—4m? 12p(1—7%) ,
— W =0. 4.80
( r3 ) dr * { r4 Enz © (4.80)

Note that the function W (r) is the eigenfunction of the vibrating circular plate with a mode number

_I_

_I_

m.

4.5.1 Solution for a circular plate with free vibration

Assume that the vibration of the circular plate under consideration is free and given by Equation
(4.63) thus, Equation (4.80) can be rewritten as:
VAW — B*W = 0; (4.81)
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where:

s 12p (1—-n*)w? 12(1 —7n?) pw?h _ pw?h

b Eh? B Eh? D’ (482)
with D = 125% is the flexural rigidity of the plate. Thus Equation (4.81) can now be
rewritten as:

(V*=BYW = 0;or (4.83)
(VP+8%) (V2= W = 0. (4.84)
Now define two functions Wjand W5 such that:

wy (1, 0,t) = Wi (1) cos (myp) et (4.85)

and
ws (r, @, t) = Wy (1) cos (myp) e™*; (4.86)

with
(V2 + %) Wy = 0; (4.87)

and
(V> = B%) Wy = 0. (4.88)

The operators (V2 + 52) and (V2 — 52) commute, thus by the theory of linear differential equa-
tions (Zill & Cullen, 2009, [71]), the solution to Equation (4.84) is given by the superpositions of
the solutions to WW; and W,. Substitution of Equations (4.85) and (4.86), respectively, into Equa-
tions (4.87) and (4.88) yields:

dzzl + %dgl + (52 - T—;) W; = 0;and (4.89)
d;ZZQ + %dg? - (52 + T—;) W, = 0. (4.90)
Solving the Bessel equations shown above yields solutions of the form:
Wi (r) = ArJim (Br) + Ao (Br) ; (4.91)
and
Wy (r) = Azl (Br) + AsK,y, (Br) ; (4.92)

meaning that the general solution to Equation (4.84) is given by the superposition of Equations

(4.91) and (4.92) as:
W(r) = AvJy, (Br) + AoYe, (Br) + Asly, (Br) + AsKoy, (Br) 5 (4.93)

where the coefficients A;, As, A3 and A4 determine the mode shapes. A more general solution to
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the vibrating plate in polar coordinates can be written as (Leissa, 1969, [38]):

(o0}

w(r,@,t) = Y [Ardm (Br) + A2V, (Br) + Asl, (Br) + AuK,, (8r)] cos (me) € +

m=0
oo

> [Avdm (Br) + AoYon (Br) + Asly (B1) + Ask (Br)] sin (mp) €. (4.94)

m=1

Here J,, (6r) and Y,, (Or) are Bessel functions of the first and second kind, respectively, of or-
der m. The functions [, (8r) and K,, (0r) are modified Bessel functions of the first and second
kind, respectively, of order m. The arbitrary constants of integration A;, Ay, A3 and A, are deter-
mined from the boundary conditions and they determine the mode shape. Note that unless stated
otherwise, throughout this thesis the vibration mode number investigated for the out-of-plane vi-
bration of the disc is m = 3 and hence a solution of the form given by Equation (4.93) is used in

all investigations with regard to the out-of-plane vibrations of the disc.

4.5.2  Orthogonality of the eigenfunctions

Consider the differential equation as given by Equation (4.83) and suppose two eigenfunctions W,
and W related to the equation with the corresponding eigenvalues w, and w, of Equation (4.80),

such that:
DV*W, — w?phW, = 0; and (4.95)
DV*W, — w?phW, = 0. (4.96)
Multiplication of Equation (4.95) by W, and Equation (4.96) by W, and integrating the difference

of the two over the domain (area A) of the plate gives:

/ [DW,V*W, — DW,V*W, — (w? — w?) phW,W,] dA = 0. (4.97)
The bi-harmonic O;erator V* can be written as V* = V - [V (V - VI¥)] and rewriting Equation
(4.97) by using the Gauss divergence theorem (Reddy, 2004, [58]), (Stroud & Booth, 2003, [72])

yields:
pd [ W V (VW) = Wi - V (VW) + VAW, VIV, = ] Lo
VWi - VW,
S
(w? — w?) / phW,W,dA = 0. (4.98)
A

Here S is the boundary of the plate area A and 7 is the unit outward normal vector to the boundary

S. Ifw, # w, and:
7{ { W, -V (VW) = Wn - V (V2W,) + VPW,h - VW, —

SR VI ] ds = 0; (4.99)

S
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then it can be concluded from Equation (4.98) that:
/ phW, W.dA = 0; (4.100)
A

which is the orthogonality relationship for arbitrary eigenfunctions of the plate for clamped, free or
with any form of boundary conditions. It can be seen from Equation (4.99) that the eigenfunctions

are self-adjoint.

4.5.3 Solution of a circular plate with a boundary excitation

In this sub-section an annular circular plate of inner radius a and outer radius b mounted on a
massless rigid load is considered. Assume that the excitation is only at the inner edge of the plate
and that the outer edge is free. Now consider an axisymmetrical excitation force along the z-axis
of the plate as:

f = fsinvt; (4.101)
where f is the amplitude of the excitation force, v is the angular frequency of the excitation force
and ¢ is time. In this case only the boundary of the disc is excited and hence the governing equation
of the out-of-plane vibration remains unchanged. Thus the governing equation of motion of the

out-of-plane vibration of the disc is:

120(1=n*) = a o
e W+ Viw = 0;
with explicit boundary conditions:
Wil,—, = 0; (4.102)
or .
1 2 — 241 — —fsinvt
{W,’.;f,. e 77);” Ty (3 3”) mQW] _ fsinvt, (4.103)
r r r —a 2ma
and
1 2 — 2 3 —
{W/.Z,. Tl ww,’. + ( 377) mQW} —0; (4.104)
r r r —b
or
2
w4 w4 %W —0. (4.105)
r r=b
The modified solution of the equation with respect to the given boundary conditions can be given
as:
w (r, @, t) =W (1) cos (mp + 7,,) sin (vt) ; (4.106)
where:
W (r) = A1 Jn (Br) + Aoy, (B7) + Cslyy, (B1) + Cuk (Br) ; (4.107)
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is the eigenfunction of the out-of-plane vibration, and v,, is the phase angle. Since the boundary
forcing introduced here is along the z-axis, the solution is independent of m and thus has the
form:

w(r,@,t) = [A1Jo (Br) + AYy (Br) + Asly (1) + AyKo (Br)] sin (vt) ; (4.108)
in which the order of each Bessel function is m = 0. The unknowns A;, A, A3 and A4 can be
obtained by substituting the solution given by Equation (4.108) into the boundary conditions given
in Equations (4.102) to (4.105) and solving the resulting matrix equation.

4.5.4  Solution for a circular plate with a flexible foundation

Suppose that a circular disc in the form of a plate is supported by or embedded in an elastic
massless foundation with a stiffness constant K. The derivation of the equations of motion follows

from Section 4.4 and can be written as:

120(1—n") . 4
K = N .
e W+ Viw+ Kw = 0; (4.109)
where K is the stiffness of the elastic foundation. As before, suppose a harmonic solution of the
form:
w(r, o, t) = W (1) cos (mep) e™". (4.110)
Substitution of Equation (4.110) into Equation (4.109) can be simplified to yield:
120(1-7) | W
Ehe w+Viw+ Kw = 0
—ph*W + DV*W + KW = 0;
K
Vi — (phw) W = 0;and
D
VW - BW = 0 @.111)
with
~ hw? — K
3= (7'0 WD ) (4.112)

The analytical solution to Equation (4.111) is given in simplified form as:
W(r)=AiJn (Br) + AY, (Br) + Asly, (Br) + A4K,, (Br) : (4.113)
where 34 is given by Equation (4.112). The general solution to the plate with a flexible elastic

foundation then becomes:

w(r,p,t) = [Aljm (BT) + AyY,, (B’I“) + Asl,, (B’I“) + ALK, (Brﬂ cos (my) e“'. (4.114)
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4.5.5 Plates with varying thickness

The discussions covered so far with respect to the out-of-plane vibration of the disc gyroscope
were based on a constant thickness h, to simplify the model. However, circular plates of non-
uniform thickness are not uncommon (Timoshenko & Woinowsky-Krieger, 1959, [37]). Examples
of circular plates with variable thickness are encountered in machine parts, steam turbines and the

pistons of reciprocating engines.

Hagedorn and DasGupta (2007, [70]) have demonstrated the equation of free vibration of a rectan-

gular plate with varying thickness in rectangular coordinates as:

phii + V* (DV*w) — (1 —n) (Dyw, — 2D wh, + Dy wl,) = 0. (4.115)
The equations of motion for a circular plate with varying thickness after manipulation of Equation
(4.115) in polar coordinates yields:
1 1 1
. 2 2 / " !/ n" _ .

phio + V? (DV*w) — (1 —n) (D,.,. (;w,. + ﬁww) + ;D,.w,.,.) = 0; (4.116)

with h = h (r), and
Eh
D=D(r)=-—nt)
12(1 —»?)

If the deflection of the disc in its out-of-plane direction is given by:

w(r,p,t) = W (r) e™eet; (4.117)
then substitution of Equation (4.117) into Equation (4.116) for the non-trivial case gives:

Wi+ gsWi + g W+ W) + [go — w?ph] W = 0; (4.118)
where g; = ¢; (r) fori = 0, 1,2, 3. Note that Equation (4.118) can be solved using the Galerkin
method (Hagedorn & DasGupta, 2007, [70]). The Galerkin method is not discussed in this thesis

and is left for future study.

4.6 NUMERICAL SOLUTIONS

In this section the eigenfunctions for the vibrating circular plate which correspond to the out-
of-plane vibration of a thin disc gyroscope are calculated. To calculate the eigenfunctions, the
boundary conditions given by Equations (4.64) and (4.65) with the analytical solution given by
Equation (4.93) are used. To demonstrate the procedure, the disc in plate mode with both clamped
and free edges is considered. The physical and geometrical characteristics of the plate are similar
to the ones considered for in-plane vibrations as demonstrated in Chapter 3. In this section the

in-plane vibrations are neglected and only transverse vibration is considered. The eigenvalues are
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numerically calculated for the mode number m = 3. To speed up the calculation process CAS
programmes such as MATHEMATICA(R) and MAPLE™ are used. The codes for all calculations are

given in Appendix A.

The rules for the calculation of the first and second derivatives of the Bessel functions of the first
and second kind as well as for the modified Bessel functions of the first and second kind are used

to aid in symbolic calculations. Recall the identities:

d , m
gjm(ow“) = J (ar)= 7Jm(a7“) — adpy (ar);
d , m
@Ym(o”) = Yo (ar) =—"Yn(ar) — a¥u(ar);
d , m
Elm(ar) = I (ar)= ?Im(ar) + alyyq(ar); and
diKm(ow“) = K| (ar)= %Km(ar) — a1 (ar). (4.119)
”

To solve for the constants A;, Ay, Az and A4, Equation (4.93) is substituted into the equations
of each pair of boundary conditions given by Equations (4.64) and (4.65) and the resulting ma-
trix equation is solved numerically to obtain the approximate eigenvalues. Once the approximate
eigenvalues are obtained, the constants can be obtained using Cramer’s rule for each respective
boundary condition. In the subsections to follow, various types of boundary conditions of the plate

are considered to approximate the eigenvalues and eigenfrequencies.

4.6.1 Solid circular plate clamped at its edge

For a solid plate clamped at its edge, the boundary conditions in explicit form can be obtained from
Equations (4.64) and (4.65). Thus:

r=b  W(r)|,_,=0; and W'(r)| _, =0. (4.120)
Similar to the in-plane vibrations, the matrix equation can be obtained by substituting Equation
(4.93) into Equations (4.64) and (4.65), respectively. The resulting matrix is a 2 x 2 because the

Bessel functions Y,, and K, are not bounded for a = 0. The resulting matrix equation has the

bll b12 Al
=0 4.121
(521 bgg)(Ag) ’ (-121)

—_—
N,

form:
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where:

bu = Jn(Br), bia=1,(8r); (4.122)
by = ;ﬁ [Jin-1(8) — Jimy1(BD)]; and by = ;ﬁ [Ln—1(Bb) + Im11(BD)] . (4.123)
If A, = 1, then:
_ bur(wp)
Ay = (4.124)

where w, is the angular frequency of the out-of-plane vibration. For a non-trivial solution to
Equation (4.121), the determinant of the coefficient matrix vanishes. That is:
det (N;) = det (DP) = 0. (4.125)
Solving this transcendental characteristic equation yields, for each circumferential wave number
m, a sequence of eigenvalues W, (k= 0,1,2,3,---) with:
Winp,0 < Winp1 < Wipa < * - . (4.126)
The eigenvalue w,, o is called the fundamental vibration eigenvalue while w,y,, ; is called the first
overtone vibration eigenvalue, and so forth. Results for the fundamental and the first five overtone
vibration eigenvalues and the associated eigenfrequencies for the solid plate clamped at its edge

for m = 3 are given in Table 4.1

Table 4.1: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of a clamped solid plate vibrating at m = 3

k wspk (rads™?) fape = 2 (Hz)
0 765736.6 121870.8
1 1.665943 x 10° 265143.1
2 2.855623 x 106 454486.6
3 4.339319 x 10° 690624.1
4 6.118228 x 106 973746.2
5 8.192806 x 106 1.303926 x 10°

To calculate the values of the eigenvalues and eigenfrequencies given in Table 4.1, the MATHE-
MATICA(R) function “FindRoot” is used. The first approximate values of both the eigenvalue and
eigenfrequency are obtained from the graph of the logarithm of the modulus of the function given in
Equation (4.125). The idea is that, the approximate values of the horizontal components of the co-
ordinates of spikes correspond to the zeros of the characteristic equation given by Equation (4.125),
thus the approximate coordinate of the first spike is (758191.7321,25.3912). Using “FindRoot”

the more accurate value of the fundamental vibration eigenvalue is w3, = 765736.6rads™*. Its

corresponding fundamental eigenfrequency is fs, o = w23p 2~ 121870.8 Hz.
™
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The subsequent eigenvalues and eigenfrequencies to the latter, in Table 4.1 are obtained using the

same procedure. The graph of the normalised transverse eigenfunction for a clamped solid plate
Log[Abs[DET]

anf
20

&

2 10% 4 100 G 10¢ By 10¢

=20f

Figure 4.2: The graph used to estimate the eigenvalues and eigenfrequencies of a clamped solid
plate

is presented in Figure 4.3. Due to the moment and edge forces at the clamped "sides" of the plate,
the displacement is zero. The displacement of the plate is maximum at approximately half of the

radius of the plate. The displacement is not necessarily zero at the centre of the plate.

Wiry

Lof

0.8

0.6

0.4F

0.010

Figure 4.3: The normalised eigenfunction W (r) corresponding to the eigenvalue
w30 = 765736.6 rad. s~! for a solid aluminium disc in its plate form clamped at the edge

The normalised eigenfunction for the eigenvalue w3, ; is given in Figure 4.4. The deflection of the

plate becomes zero around the clamped edge of the plate.
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Wir

0.008 0.010

Figure 4.4: The normalised eigenfunction W (r) corresponding to the eigenvalue
w31 = 1.665943 x 10%rad.s™' for a solid aluminium disc in its plate form clamped at the
edge

4.6.2 Annular plate with free edges

This subsection presents the determination of eigenvalues, eigenfunctions and their nature for the
annular plate, free at both edges. The explicit boundary conditions for the annular plate vibrating

freely with mode number m are given by:

1 2 — 2+1 3—
w + W — ( n)m + %744 + J m2W = 0’ (4127)
rrr o T r2 " 3 r=a,b
and
2
{W;; i QW; + _WZW] =0; (4.128)
r r r=a,b

where W is a function of only radius of the plate. Similar procedures as those performed for the
solid clamped plate are employed here for the determination of both the eigenvalues and eigenfre-

quencies. Substitution of Equation (4.93) into Equation (4.127) yields:

e (e e S FACORE: {% # 8] duns (50 -
an ([0 s v g[S 5 s 50 +
A — L) ) g g+ |- 4 2 B 50 +
A" ( Smmmim =) 52} Ko (Ba) + 8 {“‘a”)m ¥ 52} Ko (ﬁa))

— 0 . (4.129)
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The matrix form of Equation (4.129) is:

m (L —mn)m? 2- 1"
([ M]J o +5 120 2] s )
A
m([ Do Va4 8 | SR 2 Vo ) ||
- Lo, =0
2 (|- an L) b+ 5 |- ) ) ||
J— i p— 2 T
2 ([ ] s 0 4.5 [ 4 ) Ko (50)) |
- : (4.130)

By a similar analogy, the second boundary condition given by Equation (4.65) for the free inner

edge of the plate can be written as:

(1-

n) B

A ( (1-n) Z(m Y gy, (gay+ 108y, (ﬁa)) +
A?,% ('_(1 —n) Zg(m - 32} I, (Ba) — wlm—&-l (ﬁa)) +
A ([FAmmen D) ] g+ Ok )
., L (4.131)
The corresponding matrix format of Equation (4.131) is given by:
! T
o (JEm =) el g ey + B g ()
m (1—1n) m2(m - B2 Y, (Ba) + (=) BYm—&-l (Ba) ﬁl
a a 2 1=0
— —_ - A .
% _(1 n) ZLQ(m ) + 52] I, (Ba) — (1;7)5[%1 (ﬁa)) Ai
a 2 " "
a “ - (4.132)

Similarly, the boundary conditions for the free outer rim of the plate are used as shown next. The
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first boundary condition (4.127), can be written as:

A" ([(1 —mm(m = 1) +52} T (B5) + B {(1 —n)m’ +52} T (ﬁb)) -

b b2

an ([U=memn = ]y, oy 5 {% 8] Yo (30)) +
A3% ('_(1 — 1) T;(m - 52} L, (Bb) + 8 {—(1_672)7”2 + 62} L (ﬁb)) +
A4% (__(1 — 1) T;(m - 32] K., (8b) + {(1 _bz) m 52] K (ﬁb))
M (4.133)
The matrix form of Equation (4.133) is:
) (ROLTUES +52} o 0+ | 4 6 o (50
o ([am ity g [0 ) | [ 4
_ o =0,
m ({_ (1—n) T;(m “D 4 gl 1 80) + 8 {— u _bz) UCE 52} Lt (ﬁb)) ﬁz’
([ ] 0+ 8 | U ] e )
i : . (4.134)

The second boundary condition (4.65) for the free outer rim of the plate can be written as:

A ( Lommm=1) 32} gty + S0 (ﬁb)) -
a ([t ]y gy - A2, ) +
g ([ e o - B0 o)
RS (4.135)
The corresponding matrix form of Equation (4.135) is given by:
" (1 —mn) Z(m —U |80+ _b") % s (59
% (1—mn) T;(m -1 32| Y, (8b) + WYWLH (8b) ﬁl
b 2 | .
" ( Gommn 1), 62} () + S0k, (ﬁb))
] : (4.136)

Equations (4.130), (4.132), (4.134) and (4.136) can be combined to give a system of homogeneous
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linear equations with respect to A;, As,

Ci2 Ci3
Ca2 (23
C32 C33
Cq2  C43

C11
Ca1
C31
Cq

N

Asand Ay. That is:

C14
C24
C34
Cqq

/

[ A A Ay A]"

0; (4.137)

where ¢;; = ¢;; (8) = ¢ (w),Vi,j = 0,1,2,3,4 are the components of the 4 x 4 matrix. The

components are given as follows:

cw = - (US04 [CE 4 2 e (50
oo = —%({(1‘”);(7”‘”%2: mea)w[%w} m+1<ﬁa>)
ca = ([P ) g |07 ] 1 00
cw = ([P ) g g0+ [ U ] K (00))
en = (| g+ B )

e = (| v 0+ B ) )

e = 2 (|- ) g g - B0, 00

w = ([P ) g o) U ) )

e | s R PR R e +ﬁ} T (B);
= (- [P ] (ﬁb)+ﬁ{(1_£) ] Yo (0
I (e R PAED ﬁ{—%w} o (51))
u = 5 ([P ] o)+ 5 | B ] s )
o = o ([FEREE -  aaen + B 0 )

cw = 5 ([P 2 v o+ B o)

o = ([ | o) - B () ana

cu = %(}O_mzm%dxﬂﬂK@@®+QLQEK%M&O.
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Note that the coefficient matrix in Equation (4.137) can be written as:

1 (wp) 1z (wp) cas(wp) cra (wp)
Co1 (wWp) €22 (wp) o3 (wp)  C2a (wp)
N = : 4.138
2 (wp) ca1 (wp) 32 (wp) 33 (wp) 31 (wp) ( )
ca1 (wp) cCaz(wp) caz(wp) cas (Wp)
It is well-known from linear algebra that Equation (4.137) has a non-trivial solution if the determi-

nant of Equation (4.138) is zero, that is:

A, (wy) = det Na(w,) = 0. (4.139)
Equation (4.139) is known as the characteristic equation of the BVP. Using a CAS to solve this
transcendental characteristic equation yields, for each circumferential wave number m, a sequence

of eigenvalues Wy, (k =0,1,2,3,---) with:
Winp,0 < Winp1 < Wipa < * - . (4.140)
The eigenvalue w,, o is called the fundamental vibration eigenvalue while w,, ; is called the first

Lo/ Absdet, (el

wl
sof.
70
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Figure 4.5: The graph used to estimate eigenvalues and eigenfrequencies of an annular plate free
at both edges

overtone vibration eigenvalue, and so forth. A plot of the function f(w,) = In (|A,(w)|) appears
in Figure 4.5 for an aluminium circular plate where the "spikes" point towards the roots of the

function A, (w). Note that the eigenvalues are not linearly spaced.

To solve for the constants, an integer & with £ > 0 is fixed and the eigenvalue w,,,, 1, is substituted

back into Equation (4.137). Performing Gaussian elimination on the augmented matrix of Equation
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Table 4.2: The fundamental and the first five overtone vibration eigenvalues and the associated
eigenfrequencies of an annular plate free at the edges and vibrating at m = 3.

wsp, (rads™?)

[ = 52 (Hz)

695335.3
3.008646 x 106
6.354535 x 106
1.080587 x 107
1.634623 x 107
2.295467 x 107

U W N = O

110666.0
478840.8
1.011356 x 10°
1.719807 x 10°
2.601584 x 106
3.653359 x 106

(4.137) indicates that any one of the A, Ay, A3, A4 can be chosen as being free, for example:

—a14A4 Q1o
det —CL24A4 929
—Cl34A4 32

13
23
a33

A =

a1
det a921

a31

Wir)

10

08|

06

04

Q12
@22
a32

Q13
@23
a33

(4.141)

0.002 0.004

Figure 4.6: The normalised eigenfunction W (r)
w30 = 695335.3rad. s™* for the annular aluminium disc in its plate form, free at the edges

. L r
0.008 0.010

corresponding to the eigenvalue

Hence, choosing any non-zero value for A4 (say A, = 1), the value of A; can be obtained using

Cramer’s rule, and similarly for A, and A;. Consequently, with these values of A;_; 234, the

eigenfunction W (r) corresponding to w = w,,, 1 can be calculated. These eigenfunctions are also

referred to as the form-factors of the m-w,, vibrating pattern or mode. A normalised eigenfunction

W (r) corresponding to the fundamental eigenvalue w3, = 695335.3rad.s™" for the annular

aluminium circular plate and its out-of-plane vibration with free edges is shown in Figure 4.6.
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4.7 CONCLUSION

The eigenfunctions and eigenvalues obtained numerically so far are considered only for the vibrat-
ing disc in Chapter 3 and and circular plates in Chapter 4, where rotation is neglected. Joubert,
Shatalov and Fay (2014, [76]) have demonstrated that the eigenfunctions, for a vibrating structure
that is not rotating, remain invariant if the structure is subjected to slow rotation. Consequently,
the results obtained here are used in Chapter 5 where the vibrating disc gyroscope is subjected to

slow 3D-rotation.

72



Chapter 5

THE DYNAMICS OF A TUNING DISC-VIBRATORY GYROSCOPE

5.1 INTRODUCTION

Chapters 3 and 4 independently dealt with the respective in-plane and out-of-plane vibratory dy-
namics of the disc gyroscope without rotation. This chapter incorporates the ideas of the previous
two chapters with a slowly rotating disc to investigate the possibility of a 3D, tuned, disc-vibratory
gyroscope. The equations of motion and the boundary conditions describing the dynamics of the

3D-tuned disc gyroscope are derived from the variational principle.

5.2 THE KINEMATICS OF THE 3D DISC-VIBRATORY GYROSCOPE

Consider two coordinate systems 0£n¢ and Oxyz, respectively as shown in Figure 5.1, where 0£n¢
is connected to the disc and rotates with respect to any inertial coordinate system, whereas Oxyz
is located at an angle ¢ from the 0&-axis of the 0£n( system and characterises the location of
the infinitesimal element dm = phrdrdy, as shown in Figure 5.1. Furthermore, assume that the
0C-axis of 0&n( system and the 0z-axis of the Oxyz-system overlap and coincide with the axis
of the disc as shown in Figure 5.1. Suppose that the disc is subjected to slow three-dimensional
rotation with components €)¢, €2, and €2 in the directions along the 0-axis, On-axis and 0(-axis,
respectively. Assume that the annular disc (of axial plate thickness /) has an inner radius a and
outer radius b with r being the position of a point on the the disc, as shown in Figure 5.1. Let £
be Young’s modulus, p be the mass density, and 7 be the Poisson’s ratio for the disc. Assume that
h << min(a, b) and hence the “thin-plate theory” is used to simplify matters. The position vector
of a vibrating element on the disc is thus given by B = ( 7 +u, v, w )T , where u, v and w are

the displacements of the disc element in the radial, tangential and axial directions, respectively.

Let Q) be the slow inertial angular rate of the vibrating system with its components given by
( Q, Q) Q )T in the Oxyz-coordinate system. In this case, the components €, €2, and ),
are small and that the O (¢?) terms such as 7, 07, QZF, QQ,, Q. and Q.0 are neglected. Thus

the absolute linear velocity of the disc element dm in Figure 5.1 is given by Euler’s formula as
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dm-p-hrdrde

Figure 5.1: A thick disc, thin plate three dimensional vibratory gyroscope showing the three or-
thogonal axes with rotation rate components €., €2, and {2,

(Spiegel, 1982, [29]):

V=(a o o) =(a o o) +0xF; (5.1)
where:
R=(r+u, v, w)T; (5.2)
and
. . Q¢ cos p + (2, sinp
st( Qg, Q, Q, ) =c| Q,cosp—Qesing | . (5.3)
s
The vector (cross) product of () and R in matrix form is obtained as follows:
o 0 j k
OXR = | (Qecosp+Q,sing) (,cosp — Qesing) O
r+u v w

(€2, cos p — Q¢ sin ) w — Qv
. (Q¢ (1 +u) — (Qe cos p + £, sin ) w) (5.4)
- (e cos @ + Q,, sin @) v+ '
( (Qesing — Q, cos ) (r+ u) )
Note that the components of the inertial rate on the Oxyz-coordinate system are assumed to be
( Qg, Q, Q, )T. Substituting Equation (5.4) into Equation (5.1) gives:

. u U (€2, cos p — Qe sinp) w — Qv
V=1 v | =| v |+e Qe (r+u) — (Qecosp + Q, sinp) w
w w (Qecosp+ Q,sinp) v+ (Qesinp — Q, cosp) (r+u).

(5.5)
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5.3 ENERGY

In this section, both kinetic and potential energies of the disc vibratory gyroscope are discussed.
The effects of rotary inertia are ignored. Thus the kinetic energy of the vibrating disc is influenced

only by the absolute velocity of its centre (Joubert, Shatalov & Fay, 2009, [51]).

5.3.1 Kinetic energy

Assume that the components of the displacement of the vibrating disc are given by:

ulr,p,t] = U (r)[C(t)cos (mp) + S (t) sin (me)]; (5.6)
v[r,p,t] = V(r)[C(t)sin(my) — S (t) cos (myp)]; and (5.7)
wlr, o, t] = W(r)[A(t)cos(m+1)p+ B(t)sin(m+ 1) ¢; (5.8)

where m is a vibration mode number, U () and V (r) are eigenfunctions of the in-plane vibra-
tions and W (r) is the eigenfunction of the out-of-plane vibration. Due to orthogonality of the
trigonometric functions, the contributions of the components of the rotation rates to the total ki-
netic energy are non-zero if and only if (m —n) = +1, where n and m are the in-plane and
out-of-plane mode numbers, respectively. In what follows, the eigenfuctions can be calculated in
terms of known functions using well-documented standard techniques (see Sections 3.4 and 4.6).
On the other hand, the functions of time C'(t), S (t), A(¢) and B () can easily be determined
numerically once the equations of motion (see Equations (5.62) to (5.65) below) have been estab-
lished. In order to formulate the kinetic energy in terms of the time-dependent variables, Equations

(5.6), (5.7) and (5.8) are differentiated with respect to time. Thus it follows that:

@ = U[C cos(myp) + Ssin (me)]; (5.9
v = VI[Csin(mep) — S cos (my)]; and (5.10)
W = W[Acos(m +1) ¢+ Bsin (m + 1) ¢]. (5.11)

The absolute velocity can thus be written as:
V =i+ 0] + wk;

where, 7, j and k are unit vectors in the increasing directions of x, y and z, respectively. Further-
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more:
u="U [C cos (mey) + Ssin (mgp)} + € ((Q, cosp — Qe sinp) w — Qev), (12)

=V [C sin (my) + S cos (mgp)} +e(Q (r+u) — (Qecosp +Q,sinp)w) and  (13)

w=W[Acos(m +1) o+ Bsin (m + 1) p|+

e ((Qecosp+ Q,sinp) v+ ((Qesinp — Q,cosp) (r+u))) . (14)

The kinetic energy for a disc gyroscope vibrating in its plane as well as out-of-plane can now be

written from Equation (5.5) as:

1 h 2T b L.
B — - V. V) rdrdedz; and
" 2/0 /0 /a ,0( )7“ rdydz; an
21 b h - " »
B, ~ / /'” (u2+@2+w2) drdep. (5.15)
0 a 2
~9 ~

Now w 1'12 and 73]2 from Equations (5.12)-(5.14) are expanded using direct series expansion around
e = 0 and up to order O (£2) . Retaining terms proportional to O (&) and neglecting terms of order

O (£?) and higher, yields the following:
2

( U? (Ccos (m ) + Ssin (m ]

sin (o) cos ((m + 1) ) cos (

sin () cos ((m + 1) ¢) sin (

sin (¢) sin ((m + 1) ¢) cos (

2 sin (¢) sin ((m + 1) ¢) sin (

( (

(

)

) CQAW + )
) SQe AW+

) CQ:BW+

) SQ BW —
)
)
©)

— T — N

¥
¥
¥
¥
¥

~—

) CQ AW— 3 (516)
©) S, AW —

~—

(
m
m
m
( m
cos (¢) cos ((m + 1) ¢) cos (m
2U
cos (¢) cos ((m + 1) ) sin (m
cos (@) sin ((m + 1) ) cos (m CQ BW—
cos () sin ((m + 1) o) sin (m ) SQ,, BW—
(cos (m ¢))? CQSV — cos (m ) sin (m ®) SQ@“SV—I-
cos (m @) sin (m @) CQCV — (cos (m ))? SQ@“CV—I-SQCCV J

~—_ — ~—
)

\ \
( % (Scos(mg@ — C'sin(my ) ]
( —cos(mgp)SﬁgAcos() ((m+

sin (m ) CQgAcos( ) cos

cos (m ) SQgB cos () sin
(

(
((m +
(m ((m+
sin (m @) CQgB cos () sin ((m +
o~ cos (m ) SQWA sin (o) cos ((m + 1
2V sin (m @) C’QWA sin (¢) cos ((m + 1
cos (m ) SQnB sin (¢) sin ((m + 1
) % ((

Y

)
)
)
§W+ : (5.17)
)

— e -

sin (mgp O, Bsin (@) sin ((m + 1
(cos (m))? SQgCU. — cos (m ) sin (m ) CQCU+
cos (m ) sin (m ¢) SQSU + (cos (m <,0))2 cQ.SU—
L L CQSU + cos (m ) SQer — sin (m @) C (t) Qer

y, /
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and

( W2 (Acos((m+1)<,0)—|—Bsin((m—|—1)<p))2—|— \
([ —BQ, cos (p) sin ((m + 1) ) r + BQesin (¢) sin ((m + 1) ) r— )
AQ, cos (¢) cos ((m + 1) ) r + AQg sin (o) cos (m + 1) @) r—
Bsin (m ) Q,S cos (p) sin ((m + 1) ) U+
Bsin (m ) Q,C'sin (@) sin ((m + 1) @) V+
Bsin (m ) Q¢Ssin (@) sin (m + 1) ) U+
Bsin (m ) Q¢C cos (@) sin (m + 1) ) V—
B cos (m o) Q,S sin (o) sin ((m + 1) ) V—
~9 B cos (m ) Q,C cos (p) sin ((m + 1) @) U—
W o1 B cos (m ) Q¢S cos (@) sin (m + 1) ) V4
B cos (m @) Q:C'sin () sin ((m + 1) ) U—
Asin (m ) Q,S cos (¢) cos ((m + 1) p) U+
Asin (m ¢) Q,C'sin (¢) cos ((m + 1) p) V+
Asin (m @) Q¢S sin (¢) cos ((m + 1) ) U+
Asin (m ¢) Q:C cos (p) cos ((m + 1) ) V—
Acos (m @) Q,Ssin (¢) cos (m+1) p) V-
A cos (m ¢) Q,C cos (¢) cos ((m + 1) @) U—
A cos (m @) QeS cos (¢) cos ((m + 1) @) V+
L \ A cos (m ©) QeC sin (p) cos ((m + 1) ) U. J )
(5.18)
For all values of m the following integrals are observed:
27 27
/ sin? (my) dp = / cos® (myp) dp = ; (5.19)
0 0
2w
/ sin (mp) cos (mp)dy = 0; (5.20)
0
2w
/ sin ((m + 1) ¢) cos (my)dp = 0; (5.21)
0
2w
/ cos ((m+ 1) ¢)sin(mp)dp = 0; (5.22)
0
2w
/ cos ((m + 1) ¢)cos(mp)dp = 0; and (5.23)
0
2w
/ sin (my) sin (m+ 1) pdpy = 0. (5.24)
0
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~2

~2 ~2 . .
Integrating @ , v and w , respectively, over [0, 27], with respect to ¢ yields:

21
/ u2d<p
0

and

o\w
3
&
I8
AN
Q

( 2 2 )
dC dsS
2 _ _ _
e () (5))
N 9C o - Co aw
- dic dt
TUQ 257008V — 20 AW -
gl% d dS
\ —QBW 2200V |

= U?r (C"2 —|—52) —

U CQeBW — CQ, AW — 2095V —
SQ AW — SQ, BW +25Q,0V

b

(5.25)

Q

~

d QgBW

44

\ dt
Vin (02 + 52) —

v

Vr 2—Q<SU -

( 2 2 3\
dC dS
2 _ __ _
v ( () *(dt))
dC

g

2, AW—
dar”¢

“2Q,BW +2-"Q.CU

CQeBW — CQ, AW — 209, 5U—
SQAW — SQ, BW + 28Q.CU

dA\? (dB
2 T T
W ((dt) +(dt

( dB

—Q, AW —

as

dt y,

(5.26)

\
))-

dB‘

W

OCU + VO
o g 44

4

dt

—Q,CU -VQ, CdA

)

s,

aB

dt

—Q,5U —
\ \  dt d

T2 (424 B7) +
—w | BCU + BVCQ — AQSU — AQSV —
AQ,CU - AVvQ,C — BQ,SU — BQ, SV

— 0,5V
t

V V

Adding Equations (5.25), (5. 26) and (5. 27) yields:

2 ~2 ~2 ~2
(u +0 +w>d<p
0

~
~

(02 + 52) (U2 + V2) + dn Q) (cs cs) UV+ |

7Q, (AC — AC + BS — BSYW (U + V) +

Qe EAS—AS+BC—BC§W(U+V)+
W2n (A2 + BQ)
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Substitution of Equation (5.28) into Equation (5.15) after simplification gives:
b . (02 + 52) (U2 + V2) + dn Q) (Cs - CS) UV+
By = /pzh WQ7,(AC—AC+BS—BS)W(U+V)+ rdr
’ Qe (AS—AS+BC—BC)W(U+V)+WQW (A2+B2)

7 (02 + 52) rh f: (U? + V2) rdr + 2wphQ2, (CS - CS) fab UVrdr+

2
ha . .
UL (Ac —AC + BS - Bs) [P (U + V) Wrdr+ 529
_ 5.
Wp2 ¢ (As —AS+BC— Bc) [P + V) Wrdr+

s (A2 + BQ) '02h fab W2rdr.

Thus the kinetic energy in terms of C, .S, C,S,A, B, A and B in its compact form can now be

written as:
B, = K (c, S,C, 8, A, B, A, B)
20 (CS = CS) I+ s, (AC — AC + BS - BS) +

S o\ LN . | 5.30)
Io (€2 + %) + L9 (A8 — AS + BO - BO) + 1, (42 + B?)
with:
ph b b
Iy = o (U + V) rdr, I = ph/ UVrdr; and
b b
I = %h (U+V)Wrdr I, = % / W2rdr. (5.31)

In Equation (5.15) it is assumed that the size of the angular rate of rotation Q is substantially
smaller than the lowest eigenvalue wy,, of the in-plane or out-of-plane vibration. Consequently,
terms containing QZ, 7, QF, QcQ,, 2,0, and Q:Q¢ which have O (¢?) order of smallness are

neglected (Joubert, Shatalov & Manzhirov, 2013, [53]).

5.3.2 Potential energy

The potential energy of deformation stored in the form of strain energy can be obtained as shown
in Novozhilov (1970, [61]). The total strain energy of the disc is the sum of the strain energies
of the in-plane and out-of-plane vibrations (Rourke, McWilliam & Fox, 2005, [63]). If 0., 0y,
and o, respectively (e,, €, and ¢,,, respectively) are the usual tensile radial, tensile tangential
and shear stresses (or strains, respectively) for in-plane vibrations, then the potential energy of the

in-plane vibrations is (Redwood, 1960, [59]; Joubert, Shatalov & Fay, 2009, [51]):

Eh 27 b
E,in = m/ / (0,6, + Oy + Oy rdrdp = I, (C? + S?); (5.32)
-1 0 a
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where [5 (Joubert, Shatalov & Fay, 2009, [51]) is given by the definite integral:
(U+mV) (U+mV\°
— + -

o | O+ 20U

2(1—1n?) 1—1 Vi mU +V\°
2 T
Using the assumptions of "thin plate theory", the potential energy for out-of plane vibrations is

given by (see Novozhilov (1970, [61])):

I, = (5.33)

EhR? 2m _
Epout = 20— ) / / X3+ X5+ 2nx1xe + 2 (1 — 1) 7°] rdrdy; (5.34)
with:
X1 = or?’ X2 = Cror 7“28@2’ T rorde  r20p’ '
where:

w=W(r)[A(t)cos(m+1) ¢+ B(t)sin (m+ 1) ¢].
As for kinetic energy, an expression for the potential energy in terms of C, S, A and B is obtained
using MAPLE’s symbolic computation. By substitution of Equation (5.35) into Equation (5.34)

and integrating with respect to ¢ over the interval [0, 277] using MAPLE yields:

( 7 ( A2+ B2 )W/ W}
277( + ) rr 47 (AQ‘I‘B)(WT,.IT)Q
(2m n— om? +4mn— 4m+2n 3)m (A2+Bz)(w;)2+
b
Epﬂm _ 245}13;72) / 2(2m n—3m2+4mn— 6m+277 3) (A2+Bz)WWT_ TdT; (536)
a () (i 52) W,
\ T (m4+4m3_2m277+87:4——4m77+8m—277+3) T (A2+B2) )
which can be written in compact form as:
Epour = Ism (A* + B?) ; (5.37)
with:
oqwiwr. (2(=1)(m+1)°—1) W2
— 2 _I_
3 b — m m
L= P / ((otpre” )WW’ (W) = (e wwy U (s 3s)
24 (1 - 772) a

rd

n (m (m2+4m+8—2n)—2(n—2)(2m+1)—1 ) 2

Here I5 is a constant that is determined by the out-of-plane eigenfunctions and their derivatives.
The total potential energy of the vibrating disc is obtained by summing up the strain energies of

the in-plane and out-of-plane vibrations. Consequently:
EP(C> S> A> S) - Ep,m + Ep,out
= 7l,(C*+ %) + Iym (A* + B?). (5.39)
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5.3.3 Lagrangian

The general form of the Lagrangian (Spiegel, 1967, [29]) for the system is defined as a difference
between the kinetic energy and potential energy. Hence the Lagrangian of the m and m + 1-
vibrating patterns for the disc gyroscope is obtained from Equations (5.29) and (5.39) and can thus

be written as:

L = K(C,S,C,S,A,B,A,B) — P(C,S, A B)

Io (€2 +82) +20, (€S - C8) I+ ]
L9, (AC — AC+ BS — Bs) +
190 (A8 = AS + BC = BC) + 1, (42 + B?) -
[[5(C? + 5?) + I; (A% + B?)]

(5.40)

54 THE EULER-LAGRANGE EQUATIONS OF MOTION

The Euler-Lagrange equations of motion for a disc-vibratory gyroscope subjected to a slow 3D-
rotation rate are derived in this section. The equations of motion for a disc gyroscope with free

vibration and the disc gyroscope subjected to a small light isotropic damping are formulated.

5.4.1 Homogeneous equations of motion

In this subsection the equations governing the vibrating patterns of the disc gyroscope are derived
under homogeneous conditions. It is assumed that the gyroscope operates under ideal conditions

and hence any actions of non-conservative forces are neglected for now. In order to formulate the
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governing equations, the following derivatives of the Lagrangian (L) are required:

gé =7 :I3Q§B — 20 S — I,Q,A — 2120} : (5.41a)
% . :210(;* + 20118 + 150, A — 13953} : (5.41b)
% =7 :211940 — 20,18 — ;Q:A ~ 2125} ; (5.41¢)
gg =7 :2105 -20.,C + ,Q,B + 13954 : (5.41d)
gi =7 :I3Qn0 + IS — 2I5A: ; (5.41¢)
% . :214A — ,Q,C — 13955: : (5416
g—é = 7 |19,8 — EC — 258 ; and (5.41g)
g_f‘; = 7268+ HOC - S| . (5.41h)

If non-conservative forces are neglected, the Euler-Lagrange equations for the generalised coordi-

nates C, S, A and B (Goldstein, Poole & Safco, 2000, [64]) can be written as:

d (0L oL
a oLy oL 42
dt (ac) oc — " (5.422)
d (0L oL
a (oL _oL 42
dt (as) a8 0 (5.425)
d (0L oL
a (oL _ oL _ 42
o (8/1) A 0; and (5.42¢)
d (0L oL
a (oL _oL 42
dt (83) 0B 0 (5.42d)
Differentiating Equation (5.41b) with respect to time yields:
% (%) =7 [200C + 20 1S + 20 1S + QA + IOy A — 150 B — L B| . (5:43)

Substitution of Equations (5.43) and (5.41a) into Equation (5.42a) leads to:
21,C + 20 115 + 2Qc 1S + QA — ;OB — [;Q:B—
|15 B = 20115 — 10,4 — 215C

i { 216C + 49 1S + 20 [y S + 2139, A — 210 B + 130, A—
I3Q:B + 21,C
Dividing Equation (5.44b) throughout by 277 yields:

C+2208 + Q5+ 2 (A - QeB) + 2 (24— %B) +C = 0; and
IO IO IO 210 IO

C 28,05 + QB8 +wiC + By [2 (A - QeB) + (2,4 0B)| = 0, (5.49)

m = 0; and (5.44a)

] = 0. (5.44b)
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with: ,
I 2 [P UVrd
B =L =— Jo UVrdr . and (5.46)
lo [7(U2 4 V?2)rdr

L I[P U+V)Wrdr

g = b5 _ , (5.47)
2 21y fab (U2 + V2) rdr
and
I I
2 2 2
= 2and wy =y /2 5.48

Differentiating Equation (5.41d) with respect to time yields:

jt (gg) = [2105 — 20 1,C — 20 ,C + 150, B + 150, B + I3Q: A + 139521} . (549

Thus, the equation in the generalised S coordinate can be obtained as shown here. Substitution of

Equations (5.49) and (5.41c¢) into Equation (5.42b) leads to:
20,8 — 2Q:1,C — 20 1,C + 1590, B + L, B + LA+
g I9Q¢A = [2L0cC = Q1,5 — QA — 21,8 |

215 — 4Q<110 2Q<11(J + 21395/1 + 2150, B+ I;;ngH—
{ I;;Q B+2LS }
Dividing Equation (5.50b) throughout by 2]07r yields:
G 211 I I3 I3

Q 10 O A 0, B 0. A
I ¢ = I <C+I ¢ +1 +21 ¢ +2I

S —2B8,9:C — B, C + B, A + 3,Q,B + §BQQ§A + 5529n3 + wis = 0; and

= 0; and (5.50a)

= 0. (5.50b)

QB—l— SzO;

§—28,0.C — B,0C + wiS + 5, [2 (QgA + BQQHB) F QA+ 30,8 = 0, (5.51)
with 3;, B, and w; as defined in Equations (5.46), (5.47) and (5.48), respectively. Equations
(5.45) and (5.51) describe the equations of motion of the in-plane vibrating pattern of the disc
gyroscope. The equations of motion for the out-of-plane vibrating pattern are obtained using the

Euler-Lagrange form and the Lagrangian:

[ (&) v (0s-c8)nr |
10, (AC = AC + BS - BS) +

19 (A8 — AS + BC - BC) + 1, (A2 + B?) -

I [[5(C? + 5?) + I; (A% + B?)]

Differentiating Equation (5.41f) with respect to time yields:

I .. . ) . )
a ((‘;) =7 [214/1 — 1392,C — I3Q¢5 — 19,0 — 13955} . (5.52)

L= E, (C,S,C,S,A,B,A,B) -

dt
Substituting Equations (5.52) and (5.41¢) into Equation (5.42c¢) yields:
24 A — [Q,C — LS — L,C — [0S~

g 1592, + 1598 — 2154

= 0; and (5.53)

i [214A' — 2150, C — 2150¢S — I;0,C — [0S + 2154 ~ 0. (5.54)
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Dividing Equation (5.54) throughout by 21,7 results in:
Iy Iy Iy I5

y L, _ .
A— IQC 1955 2IQC 21955 7, 0;
A —2B,0,C — 28,08 — B30,C — 3;Q:S +w?A = 0; and
At w?A -8, [2 (Qn(j n 955‘) n (an n Qgs)} — 0 (5.55)
with: ,
I (U + V) Wrdr
py=d 22k b : (5.56)
2I; [ W2rdr
and
Is Is
5 Yy =1/ 5.57
I4 (‘UO? w I4 ( )

where [, is given by Equation (5.31) while I5 is given by Equation (5.38). By the same analogy,
the equation for the other out-of-plane coordinate B can be obtained as follows. Differentiating

Equation (5.41h) with respect to time gives:

d /0L - . . . .
. (aB) = 2148 + L,0C + [,0C — ;0,5 — 139775} . (5.58)
Substituting Equations (5.58) and (5.41g) into Equation (5.42d) yields:

2I,B + IQ9:C — 50,5 + LQ:C — I;Q,S—
s i . . = 0; and (5.59)
10,8 - L;0cC — 21 B|
i [2143 + 200 — 21,0, + L0C — 159,55 + 2153} ~ 0. (5.60)
Dividing Equation (5.60) throughout by 21,7 gives:
. I I I I
B+20 20 0 =20 B = 0;
+I4 gc I, S+2I gc o1, S—I—I 0;
B+ w?B +26,9:C — 26,0,S + 3,0:C — 3,2,S = 0; and
B +wB + B4 [2 (Qg(j - B3Qn5’) + (Qgc - Qns)} = 0. (5.61)

For the generalised coordinates C', S, A and B, a system of highly-coupled equations of motion for
a rotating 3D-disc vibratory gyroscope is obtained. Thus the equations of motion for a vibratory-

disc gyroscope in 3D can now be written as:

G 128,908 + QS + wiC + By [2 (Q A— QgB) + (Q A QgB)- — 0, (5.62)
§— 28,00 — B,9:C + wiS + B, [ (QgA +Q B) LA+ OBl = 0, (5.63)

At w?A -, [ (Q C' + Qe ) (an+ Qgs)_ — 0: and (5.64)

Btw?B+ B, [2(2C - 0,8) + (%0 -2,8)] = 0. (569
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The equations of motion in matrix form can be written as:

C 0 B By B0 ][C
S — 5182 0 Baf2e  Baf2, S
AP B, -8 0 AT
| B Bsfle =038 0 0 B
[ 0 . 5194 52(_277 _52_96 C
_5194‘ 0 . 5296 52977 S +
| B3 —B5, O 0 B
(w2 0 0 0 C
0 w2 0 0 S|
0 0 W 0 Gl =0 (5.66)
| 0 0 0 w? B

In Equations (5.62) to (5.65), the terms such as QBIQCS, 261§Z<C’, 25297721 and 262953, and so
forth, are the so-called “gyroscopic coupling forces” where as w?C, w?S, w?A and w?B are the
elastic forces. It can be seen from these equations that the in-plane modes are gyroscopically cou-
pled to each other and to the out-of-plane modes but there is no gyroscopic coupling between the
out-of-plane modes. Note that gyroscopic coupling forces determine how the modes of vibration

interact with each other.

IfQ = (Q,,Q,,,) = 0, Equation (5.66) becomes fully uncoupled and gives:

C w20 0 0]fcC

g 0 w2 0 0|]|S5]| .

il*lo 0w ol]al=" (5.67)
B 0 0 0 w2||B

which is a harmonic oscillator equation with four degrees of freedom. In this case the in-plane

modes (C, S) have undamped natural frequency:

U+mV U+mV\°
. [P n? NP ACKRONN ( Tm ) +
2(1—1?) 1q (V’ - mU + V)2
2 T r
Wy = ; (5.68)
T\ [P (U2 +V2) rdr
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and the undamped out-of-plane natural frequency for the modes (A, B) is given by:

W Wl (2(7]_1)(7n+1)2_1)w7,‘2+
2

Eh3 fb ((2"_3)74(;%1)2)7.WW;.+7“ (VV#;2 - (727](7:;1)2) wWw!

24(1-n?) Ja rdr
. (m2(m2+4m+8—2n)—2(7]—2)(2m+1)—1) W2

rd

(5.69)

Wy =

\ p—2h [P w2rdr

5.4.2 Non-homogeneous equations of motion

In the previous sub-section the equations of motion for the ideal case was developed, where the
external forces and dissipative forces were neglected. For the purposes of the present discussion,
assume that there is an ever-present, light-isotropic linear damping, with damping factor § for
both in-plane and out-of-plane vibrations. Define Rayleigh’s dissipation functions R as shown in
Joubert, Shatalov and Manzhirov (2013, [53]), namely:

R=nd {10 (02 + 52) + (A2 v BQ) } . (5.70)
By “small light damping” it is meant that § is substantially smaller than the lowest eigenvalue wyy;,
of either the in-plane or out-of-plane vibration. It has been demonstrated by Joubert, Shatalov
and Manzhirov (2013, [53]) that the rotation rates of vibrating patterns are not affected by light

isotropic damping.

Using Equations (5.30) and (5.39), the Lagrangian L = Ejy — E,(E, ., + E,out) + E. is deter-
mined, where FE, is the electrical potential energy introduced to achieve electronic control of the
gyroscope. The electrical potential energy E. is chosen in such a manner that it produces a so-
called force-to-rebalance regime (See Wang et al. (2011, [73]) for a similar setup) that drives only
the C' and S-channels (not the A and B-channels) of the gyroscope at an operational angular fre-
quency w close to the natural frequencies, respectively, w; and w, of in-plane and out-of-plane
vibrations. As in Joubert, Shatalov and Spoelstra (2017, [74]), the Euler-Lagrange equations for
the generalised coordinates C, S, A and B in the Lagrangian L is applied, obtaining the coupled
system of ODE of gyroscopic motion for an isotropically-damped and externally-excited system

that can be written as:
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C +25C 4 26,28 + 31QcS + wiC+

5y [2 (24— QB) + (2,4 0cB)| = feos (wt + ) (5.71)
S+ 265 —26,9:.C — 5,9:C + wiS+
By [2 (QeA+2,B) + (04 +2,B) | = Feos (wt +0); (5.72)
A4 26A +w2A—
By [2 (€ + Qe8) + (2C + QeS| = 05 and (5.73)
B+ 2B +w?B+
(5.74)

By [2(26C = 9,8) + (2 - 0,8) | =0,
In the above equations, 1) and ¥ are phase angles with:
I I3 I3 L s
BI_IO’ 52_21()’ 53_214a wr = IO ) andwo_ 14. (575)
The constant /3, is Bryan's factor (See Joubert, Shatalov and Spoelstra (2017, [74])) while 3, and
B4 are auxiliary Bryan’s factors (Sedebo, Joubert & Shatalov, 2018, [34]). The quantities w; and

w, are the eigenvalues of the in-plane and out-of-plane vibrations, respectively.

5.5 THE OPERATION PRINCIPLE OF THE DISC GYROSCOPE

The disc gyroscope operates as a rate sensor when one of the C'-channels is set to oscillate at a
constant amplitude with an in-plane natural frequency. This self-excited oscillation is said to be
“the primary motion of the gyroscope”. The amplitude of the primary oscillation is kept constant
by means of an amplitude control loop (Wang et al., 2011, [73]). To demonstrate the operation
principle, Equations (5.71 to 5.74) are used without any external forces. Suppose that the primary

motion of the gyroscope via the C'-channel is independent of the rotation rate and is given by:
C (t) = Cssin (wyt) . (5.76)
The rotation rate () = (9,8, Q,) is significantly less than the lowest eigenvalue of the vibrating

2 2
system. Thus, the cross-coupling terms with contributions of O ((g;’) CS) , 0 ((Qﬁ) CS) and

wr

wr

2
O ((QC) CS) are neglected (Gallacher ef al., [75]). Furthermore, all the effects of centrifugal
forces are negligible and thus angular accelerations are irrelevant. Equations (5.72) to (5.74) then

reduce to: . )
S+ 205 4+ wiS = 2w B,Q:C. cos (wrt) ;
A+ 204+ WA = 2w,3,9,C. cos (wrt) ; and (5.77)
B+ 20B + w?B = —2w,[5Q:C. cos (wrt) .
Solving equations in Equation (5.77), using the method of undetermined coefficients and neglect-

ing the transient part of the solution yields an approximate solution for each channel as:
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~ B192:C.cos (wrt)

S (#) < , (5.78)
Alt) =  2B,8w,C; cos (wit — o) (5.79)
\/(wg — w?)? 4 46%ww?
and
B(t) = 23,Qew;C. cos (wrt — a) (5.80)
\/(wg — w?)? 4 45%w?
with:
20w W,
a = tan~! (w;"_]‘;%) . (5.81)

It is clear from Equations (5.78) to (5.80) that the components of the applied inertial rate () can be
obtained by means of the measurement of the respective secondary motions. The components of

the inertial rate and Bryan’s effect are presented in the next section.

5.6 INERTIAL ROTATION RATES AND BRYAN’S EFFECT

G.H. Bryan (1890, [13]) in his experiment at the end of the nineteenth century explained the beating
of sound produced by a ringing wine glass placed on a turntable, and his work laid the foundation
for the physics of present day hemispherical resonator gyroscopes (HRGs). For a fixed mode
of vibration, Bryan made the following calculation for the constant of proportionality (known as

Bryan’s factor) or angular gain (Johari & Ayazi, 2007, [18]) given by

BE Rate of rotation of the vibrating pattern

= - - . . 5.82
Inertial rate of rotation of the vibrating structure (5:82)

Now assume that the disc is subjected to slow three-dimensional rotation described by projections
(2, 2, and €2, of the inertial angular rate onto the coordinate system 0£7¢ as in Figure 5.1. Further,
assume that the angular rate is much less than the smallest eigenvalue of the vibrating system. Now
consider that in-plane vibrations of the structure are realised at m-mode and that of out-of-plane
or bending vibrations are realised at (m + 1)-mode. If the corresponding eigenvalues of the in-
plane and out-of-plane vibrations are w; and w,, respectively then the equations of the m-w; and

(m + 1)-w, vibration patterns can be used in Section 5.6.1.
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5.6.1 Inertial rotation rates

The control or excitation force fcos(wt + 1) in Equation (5.71) is used to keep the vibration
amplitude of the C-channel constant with the phase shift ¢ chosen in such a way that C () =
C. cos (wt). With an appropriate phase shift ¥, the rebalance force F cos (wt + V) in Equation
(5.72) is used to obtain S (t) = 0.

To demonstrate how 3, and 34 are related to rotation rates, the force-rebalance electronic array
discussed in (Wang et al., 2011, [73]) can be used and it is assumed that a steady-state solution for

Equation (5.71) to Equation (5.74) is of the form:

C(t) = C.cos(wt); (5.83)
S(t) = 0 (5.84)
A(t) = A,cos(wt)+ A,sin (wt); and (5.85)
B(t) = B.cos(wt)+ Bysin (wt). (5.86)

Owing to the slow inertial rotation rate Q, the amplitudes A., A, B. and B, are slowly varying
time-dependent quantities that are assumed to be constant in order to determine simplified expres-
sions for the angular rates. The exact nature of these amplitudes is left for future study. It can be
assumed that acceptable average estimations of these amplitudes could be measured experimen-

tally.

Substituting Equations (5.83) to (5.86) into Equations (5.71) to (5.74) yields the equations for the

angular velocities (¢, 2, ) and angular accelerations QC> Qm Qg as follows:

Fsin¥ 1 (2A0w + Agw? — Agw?
Q = — Q= ; and
2(«00@81 2 CC /83 w
1 (2B, 6w+ Byw? — Byw?
Qe = —— 2. 5.87
¢ 2 ( Ccﬁ:iw ) ( )
. FcosU . Aw? — Aw? —2A
0. = - cos O - ( W w? S&u) - and
Ccﬁl CCBS
. B.w? — B.w? — 2B,0w
o _ B W, — 280w (5.88)
¢ 0053

If the frequency split is introduced by a difference between the in-plane angular frequencies and
the out-of-plane angular frequencies, the gyroscope can be “tuned” by varying the radial and/or
axial thickness, thus w; = w, = w for all practical purposes. It has been verified in Section 5.7 that

this “tuning” is possible by conducting a numerical experiment. This "tuning” yields the following
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simplified equations:

— Q
Fsin¥ = —2wC.B,8; AC:CCf:‘Qn; BC:CC(?“; (5.89)
- Ccﬁ - Ccﬁ -

FeosU = —C.3,8; Aszﬁﬁn; Bsz—%;@g. (5.90)

The first equation in (5.89) demonstrates that the axial inertial rotation rate €2, is directly propor-
tional to the amplitude F' of the rebalance force. This result is essentially the same as that reported
for the axial rotation rate of a HVG operating under the force-to-rebalance regime (see Wang et al.
(2011, [73])). The amplitude F' and phase angle ¥ of the rebalance force, the operational angular

frequency w as well as the amplitudes A., B, and C.. should all be experimentally measurable.

5.6.2 Bryan’s factors

The factors: )
L 2fa UVrdr
To fab (U2 +V?) rdr’
I LU+ V) Wrdr

_2]0 fab(U2_|_V2)TdT )

51

By

and ,
5. — Iy 5[ U+V)Wrdr
oy f: W 2rdr
from Equations (5.46), (5.47) and (5.56), respectively, are Bryan's factor (See Joubert, Shatalov &

Spoelstra (2017, [74])) and what this study refers to as auxiliary Bryan'’s factors (Sedebo, Joubert
& Shatalov, 2018, [34]). It was demonstrated in Joubert, Shatalov and Fay (2014, [76]) that the
eigenfunctions (form-factors ) of a vibrating structure that is not rotating remain invariant for a
slowly rotating structure. Consequently, it is assumed that a small inertial rotation (2 takes place
with €{) << wyi, Where wy,;, is the minimum eigenvalue of the vibrating disc. Then, keeping
in mind the remarks made above, Bryan’s factor is calculated using the eigenfunctions already
calculated. The quantities w; and w, are the eigenvalues or angular rates of the in-plane and out-
of-plane vibrations, respectively. All the integrals Iy, I3, I, I3, I, and I5 can be determined once

the eigenfunctions U, V' and W have been obtained in terms of Bessel’s functions.

It has been shown by Shatalov, Fedotov and Joubert (2006, [77]) that Bryan’s factor 3, has values
in the range —1 < 3; < 1. Furthermore, 3, varies with the geometric parameters, amongst others,
for example, with the radius of the disc. It also varies with parameters like the mass density of

the disc p and the modulus of elasticity E. It should also be noted that Bryan’s factor depends
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on the particular mode eigenfunctions. Bryan’s factors (3;, 3, and 35 can be calculated from the
formulae in Equation (5.75), once the eigenfunctions U (r) , V () and W (r) have been calculated
as outlined in Sections 3.4 and 4.6, respectively. In Tables 5.2 and 5.4, the negative Bryan’s factor
[, indicates that, for in-plane-vibrations, the vibration pattern is rotating in the opposite direction
to the direction of the inertial axial rotation rate. As the annulus decreases in thickness (inner
radius increases), so Bryan’s factor 3, and the auxiliary Bryan’s factor 3, appear to increase in

size, whereas the auxiliary Bryan’s factor (35 decreases in size.

5.7 TUNING

For this first approximation theory of a 3D-tuning, disc-vibratory gyroscope, a numerical experi-
ment is provided, which demonstrates that it may well be possible to tune and design a TDVG. Con-
sider an aluminium disc with Young’s modulus £ = 7 x 101 N.m2, density p = 2700kg. m 3
and Poisson’s ratio n = 0.33. With reference to Figure 5.1, the outer radius is kept constant at
b = 100 mm, while the inner radius a and the height h are varied. Figure 5.2 illustrates how the

estimate for tuned values of angular frequencies of in-plane and out-of-plane vibrations for m = 2

and m = 3, respectively, of an aluminium disc is obtained.

. . - . £k
I 500 000 1.0x 10° 1.5x10° 2.0x10°

Figure 5.2: The graph used to estimate the tuned angular frequencies of in-plane and out-of-plane
vibrations for m = 2 and m = 3, respectively, of an aluminium disc with inner radius ¢ = 42 mm,
outer radius b = 100 mm , density p = 2.7 x 10® kg. m~2, Young’s modulus £/ = 7 x 10! Pa and
Poisson’s ratio v = % The brown curve spike is used to approximate the out-of-plane eigenvalues
and the red curve spikes are used to approximate the in-plane eigenvalues. Both eigenvalues are
tuned approximately at w =~ 688949.1598 rads™!

Tables 5.1, 5.2, 5.3 and 5.4 were generated using Equation (5.75) and the computer algebra system
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Maple 18 at standard working precision. In Table 5.3, with & = 4.824 mm and b = 100 mm, the

inner radius in each case is approximately ¢ = 40 mm. Hence the thickness 7" of the annular disc is

) . A .. )
T = b — a = 60 mm for each inner radius, and so the value of the ratio — = 12 lies in the interval

h

defined for a “thin plate” in Section 1.1.3 of Venstel and Krauthammer (2001, [68]). Consequently,

the values used in all the tables are commensurate with the theory developed above. With an inner

radius of 42.51 mm, it appears that it is feasible to “tune” the gyroscope and achieve a frequency

split A f =~ 0kHz (to four significant figures of accuracy).

Table 5.1: Eigenfrequencies for an aluminium vibratory disc gyroscope for a fixed outer radius of
b =100 mm and inner radius of a=42.51 mm for various values of thickness

h(mm) fm = fout = Af =
5x (kHz) 52 (kHz) |f1 — fol (kHz)
4.4240 5.7521 5.2749 0.4772
4.5240 5.7521 5.3941 0.3580
4.6240 5.7521 5.5133 0.2380
4.7240 5.7521 5.6323 0.1195
4.8240 5.7521 5.7518 0.0003

Table 5.2: Bryan’s factor and auxiliary Bryan’s factors for an aluminium vibratory-disc gyroscope
for a fixed outer radius of b = 100 mm and inner radius of a = 42.51 mm, for various values of

thickness h
h (mm) b1 B2 B3
4.4240 —0.7516 —0.1064 —0.0032
4.5240 —0.7516 —0.1064 —0.0032
4.6240 —0.7516 —0.1064 —0.0032
4.7240 —0.7516 —0.1064 —0.0032
4.8240 —0.7516 —0.1064 —0.0032

Table 5.3: Eigenfrequencies for an aluminium vibratory-disc gyroscope for a fixed outer radius of
b = 100 mm and thickness of h = 4.824 mm for various values of inner radius a

a(mm) fm - fout - Af =
25z (KHz) 57 (kHz) |fr — fo| (kHz)
38.51 6.3233 5.8616 0.4617
39.51 6.1778 5.8329 0.3449
40.51 6.0341 5.8049 0.2293
41.51 5.8922 5.7777 0.1145
42.51 5.7521 5.7518 0.0003
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Table 5.4: Bryan’s factor and auxiliary Bryan’s factors for an aluminium vibratory disc gyroscope
with a fixed outer radius of b = 100 mm and thickness of h = 4.824 mm, for various values of inner
radius a

a(mm) By By B

38.51 —0.7515 —0.1008 —0.0072
39.51 —0.7513 —0.1037 —0.0060
40.51 —0.7513 —0.1057 —0.0050
41.51 —0.7514 —0.1067 —0.0040
42.51 —0.7516 —0.1064 —0.0032

5.8 EIGENFUNCTIONS FOR VARIOUS FREQUENCIES

Considering in-plane vibration with mode number m = 2 and out-of plane vibration with mode
number m+1 = 3, and assuming free boundaries on the tuning, disc-vibratory gyroscope (TDVGQG),
the eigenfunctions are calculated as outlined in Sections 3.4 and 4.6, respectively. The normalised
eigenfunctions for various boundary conditions and values of eigenfrequencies are determined
numerically and presented graphically in Figures 5.3 through 5.7. Salient properties are given
in the captions. The U, V5 and etcetera in Figures 5.5 and 5.6, respectively, are the radial
and tengential eigenfunctions corresponding to the fundamental eigenfrequency, while Us 1 V5,
and etcetera, respectively, are the radial and tangential eigenfunctions corresponding to the first
overtone eigenfrequency. Similarly, in Figure 5.7, the W o, W3 ; and etcetera represent the axial

eigenfunctions corresponding to the fundamental, first overtone and etcetera eigenfrequencies.

Eigenfunction

1.5¢
1.0}
0.5} -
[ - V1]
— WI[r]

0.002 0.004 L( .0038 0.010

—0.5}f

—1.0}

Figure 5.3: The normalised eigenfunctions U (blue curve), V' (red curve) and W (brown curve)
for an annular disc with clamped edges and scaled by their maximum modulus such that U and
V' are determined for mode number m = 2 while W is determined for mode number m = 3 and
w =~ 1.681977 x 10° rads~!
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Eigenfunction
1.0

— U

—V

0.002 __ 0.004 _ 0.06 _ 0.008 010 — v

Figure 5.4: The normalised eigenfunctions U (purple curve), V' (red curve) and W (brown curve)
for a clamped solid disc and scaled by their maximum modulus such that U and V' are determined
for mogle number m = 2 while W is determined for mode number m = 3 and w ~ 1.362852 x 10°
rads™

lT

Figure 5.5: The first five normalised radial eigenfunctions corresponding the first five eigenfre-
quencies for an annular-disc gyroscope clamped at both edges
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Figure 5.6: The first five normalised tangential eigenfunctions corresponding the first five eigen-
frequencies for an annular-disc gyroscope clamped at both edges

5.9 CONCLUSION

In this chapter it was demonstrated that the model of the disc gyroscope can be developed in
such a way that it measures three mutually-perpendicular rates of rotation along its different axes.
The work presented here is new and it describes the dynamics of a 3D, disc-vibratory gyroscope.
The equations of motion were derived using Hamilton’s variational principle. The natural and
geometric boundary conditions were set up using previous chapters. The eigenvalues and eigen-
functions of the vibrating disc for both in-plane and out-of-plane vibrations were incorporated
with 3D rotations and fully described using Bryan’s effect and inertial rotations. The eigenvalues
and/or eigenfrequencies of both in-plane and out-of-plane vibrations were tuned to guarantee an
optimum sensing capability of the proposed disc sensor. Eigenfunctions of both modes were ob-
tained numerically to demonstrate how the deformations inside the disc gyroscope behave. The
eigenfunctions demonstrated how the waves within the prescribed boundaries are guided. The
natural frequencies of in-plane vibrations and out-of-plane vibrations were tuned by selecting ap-
propriate thickness and radius of the disc. An approximate theory for an essentially ideal-tuning,
disc-vibratory gyroscope (TDVGQ) rotating at a slow inertial angular rate in three dimensions was
developed. Under various mild assumptions, the equations of motion of the TDVG were derived.

Under a force-rebalance regime, assuming a steady-state solution, approximate expressions for the
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Figure 5.7: The first six normalised axial eigenfunctions corresponding to the first five eigenfre-
quencies for an annular-disc gyroscope clamped at both edges

angular rotation rate along each orthogonal rotation axis as well as the corresponding angular ac-
celerations were formulated. The expression derived in this work for the axial inertial angular rate
agrees with known results for a single axis of rotation, hemispherical, vibratory gyroscope. A nu-
merical experiment using the first approximation theory was conducted to illustrate how it might

be feasible to build and tune a three-dimensional (3D) TDVG.
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Chapter 6

MASS IMPERFECTION IN A THREE-DIMENSIONAL, DISC-VIBRATORY
GYROSCOPE

6.1 INTRODUCTION

The investigations of the disc gyroscope so far did not consider imperfections. Imperfections
resulting from fabrication processes are the major sources of limitation of the performance of
disc-vibratory gyroscopes (Lynch, 1995, [78]). The presence of imperfections in these gyroscopes
causes deviations from ideal mass, stiffness and damping distributions and hence affects the dy-
namics of the resonator (Coetzee, 2008, [15]). The most common and easily observable conse-
quences of imperfections in a resonator designed to operate in degenerate modes are : Natural
frequency mismatch; localised mode shapes; and explicitly different damping factors associated

with each mode (Ngungu, 2014, [79]).

Structural imperfections such as mass imperfections are discussed in the literature at length. Gal-
lacher et al. (2005, [80]) studied procedures for identifying both mass and stiffness imperfections
which result from fabrication variances in a microring gyroscope. They used electrostatic “tun-
ing” because of its advantages over the usual trimming techniques to correct these perturbations.
Control schemes to reduce structural imperfections in “whole angle” or “rate integrating” ring-
vibratory gyroscope were investigated by Bowles et al. (2015, [81]). The authors provided an
experimental validation to substantiate the theoretical study of the control scheme they investi-
gated. A vibratory gyroscope with stiffness and damping imperfections was studied by Friedland
and Hutton (1978, [82]), where they transformed the differential equations into the fourth order of
linear systems in terms of average energy and momentum. A micromachined, silicon disc gyro-
scope with stiffness imperfections was investigated for analytical formulation of modal frequency
split by Wei and Seshia in (2014, [46]). The theoretical study conducted for the elliptical mode

was in good agreement with the finite element simulation.

In this study only mass anisotropy is considered, that is, anisotropies resulting from stiffness,
Poisson’s ratio and Young’s modulus are left for future study. The derivation and analysis of mass

imperfection in the disc-vibratory gyroscope are discussed in the sections that follow.
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6.2 ENERGY AND THE LAGRANGIAN

In this section the expressions for kinetic energy, potential energy and the Lagrangian for a disc
gyroscope with mass imperfections are derived. Similar to the perfect disc, the effects of rotary
inertia are neglected. Hence, the kinetic energy of the disc will only be influenced by the absolute

velocity of the centre of mass.

6.2.1 Kinetic energy

The approximate kinetic energy of a perfect disc gyroscope vibrating in its plane as well as out-of-
plane is given by Equation (5.15), that is:

By ~ /%/b”;”“ (%22 SRt &;2) drdy; 6.1)
where p is the mass density of ‘[he0 disca. Now assume that the latter density of the disc varies
circumferentially with respect to the orbital angle . Further assume that all the properties of light
mass-imperfections that are needed to be addressed are explained by the ¢ dependence of the mass
density. Due to the periodicity of the mass density along the circumference of the disc, it can be
expanded using Fourier-series expansion as:

p () = po (1 +2Y (e 08 (k@) + pyg sin (lw))> ; (6.2)

k=1
where € > 0 is a measure of smallness and hence characterises the variation of mass density with

the circumferential angle . Further, p, is the fundamental component of the Fourier series or the
average density of the disc and p,, and p,, are the coefficients of the k- harmonic component of

the Fourier series. Taking mass-anisotropy into account Equation (6.1) can now be rewritten as:

h 27 b - " »
K~ / / o (9) (z‘f I w2) rdrdg. 6.3)
0 a
It should be kept in mind that:

ulr,p,t] = U (r)[C(t)cos (mp) + S (t) sin (me)]; (6.4)
v[r,p,t] = V(r)[C(t)sin(my) — S (t) cos (my)]; and (6.5)
wlr, o, t] = W(r)[A(t)cos(m+1)p+ B(t)sin(m+ 1) ¢; (6.6)

and further, the following integrals for all values of m should be recalled:

27 27
/ sin? (my) dp = / cos? (my) dp = ;
0 0
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2w
/ sin (mp) cos (mp)dy = 0;
0
2w
/ sin ((m + 1) ¢) cos (my)dp = 0;
0
2w
/ cos ((m + 1) ¢)sin(mp)dp = 0; and
0

/Oﬁcos((m—l—l)gp)cos(mgp)dgp = 0.

Thus it can be seen that only the 2m™ and 2 (m + 1)th harmonics are important in the calculation

of the kinetic energy of the system.

As explained in previous chapters the vibration modes which are investigated in this study are the
m = 2 and the (m + 1)-modes, respectively. Consequently only the 4" and 6 harmonics are
crucial in the Fourier-series expansion. Now p (¢) X 52, p(p) X 7 and p(p) X W are expanded
in Equation (6.3) using direct series expansion around e = 0 and up to order O (£2) (calculation
details are given in the Appendices). Retaining terms proportional to O (¢) and integrating the

result with respect to ¢ on [0, 27] for each term, respectively, yields:
( 2 2
dC ds
U? = =

( 2 2 )
U? dC U? ds
po ( Pac — po g ) p4c+

2 \at 2 \at

27 _ d C
/ p(p) X u2d<p ~ —2Upy — QcCV + 2U9079<SV+ ; (6.7)
0 d d

d d
UpOEQUBW + UpOEQUAW_l_

dc ds
pO dt dt Pas

dC\?  [/dS\? )
Vimpy (dt) +(dt) )*
d dC

o V2p, (dS\? V2p, (dC\?
2 ~ T p4c_ 1. p4c+ .
/ p o) x g ~ > \a > \ar . 68)
0 d

ac'dS
e - 2/007%945_‘/:007963”/"'
as

ac
VpOEQUAW

U2
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and

( 2 2 3\
dA dB
W2

2 dt Pée 2 dt Péc

dAdB d
2 ~2 *po—y g Pe T WellC VA
X dp ~ dA b : 6.9

W

b "

V — WpQ,C=U+

{h

b

gt + M;i(l) C— 7 U+

L L —Wpoggs dt U )
Substitution of the expressions given by Equations (6.7), (6.8) and (6.9) into Equatlon (6.3) yields

W e, S——
—Wpe2,S—

the approximate kinetic energy of disc gyroscope with mass imperfection vibrating in the m = 2
for in-plane and m = 3 for out-of-plane vibration modes. Using dot notation for derivatives with

respect to time yields the following expression for kinetic energy:

. . h [ ) b
K =« (02 + 52) pO/ (U +V?) rdr + 27TSQ§CSpOh/ UVrdr +
b
mEP, C S'OO / (U-=V)(U+V)rdr— QWSQCCSpOh/ UVrdr +
) N\ poh [P

+empye (02 - 52) % / (U = V) (U + V) rdr + ABrepg 22" / W2rdr +

: ho [’ .
enC (AQ, — B '% / W (U +V)rdr + emS (AQ¢ + BRQ,) % / W (U +V)rdr —
Ame (SQ¢ + CQ,) “2- / W (U + V) rdr + Bre (O — SQ,) - / W (U +V)rdr +

(A2 - ) m,oﬁcT / W2rdr + (A2 n B Poh / W2rdr. (6.10)
Assuming that the eigenfunctions U, V and W of Equatlons (6.4)-(6.6) are known and replacing

the density with the average density, the following definite integrals can be obtained:

hof® ’
I, = 'Og/ (U2—|—V2)Td7“,11:,00h/ UVrdr; (6.11)
b b
o= 8w vy 1= [ W ang (6.12)
h b
Iy = "% [ (U= V?)rdr (6.13)

a

Thus, substituting the expressions given for the definite integrals in Equations (6.11), (6.12) and
(6.13) into Equation (6.10), the kinetic energy of the disc gyroscope with mass imperfection in
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terms of C', .S, C’, S, A, B, Aand B in compact form can now be written as:
K = (C"2 + 52) Iy +empy, (C"2 — 52) Is + 2mep, CSIs + 27T€Q<0511 —
2meQCSI + enC (AQ, — BQe) Is + emS (AQe + BQ,)) Is —
Ame (SQ¢ + CQ,) Is + Bre (CQ — SO,) I + ABrepg I +
% (A2 - BQ) nepeda + (A2 n BQ) L. (6.14)
In Equation (6.14), terms of order O (g2), such as Qg, Q??, Qg, Q:Q,, 9,9 and QQ, are ne-
glected, because the lowest eigenvalue of the vibrating system is assumed to be much larger than

the angular rotation rate Q). It should be noted here that the time dependence of 0= (Q, ), Q)

is suppressed in this chapter for the purpose of simplification of the model.

6.2.2 Potential energy

The disc gyroscope under investigation is assumed to be a perfectly elastic structure and hence
when the structure deforms the potential energy is stored in the form of strain energy. In this
study pre-stresses which stipulate the stiffness imperfections are ignored. Consequently, stiffness
imperfections are not considered. Similar to the previous model, the total potential energy of the
disc is given by the sum of the in-plane potential energy and out-of-plane potential energy. Thus
the potential energy of the disc gyroscope is assumed to be the same as the potential energy of the

perfect disc gyroscope discussed in Subsection 5.3.2 as given in Equation (5.39).

6.2.3 Lagrangian

The Lagrangian (L) of the disc with mass imperfections is given as the difference between the ki-
netic and potential energies (Spiegel, 1982, [29]). Using Equation (6.10) for the kinetic energy and
Equation (5.39) for the potential energy, the expression of the Lagrangian for the disc gyroscope

with mass imperfection is given by:
L =7 (02 + 52) Iy +empy, (C"2 — 52) Is + 2mep, C ST + 27T€Q<0511 —
2meQCST + enC (AQ, — BQ¢) Is + emS (AQe + BQ,) Is —
Ame (SQ¢ + CQ,)) Is + Bre (CQe — SQ,) Is + ABmepg Iy +
% (A2 — BQ) TEPgLa + (A2 + B2) 1y —
L (C*+S?) — Ism (A* + B?). (6.15)
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6.3 THE EULER-LAGRANGE EQUATIONS OF MOTION FOR A DISC GYROSCOPE
WITH MASS IMPERFECTIONS

To formulate the governing equations of motion for a disc gyroscope with mass imperfections the
generalised coordinates C', S, A and B are used. The following derivatives are required to derive

the equations of motion:

oL
= w{ _2eQ ST — AeQ, I; + BeQels — 2120} (6.16)
% — 7 {2100 + 22, Cls + 2epy STs + 26Q ST + £ (AQ, — BOQ) 13} (6.17)
d (0L 21,C + 25p4cC’IG + 25,045516 + ZSQCSIl—I- 6.18
@(%) = g AQ —395)13 ’ (6.18)
oL
o = 7r{ AeQely — BeQ I + 2eQ.C1, — 2125} (6.19)
gg . {2105 2ep1lsS + 260, CTs — 26QCT, + e (AQ + BQ,) I } (6.20)
d (dL
. (as) — r {2105 %65 + 260, Cls — 2:QCT, + ¢ (Agzg + BO ) 3} .(6.21)
oL . .
o= {5CQn13 + $eQel; — 205 A, } , (6.22)
gfl - {2A14 4 2Aepgly — £ (SQe + CQ,) I + ngﬁsh} , (6.23)
d /oL . . . . .
o (aA) — {2A14 4 2Aepgls— ¢ (595 n CQn) I+ gB,o6SI4} . (624
oL . .
= = w{ eQeC'T; +eQ, S5 — 2153} ; (6.25)
gg = {2314 — 2Bepe Iy + Aspg Iy + £ (CQe — SQ,) 13} ;and  (6.26)
d (0L ) ) . . .
- (@) — w{2BL - 2Bepe s + Aepo i+ 2 (C0 — S0, I} (6.27)

The governing equations of motion for the disc gyroscope vibrating in the m!”* and (m + l)th vi-
bration modes are obtained in terms of the generalised coordinates (C, S, A, S) (Goldstein, Poole

& Safco, 2000, [64]) as:

jt (gé) _ gé ~ 0 (6.28)
% (%) _ g_g _ 0 (6.28b)
jt (251) — gfl = 0; and (6.28¢)
% ((%) _ g_é _ 0 (6.28d)



Assume that there is ever-present light isotropic, linear damping, with damping factors ¢; for in-
plane and d, for out-of-plane vibrations, respectively. Now Rayleigh’s dissipation function D is

defined as (see Joubert et al. (2017, [83])):

D — e {1051 (02 + 52) + 16, (A2 v BQ) } . (6.29)
Including light isotropic damping into Equations (6.28a)-(6.28d) the following are obtained:
dt \oc) 9C —  aC’ '
d (0L oL oD
2=y o= 2T 6.30b
dt (as) oS oS’ ( )
d (0L oL oD
d (oL oL oD
4 (@) -2 -2 (6.30d)

Substituting Equations (6.16)-(6.18) into Equation (6.30a) after simplifications yields:
(14 epsem1) C + €pscyi S + 260 515 + 2,¢ (AQn - szg) + w0 = —26,C;  (6.31)

where:
Is I3 L, D
Y1 = IO’ 52 - 2]0’ Bl - Ioaw] - IO.
Similarly, for the generalised coordinate .S, substitution of Equations (6.19) to (6.21) into Equation

(6.30b) leads to:
0 Cry + (1= 2pay) § — 260 8,C + 2Bye (Aﬁg + BQn) FwiS = —2:0,5.  (6.33)

(6.32)

Equations (6.31) and (6.33) describe the in-plane vibration of the disc gyroscope with mass imper-

fections and vibrating at mode number m = 2.

The equations of motion which describe the out-of-plane vibrations of the disc gyroscope with a
mode number m = 3 can be derived in a similar way. Consequently, substitution of Equations

(6.22) to (6.24) into Equation (6.30c) simplifies to:

(14 epg.ye) A + epgYo B — 2842 (C‘Qn + 5‘95) + wlA = —2e0,4; (6.34)
where:
B O C R [
72_214553_2143(‘00_14’ (635)

For the generalised coordinate B, substituting Equations (6.25) to (6.27) into Equation (6.30d)
yields:

P06 1o A+ (1 — epeys) B+ 2852 ((;*Qg - SQn) +wiB = —2:5,B. (6.36)
The Euler-Lagrange equations for the generalised coordinates C, S, A and B in the Lagrangian L,

for the isotropically-damped disc gyroscope with mass imperfections leads to a coupled system of
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ODE:s of gyroscopic motion :

(L4 epuev1) C 4 2payiS + 26Q: 518 + 2B,¢ (AQ7 — szg) +wiC = —2¢6,C (6.37)
o C 4+ (1= pay) § — 260 3,C + 2Bye (AQ€ + BQn) TS = —206,8 (6.38)
(1+ £peva) A + epgyald — 2842 (C‘Qn + szg) FWlA = —2:0,A (6.39)
£pe VoA + (1 — epg,vs) B + 284¢ (CQg — SQn) +w?B = —2¢6,B.(6.40)

In Equations (6.37) to (6.40), 3, is Bryan’s factor whereas 3, and 3 are the auxiliary (secondary)

I
Bryan’s factors (Sedebo, Joubert & Shatalov, 2018, [34]). Note that —1 < 3, < I_l <1
0

6.4 FREQUENCY SPLIT

It is common that structural imperfections such as mass imperfections resulting from manufactur-
ing processes perturb the system from the ideal isotropic mass (Gallachar et al., 2005, [80]). Due
to mass imperfection the symmetry of the disc gyroscope breaks and that results in a frequency
split. In this section this frequency mismatch is shown for both in-plane and out-of-plane vibration
modes. As an example, the frequency split between the two in-plane modes and the out-of-plane

modes is shown as below.

The matrix form of Equations (6.37) and (6.38) can be written as:

Lt+epcr  epsi C + 0 2eQ2 5, C n
€Ps1 I —epey S . —2eQ 54 0 IS
26,8, —2eQ 3, A ,( 10 C |
( 259552 2597}52 B T 0 1 S ) (641)
_ [ —2eb 0 C
N 0 —2551 S

PacY1 = Pori and py vy = pgr-

The determinant A; of the leading coefficient matrix after neglecting terms proportional to O (£2)

where:

gives:
Ay = det( L+eper epsi ) ~ 1. (6.42)
epsr 1 —¢por
Thus, the inverse of the leading coefficient matrix is given by:
1 ( L—epcr —€psi ) _ ( L—epcr  —€psi ) . (6.43)
Ay —epst 1+epor —eps; L+ eper
Consequently, multiplication on the left of Equation (6.41) by Equation (6.43) and again neglecting
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O (£?) terms yields:

w2 ( L—epcr  —€psi ) ( c
"\ —eps;  1+epe S
( 2e,8, —2eQ¢f, ) ( A
2eQ0e By 200,08, B

[ =26, 0 C
L - 0 —2551 S ’ )
w? (1 +ev/pE; + ,0%]) ; and w? (1 —e\/pEr + ,0%]) ; (6.45)

w2 L—eper  —€pg; .
"\ —eps; l+epe; )’

indicate that the mass imperfection causes a frequency splitting (beats) in the in-plane vibration

C
S
)) . (6.44)

The eigenvalues:

of the matrix:

mode. Thus it is clear that there are two waves operating with frequencies:

w

f = 271\/1+5\/p201+pk29]; (6.46)
w

fo= 2;\/1 — e\ Per + PRrs (6.47)

respectively. Direct series expansions of \/ 1+ ev/pi, + p?;and \/ 1 —ev/p2; + p?;, neglecting

terms proportional to O (£2) and higher yields:

1
\/1 +ey/pir+pi =1+ 55\/,020] + 0%, +0 (%) ; (6.48)
2 2 1 2 2 2

Approximate values for the two frequencies can be written as:

w 1

1~ 2—; (1 + 2V per + 0?91) ; (6.50)
Wwr 1 9 9

fgz% 1—55\/p01+p51 . (651)

Thus the frequency of the beats of the in-plane vibration is:

wiey/ por + P
Afy=1f = fol = S (6.52)

and

and

and

Using similar reasoning it can be shown that the mass imperfection can cause a frequency split

or beats between the out-of-plane modes. Accordingly, the frequency of beats between the two

105



out-of-plane modes is:

2 2
Af, = WoEN/ P+ pSo; (6.53)
2T
where:

Pco = PocV2; a0d Pgy = peYa:
Mechanisms of control and compensation of frequency split either between the two in-plane modes
or the two out-of-plane modes or between the in-plane and out-of-plane modes are not considered

in this study and are left for future study.

6.5 THEORETICAL ANALYTICAL DISCUSSION

The coupled equations of gyroscopic motion given in Equations (6.37) to (6.40) which are sub-
jected to light isotropic damping and mass imperfections are used for theoretical analysis of opera-
tion principles and light imperfections of the disc gyroscope. The cosine signal (A) and sine signal
(B) of the out-of-plane vibration of the disc-vibratory gyroscope are demodulated into in-phase
(As, Bs) and in-quadrature (A., B.) components as follows:

A(t) = A.cos (wt) + Agsin (wt) ; (6.54)
and

B (t) = B.cos (wt) + Bgsin (wt) ; (6.55)
with the phase of demodulating signal being:

P, = wt. (6.56)

Here w = w, is the operational frequency of the disc gyroscope and ¢ is dimensionless time. Thus
the original variables A, B A, and B are transformed into the new variables, these being A.., A, B,

and B;. A theoretical analysis using the new variables is presented in the subsections that follow.

6.5.1 Non-averaged solution

Consider the matrix form of Equations (6.39) and (6.40), which can be rewritten as:

Ttepers  emats N (AN _( Fa)_( 204, (6.57)
€PssV2 1 —epsa B Fp ~2e6:B ) |
where: .
Fa\ Q, Q ¢ — w2 A
( Fy ) s ( -9 9, )\ &) %\ B ) @9
Since:
o ( 14 epsys EPeta ) ~ 1. (6.59)
€PesV2 1 —EP6Va
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neglecting O (¢2) and higher, and then using Cramer’s rule and solving for A and B, respectively,

yields:
A+ WA = w?ey, (Apg, + Bpg,) + 284 ((](277 + SQg) — 266, A;
and
B+ w?B = w?ey, (Apg, — Bpg,) — 205¢ (C'Qg — SQn) — 220,B.
By letting:
28, (€0 + 5% ) = Fa;
and

28, (CQe — $9,) = Fis
for Equations (6.60) and (6.61), respectively, the following is obtained:
A+w?Ad=¢ (wQ%Apﬁc + w?yy Bpg, + FA) — 260, A;
and

B+wB=c¢ (wQ%Apﬁs — w?yy,Bpg, + FB) — 2¢0,B.

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

Now consider the demodulated signal A () given by Equation (6.54). Taking the first derivative of

A (t) with respect to ¢ yields:
A= A, cos (wt) + A, sin (wt) 4 w [~ A, sin (wt) + A, cos (wi)] ;
and imposing the condition that:
A, cos (wt) + A, sin (wt) = 0;
then yields:
A+w?A=w [—AC sin (wt) + A, cos (wt)} :
Further, comparing Equation (6.64) with Equation (6.68) leads to:

—A,sin (wt) + A, cos (wt) = £ [FA + w?yy Apg. + Wy Bpg, — 2552/‘1} :
w
Keeping Equations (6.66) and (6.67) in mind and using the new variables leads to:
. . . Fy + w?ypg. [Ae cos (wt) + A, sin (wt)] +
—A.sin (wt) + A, cos (wt) = — w296, [ Be cos (wt) + B sin (wt)] —
w 2edow [—Agsin (wt) + A cos (wt)]

Solving Equations (6.67) and (6.70) simultaneously for A, and A,, respectively, yields:

} 2
FAsin(wt)%—%[

. g
AC = CU2 s
" Y2Ps [B

A.sin (2wt) + Ag (1 — cos (2wt))] +

. sin (2wt) + By (1 — cos (2wt))] — ;
Jow [—A. (1 — cos (2wt)) + A sin (2wt )]
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(6.69)
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and

~ W Y2Pg ;
Fycos (wt) + 5 [A. (1 + cos (2wt)) + Ag sin (2wt)] +

. £ 2
_ € 72
= w % [B. (1 + cos (2wt)) 4+ By sin (2wt)] — (6.72)
Jow [—Aesin (2wt) + A (1 + cos (2wt))]
The first derivative of B (t) with respect to ¢ yields:
B = B.cos (wt) 4+ Bysin (wt) + w [~ B, sin (wt) + By cos (wt)] ; (6.73)
and again imposing the condition that:
B, cos (wt) + By sin (wt) = 0; (6.74)
and differentiating Equation (6.73) with respect to time (¢) yields:
B+wB=uw [—BC sin (wt) + B, cos (wt)} . (6.75)
Comparing Equation (6.65) with Equation (6.75) simplifies to:
—B,sin (wt) + B, cos (wt) = £ [FB + w?yy Apg, — Wy Bpg. — 25523} : (6.76)
w
Solving Equations (6.74) and (6.75) simultaneously for B, and B,, respectively yields:
2
Fpsin (wt) + & YaPes [A.sin (2wt) + A, (1 — cos (2wt))] —
53— _° 2 :
Be= w Y YaPe [ B, sin (2wt) + Bs (1 — cos (2wt))] — ’ ©.77)
dow [— B, (1 — cos (2wt)) + B, sin (2wt)]
and
- w*yaps
Fg cos (wt) + TS [A, (1 + cos (2wt)) + A, sin (2wt)] —
. . E 2
Bs = w % (B (1 + cos (2wt)) 4+ Bs sin (2wt)] — (6.78)

Jow [—Besin (2wt) + By (1 + cos (2wt))]

6.5.2  Averaging

Averaging is an effective method that is used to suppress quadrature error imperfections (Lynch,
1995, [78]). Averaging is used here to do the theoretical analysis using the first approximation.
Consequently the first-order derivatives of the in-phase (As, B;) and quadrature (A., B.) com-
ponents of the cosine and sine signals of the out-of-plane vibrations are determined. The main
objective of averaging is to obtain an equation which can be more easily used to draw inferences
about the dynamics of the unaveraged system after having obtained the equations for the averaged

System.

If f is a continuous function of t on [0, 2w and has a period T = 2m, then the averaged form of
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the function f is given by:

T on

) = — /Oﬁf(t)dt-

Now by applying the method of averaging to Equations (6.71), (6.72), (6.77) and (6.78), the fol-

lowing is obtained:

R W2 Pe .
Fasing, + [A.sin2¢, + A, (1 — cos2¢,)] +

2 2
i) - 2
<AC> 2w /0 % [B.sin2¢, + Bs (1 — cos2¢,)] — Ao,
Jow [— A (1 — cos 2¢,) + A sin 2¢, ]
Ew
= 5 [p6cAs + pesBs] — €02Ac; (6.79)
3 2
o | Facosgy + % [A. (1 4 cos2¢,) + Assin 2¢,] +
‘ _ & 2
<AS> 27w /0 % [B. (1 + cos2¢,) + Bgsin 2¢,] — dor
Jow [—A,sin 2¢; + A, (1 4 cos2¢, )]
Ew
= 5 [PecAe + p6,Be] — ed2As; (6.80)
3 2
_ o | FBSing; + % [A.sin2¢, + A, (1 — cos2¢,)] —
: _ __& 2
<BC> 27w /0 % [B.sin2¢; + By (1 — cos2¢, )| — do,
dow [—B. (1 — cos 2¢,) + Bs sin 2¢,]
Ew
Y [P6sAs — pg.Bs) — €62 B; (6.81)
and
3 2
_ o | FBCOSOL + % [A, (1 + cos2¢,) + A, sin 2¢,] —
: _ & 2
<BS>  2nw /0 % [B. (14 cos2¢,) + Bssin 2¢,] — do,
dow [—Besin 2¢; + B (1 + cos 2¢,)]
Ew
= 9 [pesAc — pe.Be] — €02 Bs. (6.82)

6.6 CONCLUSION

It is possible to make qualitative inferences based on both the non-averaged and averaged systems
of ordinary differential equations as given in Equations (6.71) to (6.78) and (6.79) to (6.82). Both
systems of ODEs can be solved using the "NDSolve" routine in Mathematica but that is left for
future investigation. In Equations (6.79) to (6.82) it appears that the rate of change of amplitudes
of in-phase and quadrature components are not influenced by the inertial angular rates. But for the

case of the non-averaged systems given in Equations (6.71) to (6.78) the time rate of change of
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both amplitudes is influenced by the inertial angular rates. The time rate of change of quadrature
amplitudes of both signals is out-of-phase with respect to each amplitude. The drift caused by mass
imperfections to the quadrature amplitudes is more significant than the drift caused to the in-phase
amplitudes. If mass anisotropy is absent in both the in-phase and quadrature components of both

sine and cosine signals then the only amplitude suppression comes from light isotropic damping.
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Chapter 7

FINAL CONCLUSIONS AND RECOMMENDATIONS

7.1 SUMMARY OF CONCLUSIONS

In this study, the disc gyroscope subjected to a 3D rotation rate was studied and various boundary
conditions were formulated. Implicit equations of motion for both in-plane and out-of-plane vi-
brations of the disc gyroscope were derived using Hamilton’s variational principle. For this study,
the disc under investigation was assumed to be perfectly elastic and thus obeyed Hooke’s law. In
determining the potential energy of the deformation of the disc, the potential energy of in-plane
vibrations and the potential energy of out-of-plane vibrations were assumed to be independent pro-
vided that the disc is “thin”. The potential energy of in-plane vibrations comes from extension and
shear while the potential energy out-of-plane vibrations comes from bending and torsion. The La-
grangian and Euler-Lagrange equations of motion were derived for a disc gyroscope using polar
coordinate systems. A coupled system of gyroscopic equations in terms of the generalised coordi-

nates was obtained for a free as well as lightly, isotropically-damped disc gyroscope.

Analytical determination of the components of the rotation rate was performed and their depen-
dence on the amplitudes of the secondary motion was calculated. Expressions for the solutions
of the angular accelerations of each axis were determined. The ratio of the rate of rotation of the
vibrating pattern to the rate of rotation of the disc was obtained as the ratio of the integrals of
the eigenfunctions. The relationship between the rate of rotation of the vibrating pattern and the
rate of rotation of the disc was described by Bryan’s factor. Apart from the well-known Bryan’s
factor, the so-called “auxiliary Bryan’s factors” or “secondary Bryan’s factors” were identified
due to the inclusion of the bending vibrations. The auxiliary Bryan’s factors were described by
the ratios of sums and/or products of the integrals of the eigenfunctions. Various magnitudes of
the eigenvalues and eigenfrequencies were calculated for both the m = 2 and m = 3 modes.
The eigenfrequencies of the in-plane mode with the out-of-plane mode were tuned by varying the
radial and\ or axial thickness. By conducting a numerical experiment, it was verified that this tun-
ing was achieved . The disc gyroscope operating under tuned natural frequencies was shown to

have improved sensitivity (Bryan’s factor) to the applied rotation rates. Note that a 3D-disc vi-
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bratory gyroscope realisation is still possible even if the modal frequencies are not tuned, but at
reduced sensitivity. Numerical solutions of the normalised displacements were obtained for vari-
ous in-plane and out-of-plane frequencies. In this study, MATHEMATICA 11 was used to solve the

equations numerically.

Analysis of the dynamics of the in-plane vibration of the disc-vibratory gyroscope made up the
core of Chapter 3. The equations of motion for the in-plane vibration of the disc gyroscope were
derived using Hamilton’s variational principle. Boundary conditions for both a solid and annular
disc vibrating in its plane were obtained from the Lagrangian density. The eigenvalues for various
boundary conditions of both the solid and annular disc gyroscope were obtained numerically from
the frequency equations. Normalised values of the eigenfunctions for the in-plane vibration of the
disc were numerically obtained. In Chapter 4, the out-of-plane vibration of the disc gyroscope
was modelled using the transverse vibration of a circular plate. The Lagrangian density for the
vibrating circular plate was obtained implicitly and used in the derivation of the equation of motion
using Hamiliton’s principle. As it was done for in-plane disc vibration in Chapter 3, an analytical
solutions for a non-rotating disc in terms of Bessel and modified Bessel functions were calculated.
The frequency equations for a non-rotating circular plate for various boundary conditions were
formulated. Numerical values of the eigenvalues and the eigenfrequencies were also included in
Chapter 4. Normalised values of the out-of-plane eigenfunctions for various boundary conditions

were presented graphically.

Chapter 5 constituted novel work that investigated and discussed the 3D-tuning, disc-vibratory
gyroscope. In the literature, single axis and dual axis gyroscopes were well-documented but
multi-axis gyroscopes were not addressed adequately. Hence this study aimed to investigate the
possibility of a disc gyroscope that is capable of sensing rotation rates around three, mutually-
perpendicular axes. The equations of motion for a disc gyroscope subjected to a slow rotation were
derived in terms of the generalised coordinates. A coupled homogeneous system of gyroscopic
equations that describe the dynamics of the disc gyroscope was obtained. A non-homogeneous
system of coupled gyroscopic equations, where the rebalance and excitation forces were included
to set the gyroscope at primary oscillation and for control purposes, respectively, was formulated.
The operation principle of the 3D-disc vibratory gyroscope was briefly discussed and formulated.
The components of the rotation rates as well as the components of angular acceleration were cal-

culated for the disc-vibratory gyroscope, initially set to vibrate at constant amplitude in one of its
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in-plane modes. Bryan’s factor and auxiliary Bryan’s factors were calculated and tabulated for var-
ious geometric values of the disc-vibratory gyroscope. Section 5.7 discussed the tuning of in-plane
natural frequencies to the out-of-plane natural frequencies by varying the thickness of the disc.
Hence an approximate frequency split between the in-plane vibration modes and the out-of-plane
vibration modes was small. The normalised eigenfunctions for the 3D-disc vibratory gyroscope
for various boundary conditions were determined numerically. Graphical representation of the

normalised eigenfunctions were determined for various frequency overtones.

In Chapter 6, mass imperfections were incorporated in order to study the structural anisotropies.
It was assumed that the mass density of the disc varies circumferentially and that it models the
mass imperfections. The frequency splitting caused by mass imperfection between the in-plane
vibration modes was shown. Qualitative analysis was done for averaged an non-averaged equations

of motion.

7.2  RECOMMENDATIONS FOR FURTHER STUDY

The research covered in this study is purely of a theoretical-applied mathematics. Thus the theory
developed here has to be verified via experiments and therefore actual observations need to be set
up to validate the theoretical findings. Future investigation should explore prototype production
and development of appropriate circuitry for a separate detection and demodulation of the rotation
rates. This study did not consider anisotropies such as stiffness imperfections, Poisson’s ratio
imperfections and Young’s modulus imperfections, nor anisotropic non-linear damping. Thus a
future study should consider anisotropies such as those resulting from non-linear damping, stiffness

imperfections, Poisson’s ratio imperfections and Young’s modulus imperfections.
9
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MATHEMATICA CODE FOR ANNULAR DISC
CLAMPED AT BOTH EDGES

WP = 60

60

wir, @, t] :=W[r] Cos[mo] e***;

Collect[w[r, ¢, t], Cos[m¢] Cos[wt+©], Simplify];

Collect[ (0. w[r, @, t]), Cos[mp] e***, Simplify];

W[r_] := AlBessell[m, B r] + A2BesselY[m, B r] + A3 BesselI[m, Br] + A4 BesselK[m, B r]
Collect[w[r, ¢, t], Cos[m¢] Cos[wt+©], Simplify];

all = Simplify[W[r], Factor] /. {r -> a, Al -> 1, A2 -> 0, A3 -> 0, A4 -> 0};
al2 = Simplify[W[r], Factor] /. {r -> a, A1 -> @, A2 -> 1, A3 -> 0, Ad -> 0@};
al3 = Simplify[W[r], Factor] /. {r -> a, Al -> 0, A2 -> 0, A3 -> 1, A4 -> 0};
al4 = Simplify[W[r], Factor] /. {r -> a, A1 -> @, A2 -> @, A3 -> 0, Ad -> 1};

a2l = Simplify[W [r], Factor] /. {r -> a, Al -> 1, A2 -> @, A3 -> 0, A4 -> 0};
a22 = Simplify[W [r], Factor] /. {r -> a, A1 -> @, A2 -> 1, A3 -> 0, A4 -> 0};
a23 = Simplify[W [r], Factor] /. {r -> a, Al -> 0, A2 -> @, A3 -> 1, A4 -> 0};
a24 = Simplify[W [r], Factor] /. {r -> a, A1 -> @, A2 -> 0, A3 -> 0, Ad -> 1};

a31 = Simplify[W[r], Factor] /. {r -> b, A1 -> 1, A2 -> @, A3 -> 0, Ad -> 0};
a32 = Simplify[W[r], Factor] /. {r -> b, A1 -> @, A2 -> 1, A3 -> 0, A4 -> 0};
a33 = Simplify[W[r], Factor] /. {r -> b, A1 -> @, A2 -> 9, A3 -> 1, Ad -> 0@};
a34 = Simplify[W[r], Factor] /. {r -> b, A1 -> @, A2 -> @, A3 -> 0, Ad -> 1};
a4l = Simplify[W [r], Factor] /. {r -> b, A1 -> 1, A2 -> @, A3 -> 0, A4 -> 0};
ad2 = Simplify [W [r], Factor] /. {r -> b, Al -> 0, A2 -> 1, A3 -> 0, A4 -> 0};
a43 = Simplify[W [r], Factor] /. {r -> b, A1 -> @, A2 -> @0, A3 -> 1, A4 -> 0};
ad4 = Simplify [W [r], Factor] /. {r -> b, A1 -> 0, A2 -> @, A3 -> 0, A4 -> 1};

&[r, ¢, t] := (B1Bessell[n, k1r] + B2BesselY[n, k1r]) Cos[n¢] Cos[wt + ¢];
o[r, ¢, t] := (B3 Bessell[n, k2r] + B4BesselY[n, k2r]) Sin[n¢] Cos[wt + ¢];

1
u[rl (pl t] .= ar §[rl (pl t] + _a(p E[rl ‘pl t]r
r
1
v[rl @, t] = _aw E[rl @, t] _ar m[rl ®, t]r
r

Collect[u[r, ¢, t], Cos[n¢] Cos[tw]];



2 | Annular Disc gyroscope clamped at both edges.nb

1
Ulr_] := SetPr‘ecision[ (— Bl kl (BesselJ[-1+n, klr] -BesselJ[1+n, kir]) +
2

1
— n (B3 Bessell[n, k2r] + B4BesselY[n, k2r]) +
r

1
— B2kl (BesselY[-1+n, kl1r] -BesselY[1+n, k1r]) ) N WP]
2

Collect[v[r, ¢, t], Sin[n¢] Cos[tw]];

1
V[r_] := SetPrecision [ (- ~ B3k2 (BesselJ[-1+n, k2r] - BesselJ[1+n, k2r]) -
2

1
—n (Bl1Bessell[n, kl1r] + B2BesselY[n, ki1r]) -
r

284 k2 (BesselY[-1+n, k2r] - BesselY[1+n, k2 r‘])), wP];

b1l = Simplify[U[r], Factor] /.{r>a, B1>1, B2 >0, B3 > 0, B4 > 0};
b12 = Simplify[U[r], Factor] /.{r - a, B1L >0, B2 >1, B35 0, B4 > 0};
b13 = Simplify[ U[r], Factor] /.{r->a, BL>0, B2->0, B3> 1, B4 > 0};
bl4 = Simplify[U[r], Factor] /.{r»>a, B150, B2 50, B350, B4 1};
b21 = Simplify[V[r], Factor] /.{r->a, BL> 1, B2> 0, B3>0, B4 > 0};
b22 = Simplify[V[r], Factor] /.{r > a, B1L 50, B2 > 1, B3> 0, B4 > 0};
b23 = Simplify[V[r], Factor] /.{r->a, BL> 0, B2>0, B3> 1, B4 > 0};
b24 = Simplify[V[r], Factor] /.{r>a, BL >0, B2 >0, B350, B4 1};

b31 = Simplify[U[r], Factor] /.{r-b, Bl1-1,B2-50, B350, B4-0};
b32 = Simplify[U[r], Factor] /.{r > b, B1 >0, B2 » 1, B3 » 0, B4 » 0};
b33 = Simplify[ U[r], Factor] /.{r>b, BL >0, B2 >0, B3 > 1, B4 > 0};
b34 = Simplify[ U[r], Factor] /.{r->b, B1L >0, B250, B3>0, B4 » 1};
b4l = Simplify[V[r], Factor] /.{r>b, B1 > 1, B2-> 0, B3 > 0, B4 > 0};
b42 = Simplify[V[r], Factor] /.{r->b, B1L >0, B2 1, B3>0, B4 > 0};
b4a3 = Simplify[V[r], Factor] /.{r>b, B1 >0, B2> 0, B3> 1, B4 > 0};
b44 = Simplify[V[r], Factor] /.{r->b, B1 >0, B2 50, B350, B4 > 1};
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WP = 60
60

Clear[DP, w]

Clear[DD, w]



4 | Annular Disc gyroscope clamped at both edges.nb

40000~
N[h]

p = 2700;

EE = 70 x 10°;

w
B = SetPr‘ecision[ -
h

k1 = SetPr‘ecision[w
k2 = SetPr‘ecision[w
1

1000

0.001

0.01

0.0009625
all

L. a2l

SetPrecision [Det [
a3l
a4l

DP = SetPrecision [Det [

b1l
b21
b31
b4l

SetPrecision [Det [

12p (1—u2)

EE

o (1-u?)

EE

2p (1+u)

EE

al2
a22
a32
a42

all
a2l
a3l
a4l

bi2
b22
b32
b42

al3
a23
a33
a43

al2
a22
a32
a42

b13
b23
b33
b4a3

, WP 5

, WP 5

al4
a24
a34
ad4

al3
a23
a33
a43

b14
b24
b34
b44

wp| 5

| w);

ala
a24
a34
a44

, WP 5

| w);



bil bl2 bl3 bi4

. b21 b22 b23 b24
DD = SetPr‘ec151on[Det[ ], WP];
b31 b32 b33 b34
b4l b42 b43 ba4
Plot[DP, {w, @, 100000}, PlotRange - All]
.40 000 — 60000 — 80000 — .1 00000

—2x107:
—4><107:
—6><107:
—8><107:

-1x 108

Plot[DD, {w, 8, 1000000}, PlotRange - All]

-1x10"
-2x 10" |
-3x 10"

-4x 10"

200000

800000 1x 108

600000

Plot[Log[Abs[DP]], {w, ©, 2000000}, PlotRange —» All]

25F

500000

1.0x10° 15x108 2.0x10°

Annular Disc gyroscope clamped at both edges.nb | 5



6 | Annular Disc gyroscope clamped at both edges.nb

Plot[Log[Abs[DD]], {w, ©, 2000000}, PlotRange - All]

500000 1.0x10° 15x10° 2.0x108

Plot[{Log[Abs[DD]], Log[Abs[DP]]}, {w, @, 4000000},
PlotLegends - "Expressions"”, AxesLabel » {" wW", " Log[Abs[Det Eqn]]"},
LabelStyle - Directive[Bold, Black], BaseStyle » {FontFamily - "Times", FontSize - 12},
PlotStyle » {{Purple, Thickness[0.01]}, {Red, Thickness[0.01]}},
AxesStyle - Thick, PlotTheme -» "Default"]

Log[Abs[Det Eqn]]
28

26F
24F

= log(|DD|)
22F

= log(|DP])

20F

18},

16

. . . -
1x10° 2x10° 3x10° 4x10°
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Plot[Log[Abs[DD] 1, {w, 9, 2000000}, PlotRange - All,

AxesLabel - {“ am, f((())“} , LabelStyle - Directive[Bold, Black],

AxesStyle - Thick, PlotStyle -» {{Black, Thickness[0.01]}},
BaseStyle -» {FontFamily -» "Times", FontSize - 12}]

f(w)

Y

10

500 000 1.0x10° 1.5x10° 2.0x10°

=-10F

Plot[Log[Abs[DP] 1, {w, 8, 2000000}, PlotRange - All, AxesLabel - { wr, F(a))} ,
LabelStyle - Directive[Bold, Black], AxesStyle - Thick,
PlotStyle » {{Black, Thickness[0.01]}}, BaseStyle » {FontFamily -» "Times", FontSize - 12}]

F(w)

25

20
15

10

500000 1.0x 106 1.5x10° 2.0x10°

—10}




8 | Annular Disc gyroscope clamped at both edges.nb

P1 = {{1.6851522842639596  +"6, 20.60561826844721}};
P2 = {{1.3095975232198145" +"6, 23.296681166870727" }};
P3 = {{2.182662538699691+"6, 24.37049483671059}};

P4 = {{2.7770897832817347  +"6, 25.137504600881936" }};
PP = Join[P1, P2, P3, P4]

{{1.68515x 10°, 20.6056}, {1.3096 x 16°, 23.2967},
{2.18266 x 10°, 24.3705}, {2.77709 x 10°, 25.1375} |

Wn,e,0 = PP[[1]1]1[[1]]
wn,e := SetPrecision[FindRoot [DD, {w, wn,e,6}, WorkingPrecision -» WP] [[1]][[2]], 7]

Wn,o

%/ (2Pi)
1.68515 x 10°
1.681977 x 10°

267695.0

Wn,1,0 = PPL[2]]1[[1]11;
wy,; = SetPrecision[FindRoot [DD, {w, wn,;,0}, WorkingPrecision » WP] [[1]][[2]], WP]
Wn,1

i)

%/ (2Pi)
1.68197725774835709448163634172774005014744205948494070126289 x 10°
267 694.994738801946572282071255962007170664658144036299870988
Wn,2,0 = PPL[3]11[[111;

wy,> := SetPrecision[FindRoot [DD, {w, wn,>,0}, WorkingPrecision » WP] [[1]][[2]], WP]

Wn,2
%/ (2Pi)

2.20222885276801959287403806610297653351892353066044745877697 x 10°

350495.607737624110391791580487982549979304189007751631670098
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Wn,3,0 = PP[4]11[[1]1];
wn,3 := SetPrecision[FindRoot [DD, {w, wn,3,0}, WorkingPrecision » WP] [[1]][[2]], WP]
wn,3

%/ (2Pi)
3.62808755387389564814220232944091429914366464359078050017228 x 10°

577428.068169213615030170068245246581799246041199921764582646

Clear[w]
W = Wy,
MatrixForm[RowReduce [
{{b11, b12, b13, b14}, {b21, b22, b23, b24}, {b31, b32, b33, b34}, {b4l, b4a2, b4a3, bad}}]]

1.681977 x 10°

1 0 06 -8.09

0 1 0 -0.3416
e 0 1 -4.227
0 0 0 0




10 | Annular Disc gyroscope clamped at both edges.nb

B4

1]
=

-b24 B4 b22 b23
-b34B4 b32 b33

b1l b12 bi3
Det[[bZl b22 bzs]]

-b14B4 bl2 bi3
Det [ ]

Bl = SetPr'ecision[ 5 WP+ 10]

b31 b32 b33

b21 -b24B4 b23
b31 -b34B4 b33

b1l b12 bi3
Det[[bz1 b22 bzs]]

bll -bl14B4 bi3
Det [ ]

B2 = SetPr'ecision[ 5 WP+ 10]

b31 b32 b33

b21 b22 -b24B4
b31 b32 -b34B4

b1l b12 b13
Det[[bz1 b22 bzs]]

bll bl2 -bl4 B4
Det [ ]

B3 = SetPrecision[ s wp.+1e]

b31 b32 b33
1

8.085163033040209773841255902482316741952672600746154785156250000000000
0.3416297281219292448269791995230093561985995620489120483398437500000000

4.226591755743599976844534354958327071472012903541326522827148437500000

Ulal
Via]
U[b]
W[a]
W[b]
W'[a]

0.x10°°
0.x10°°

0. x1072
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MaxU = FindMaxValue[{Abs[U[r]], asr s b}, {r, a}]
MU =%

1384.58

1384.58

MaxV = FindMaxValue[ {Abs[V[r]], a<r < b}, {r, a}]
MV =%

1206.22

1206.22

urr]
pl = Plot[{W}, {r, a, b}, PlotRange - All, DisplayFunction - Identity,

PlotPoints -» 10000, PlotStyle -» {{Blue, Thickness[0.011]}, GrayLevel[9] }];

p2 = Plot[{vlfl—r]

}, {r, a, b}, PlotRange -» All, DisplayFunction -» Identity,
vV

PlotPoints -» 1000, PlotStyle - {{Red, Thickness[0.011]}, GrayLevel [0] }];

Show[pl, AxesStyle - Thick, AxesLabel - {" r ","uUum"},
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

Show[p2, AxesStyle -» Thick, AxesLabel -» {" r ","V(r)"},
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,
BaseStyle -» {FontFamily -» "Times", FontSize - 15}]

Show[pl, p2, AxesStyle - Thick, AxesLabel - {" r ", "Eigenfunctions"},
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

U()
1.0

0.8f

0.6

0.4}

0.2

0.002 0.004 0.006 0.008 0.010
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V(r)

0.002 0.004

0.006 0.010

-0.2f

—0.4}

-0.6}

-0.8}

-1.0f

Eigenfunctions

1.0

0.5

0.002 0.004 0.006 0.008 0.010

-0.5

-1.0f

ql = {{768993.231810491, 14.712066415255986  } } ;

g2 = {{3.0159744461243777 +"6, 77.95116372958098}} ;
g3 = {{6.389776363189273+"6, 80.56996132026089} } ;
g4 = {{1.0837060708411181" »"7, 83.36936564133254}};

qq = Join[ql, q2, q3, q4]

{{768993., 14.7121}, {3.01597 x 10°, 77.9512},
{6.38978 x 10°, 80.57}, {1.08371x 10’, 83.3694] |

MaxW = FindMaxValue[ {Abs[W[r]], a<r <b}, {r, a}]
MW = %

8.10746

8.10746
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W[r]
p3 = Plot[{m}, {r, a, b}, PlotRange -» All, DisplayFunction - Identity,

PlotPoints - 1000, PlotStyle » {{Brown, Thickness[0.011]}, GrayLevel[0] }]

15}
1.o§
0.55
o.c;oz' ' 'o.c;o4 Y 'o.o'os — 310
-05p
-1.05
Show[p3, AxesStyle - Thick, AxesLabel - {" r ", "W(r)"},

LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

W(r)
1.5F
1.0

0.5f

0.002 0.004 0.0 0.008 .010

-0.5}

-1.0f
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uirl VIrl W[r]
Plot [{ , ,
MU MV MW
PlotPoints -» 10000, AxesStyle -» Thick, LabelStyle -» Directive[Bold, Black],
DisplayFunction -» $DisplayFunction, BaseStyle » {FontFamily -» "Times", FontSize - 15},
PlotStyle » {{Blue, Thickness[0.01]}, {Red, Thickness[©.01]}, {Brown, Thickness[0©.01]}},

}, {r, a, b}, PlotRange -» All, DisplayFunction - Identity,

AxeslLabel » {" r ", " Eigenfunction"}, PlotLegends -» {"U[r]", "V[rl", “W[r‘]“}]

Eigenfunction
1.5¢

1.0 — U
0.5f = VIr]
r = WIr

0.002 0.004 0.006

—-0.5¢
—-1.0f
urrl  VIr] W[r
Plot[{ [ ], [l , [ ]}, (r, a, b}, PlotStyle -
mu o omv

{{Black, Thickness[0.008] }, {Gray, Thickness[0.008]}, {Black, Dashing[Large]}},
PlotRange - All, DisplayFunction -» Identity, PlotPoints -» 10000,
AxesStyle - Thickness[Large], LabelStyle - Directive [Bold, GrayLevel[0]],
BaseStyle -» {FontFamily -» "Times", FontSize - 15},

AxeslLabel » {" r ", " Eigenfunction"}, PlotLegends - {"U[r]l", "V[rl", “W[r']“}]
Eigenfunction
1.5f - o
1.0} d
' ulr]
0.5 VIr]
A ro— — Wi

0.002  0.004 0.0b\6 8~ 6.010

-0.5f

-1.0f



Mathematica code for the first five normalised eigenfunctions for annular disc

gyroscope clamped at both edges

WP = 60
60

wir, ¢, t] :=W[r] Cos[mo] e***;
Collect[w[r, ¢, t], Cos[m¢] Cos[wt+@], Simplify];

Collect[ (0. w[r, @, t]), Cos[mp] e***, Simplify];

W[r_] := Al Bessell[m, B r] + A2BesselY[m, B r] + A3 BesselI[m, Br] + A4 BesselK[m, B r]
Collect[w[r, ¢, t], Cos[m¢] Cos[wt+©], Simplify];

all = Simplify[W[r], Factor] /. {r -> a, Al -> 1, A2 -> @, A3 -> 0, A4 -> 0};
al2 = Simplify[W[r], Factor] /. {r -> a, A1 -> @, A2 -> 1, A3 -> 0, Ad -> 0@};
al3 = Simplify[W[r], Factor] /. {r -> a, Al -> 0, A2 -> @, A3 -> 1, A4 -> 0};
al4 = Simplify[W[r], Factor] /. {r -> a, A1 -> @0, A2 -> @, A3 -> 0, Ad -> 1};
a2l = Simplify[W [r], Factor] /. {r -> a, Al -> 1, A2 -> @, A3 -> 0, A4 -> 0};
a22 = Simplify[W [r], Factor] /. {r -> a, A1 -> @, A2 -> 1, A3 -> 0, A4 -> 0};
a23 = Simplify[W [r], Factor] /. {r -> a, Al -> 0, A2 -> @, A3 -> 1, A4 -> 0};
a24 = Simplify[W [r], Factor] /. {r -> a, A1 -> @, A2 -> @0, A3 -> 0, A4 -> 1};

a3l = Simplify[W[r], Factor] /. {r -> Al -> 1, A2 -> 0, A3 -> 0, AA -> 0};
a32 = Simplify[W[r], Factor] /. {r -> Al -> 0, A2 -> 1, A3 -> 0, A -> 0};
a33 = Simplify[W[r], Factor] /. {r -> Al -> 0, A2 -> 0, A3 -> 1, AA -> 0};
a34 = Simplify[W[r], Factor] /. {r -> Al -> 0, A2 -> 0, A3 -> 0, A4 -> 1};
a4l = Simplify[W [r], Factor] /. {r -> b, A1 -> 1, A2 -> @, A3 -> 0, A4 -> 0};
ad2 = Simplify [W [r], Factor] /. {r -> b, A1l -> 0, A2 -> 1, A3 -> 0, A4 -> 0};
a43 = Simplify[W [r], Factor] /. {r -> b, A1 -> @, A2 -> @0, A3 -> 1, A4 -> 0};
ad4 = Simplify [W [r], Factor] /. {r -> b, A1 -> 0, A2 -> @, A3 -> 0, A4 -> 1};

b’
b’
b’
b’

&[r, ¢, t] := (B1Bessell[n, k1r] + B2BesselY[n, k1r]) Cos[n¢] Cos[wt + ¢];
o[r, ¢, t] := (B3 Bessell[n, k2r] + B4BesselY[n, k2r]) Sin[n¢] Cos[wt + ¢];

ulr, ¢, t] :

1
Or 8[r, ¢, t] + _a(p Tl(r, ¢, t];
r

1

v[rl @, t] . _awé[rl @, t]_arm[rl ®, t]r
r

Collect[u[r, ¢, t], Cos[n¢] Cos[tw]];



2 | The first five eigenfunctions_in-plane.nb

1
Ulr_] := SetPr‘ecision[ (— Bl kl (BesselJ[-1+n, kl1r] -BesselJ[1+n, kir]) +
2

1
—n (B3 Bessell[n, k2r] + B4BesselY[n, k2r]) +
r

1
— B2kl (BesselY[-1+n, kl1r] -BesselY[1+n, k1r]) ] R WP]
2

Collect[v[r, ¢, t], Sin[n¢] Cos[tw]];
1

V[r_] := SetPrecision [ (— — B3 k2 (BesselJ[-1+n, k2r] -BesselJ[1+n, k2r]) -
2

1
—n (Bl1Bessell[n, kl1r] + B2BesselY[n, kir]) -
r

234 k2 (BesselY[-1+n, k2r] - BesselY[1+ n, k2 r‘])), WP];

b1l = Simplify[U[r], Factor] /.{r-a,Bl1-1,B2-0, B3>0, B4-0};
bi2 = Simplify[U[r], Factor] /.{r - a, B1 -0, B2 -»1, B3 -0, B4 - 0};
b13 = Simplify[U[r], Factor] /.{r-a, B1-0,B2-0, B3> 1, B4 - 0};
b14 = Simplify[U[r], Factor] /.{r-»a,B1-50,B2-50, B350, B4 ->1};
b21 = Simplify[V[r], Factor] /.{r-a, B1-1, B2 0, B3>0, B4 - 0};
b22 = Simplify[V[r], Factor] /.{r-a, B1-90, B2-»1, B3>0, B4 - 0};
b23 = Simplify[V[r], Factor] /.{r-a, B1-90, B2-50, B3> 1, B4 - 0};
b24 = Simplify[V[r], Factor] /.{r-a, B1 -9, B2 50, B3>0, B4 » 1};

b31 = Simplify[ U[r], Factor] /.{r-b,Bl1 -1, B2-0, B350, B4 0};
b32 = Simplify[U[r], Factor] /.{r - b, B1-50,B2 -1, B3 -0, B4 0};
b33 = simplify[ U[r], Factor] /.{r - b, B1 >0, B2>0, B3> 1, B4 - 0};
b34 = Simplify[U[r], Factor] /.{r-b,B1-50,B2-50, B350, B4->1};
b4l = Simplify[V[r], Factor] /.{r - b, Bl > 1, B2 0, B3 > 0, B4 > 0};
b42 = Simplify[V[r], Factor] /.{r-b, B1 -0, B2-»1, B3>0, B4 > 0};
b4a3 = simplify[V[r], Factor] /.{r > b, B1 >0, B2 0, B3> 1, B4 - 0};
b44 = Simplify[V[r], Factor] /.{r - b, B1 >0, B2 50, B350, B4 » 1};

WP = 60
60
Clear[DP, w]

Clear|[DD, w]



40000
N[h]

p = 2700;

EE = 70 x 10°;

w
B = SetPr‘ecision[ -
h

ki = SetPr‘ecision[w
k2 = SetPr‘ecision[w
1

1000

0.001

0.01

0.0009625
all

L. a2l

SetPrecision [Det [
a3l
a4l

DP = SetPrecision [Det [

b1l
b21
b31
b4l

SetPrecision [Det [

12p (1—u2)

EE

o (1-u?)

EE

2p (1+u)

EE

al2
a22
a32
a42

all
a2l
a3l
a4l

b12
b22
b32
b42

al3
a23
a33
a43

al2
a22
a32
a42

b13
b23
b33
b43

, WP 5

) WP 5

al4
a24
a34
ad4

al3
a23
a33
a43

b14
b24
b34
b44

wp| 5

| w);

ala
a24
a34
ad4

, WP 5

| w);
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bil bi2 bi3 bi4d
- b21 b22 b23 b24
DD = SetPr‘ec151on[Det[ ], WP];
b31 b32 b33 b34
b4dl b42 b43 baa
Plot[DP, {w, ©, 100000}, PlotRange -» All]
20000 60000 80000 100000
ax07f
—4><107:'
—6><107:'
—8><107:'
1x00F

Plot[DD, {w, 8, 1000000}, PlotRange - All]

200000

-1x10"
-2x 10" [
-3x 10" [

-4x10"

600000

800000 1x 108

Plot[Log[Abs[DP]], {w, ©, 2000000}, PlotRange —» All]

25F

500000

1.0x10°

15x108

2.0x10°
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Plot[Log[Abs[DD]], {w, ©, 6000000}, PlotRange - All]

25

PR TR 1
1x10°

1 1 1 1 1
2x10°

PR T N T | T ST TR SN SR (N SN SN S S|
3x10°

4x10° 5x10° 6x10°

Plot[{Log [Abs[DD]], Log[Abs[DP1]}, {w, @, 3000000},
PlotLegends - "Expressions”, AxesLabel » { " (", " Log[Abs[Det Eqn]]"},

LabelStyle -» Directive[Bold, Black], BaseStyle » {FontFamily - "Times", FontSize - 12},
PlotStyle - {{Black, Thickness[©.01]}, {Gray, Thickness[0.01]}},
AxesStyle -» Thick, PlotTheme -» "Default"

Log[Abs[Det Eqn]]

= log(|DDJ)
= log(|DP])

b 500000 1.0x10° 1.5x10° 2.0x10° 2.5x10° 3.0x10°w
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Plot[Log[Abs[DD] 1, {w, 9, 6000000}, PlotRange - All,

AxesLabel - {“ am, f((())“} , LabelStyle - Directive[Bold, Black],
AxesStyle - Thick, PlotStyle -» {{Black, Thickness[0.01]}},
BaseStyle -» {FontFamily -» "Times", FontSize - 12}]

f(w)

10

1x10° 2x10° 3x10° 4%10° 5%10° 6x10°

Plot[Log[Abs[DP] 1, {w, ©, 9000000}, PlotRange - All,

AxesLabel - { " ", “F((())“} , LabelStyle -» Directive[Bold, Black],

AxesStyle - Thick, PlotStyle -» {{Black, Thickness[0.01]}},
BaseStyle -» {FontFamily - "Times", FontSize - 12}]

F(w)

30F
20F

10§

2x10° 4x%10° 6x10° 8x10°

—10k
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P1 = {{1.679054019787645x"6, 21.24193288108749}};
P2 = {{2.1835585139961387" *"6, 20.99742988740663}};
P3 = {{3.255630564189189+"6, 21.119681384247063 }};
P4 = {{3.6340089348455593" x"6, 20.997429887406625" }};
p5 = {{4.374999910714285+"6, 21.241932881087486" }};
p6 = {{5.210585479247103%"6, 20.752926893725782" }};
PP = Join[P1, P2, P3, P4, p5, p6]

{{1.67905x 10°, 21.2419}, {2.18356 x 10°, 26.9974}, {3.25563 x 16°, 21.1197},
{3.63401x 10°, 20.9974}, {4.375x 10°, 21.2419}, {5.21059 x 10°, 20.7529} |

gl = {{768993.231810491, 14.712066415255986" }};

g2 = {{3.0159744461243777 %6, 77.95116372958098}};
g3 = {{6.389776363189273%"6, 80.56996132026089}} ;
g4 = {{1.0837060708411181" x"7, 83.36936564133254}};
qq = Join[ql, q2, g3, q4]

{{768993., 14.7121}, {3.01597 x 10°, 77.9512},
{6.38978 x 10°, 80.57}, {1.08371x 10’, 83.3694] |

@n,e,0 = PP[[1]][[1]]

wn,o := SetPrecision[FindRoot [DD, {w, wn,e,0}, WorkingPrecision -» WP] [[1]1][[211, 7]
Wn,o

%/ (2Pi)

1.67905 x 10°

1.681977 x 10°

267695.0
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Wn,1,0 2= PP[[2]1]1[[111;
wn,1 = SetPrecision[FindRoot[DD, {w, wn,1,0}, WorkingPrecision » WP] [[1]1][[2]], 7]
Wn,1

%/ (2Pi)
2.202229 x 10°

350495.6

Wn,2,0 2= PP[[3]11[[111;
Wn,2 := SetPrecision[FindRoot[DD, {w, wn,2,e}, WorkingPrecision » WP][[1]][[2]], 7]
wn,z

%/ (2Pi)
3.249287 x 10°

517140.1

Wwn,3,0 2= PP[[4]1]11[111;
wn,3 := SetPrecision[FindRoot[DD, {w, wn,3,0}, WorkingPrecision » WP] [[1]1][[2]], 7]
wn,3

%/ (2Pi)
3.628088 x 10°

577428.1

Wn,a,e 2= PPL[511[[1]];
wn,s = SetPrecision|
FindRoot [DD, {w, 4.374999910714285 %x~6}, WorkingPrecision -» WP1[[1]1]1[[2]1], 7]
Wn, 4
%/ (2P1i)
4.355487 x 10°

693197.3

Wn,s,0 2= PP[[611[[111;
wn,s := SetPrecision|

FindRoot [DD, {w, 5.210585479247103 x"~6}, WorkingPrecision -» WP [[1]1]1[[2]1], 7]
Wn,s

%/ (2Pi)
5.204516 x 10°

828324.4
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Clear[w]
W = Wy,
MatrixForm[RowReduce [
{{b11, b12, b13, b14}, {b21, b22, b23, b24}, {b31, b32, b33, b34}, {b4l, b4a2, b4a3, bad}}]]

1.681977 x 10°

1 06 06 -8.09

0 1 0 -0.3416
e 01 -4.227
0 0 0 0
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B4

1]
=

-b24 B4 b22 b23

-bi14B4 bl2 bi3
Det [ ]
-b34B4 b32 b33

Bl = SetPr'ecision[ 5 WP+ 10]

bll bi2 b13]
b31 b32 b33

Det[[bZl b22 b23

b21 -b24B4 b23
b31 -b34B4 b33

b1l b12 bi3
Det[[bz1 b22 bzs]]

bll -bl4B4 bi3
Det [ ]

B2 = SetPr'ecision[ 5 WP+ 10]

b31 b32 b33

b21 b22 -b24B4
b31 b32 -b34B4

b1l b12 b13
Det[[bz1 b22 bzs]]

bll bl2 -bl4 B4
Det [ ]

B3 = SetPrecision[ s wp.+1e]

b31 b32 b33
1

8.085163033040209773841255902482316741952672600746154785156250000000000
0.3416297281219292448269791995230093561985995620489120483398437500000000

4.226591755743599976844534354958327071472012903541326522827148437500000

Ula]
Via]
U[b]

0

0

0

MaxU = FindMaxValue[{Abs[U[r]], a<r < b}, {r, a}]
MU = %

1384.58

1384.58
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MaxV = FindMaxValue[{Abs[V[r]], as<r =< b}, {r, a}]
MV = %

1206.22

1206.22

ulr]
pl = Plot[{W}, {r, a, b}, PlotRange - All, DisplayFunction - Identity,

PlotPoints » 10000, PlotStyle -» {{Blue, Thickness[0.011]}, GrayLevel[9] }];

Vir]
p2 = Plot[{W}, {r, a, b}, PlotRange -» All, DisplayFunction -» Identity,

PlotPoints - 1000, PlotStyle - {{Red, Thickness[0.011]}, GrayLevel [O] }];

Show[pl, AxesStyle -» Thick, AxesLabel » {" r ","uUm"},
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,
BaseStyle -» {FontFamily -» "Times", FontSize - 15}]

Show[p2, AxesStyle - Thick, AxesLabel - {" r ","V(r"},
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

Show[pl, p2, AxesStyle -» Thick, AxesLabel -» {" r "," U(r) V(r)"},
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

U(r)
1.0}

0.8f

0.6

0.4

0.2

0.002 0.004 0.006 0.008 0.010
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V(r)

0.002 0.004

0.006 0.010

-0.2

-04

-0.6

-0.8

U(r) V(r)
1.0

0.5

0.002 0.004 0.006 ! 0.010

-0.5

gl = {{768993.231810491, 14.712066415255986" }};

q2 = {{3.0159744461243777 x~6, 77.95116372958098}} ;
g3 = {{6.389776363189273%"6, 80.56996132026089}} ;
q4 = {{1.0837060708411181 x~7, 83.36936564133254}};
qq = Join[ql, q2, q3, q4]

{{768993., 14.7121}, {3.01597 x 10°, 77.9512},
{6.38978 x 10°, 80.57}, {1.08371x 10’, 83.3694} |

Clear[wl]

wl =
1.6819772577483570944816363417277400501474420594849407012628914239444408318815256175 60 -

.*"6

1.68197725774835709448163634172774005014744205948494070126289 x 10°
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A4

]
=

-ald A4 al2 a13
Det[ -a24 A4 a22 a23
-a34A4 a32 a33

Al = SetPrecision[ , WP-+10]

all al2 a13
Det[ a2l a22 a23
a31 a32 a33

all -al4dA4 al3
Det[ a2l -a24A4 a23
a3l -a34A4 a33

all al2 a13
Det[ a2l a22 a23
a31 a32 a33

A2 = SetPrecision[ , WP-+10]

all al2 -aldAd
Det[ a2l a22 -a24A4
a3l a32 -a34Ad

all al2 a13
Det[ a2l a22 a23
a31 a32 a33

A3 = SetPrecision[ , WP-+10]

1
26.63571747911998623348445516811899835829535732045769691467285156250000
1.305536512343436932113809045841179568014922551810741424560546875000000

-0.001428477400966389964601793716170163861534092575311660766601562500000000

MaxW = FindMaxValue[{Abs[W[r]], a<r =<b}, {r, a}]
MW = %

8.10746

8.10746
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W[r]
p3 = Plot[{m}, {r, a, b}, PlotRange -» All, DisplayFunction - Identity,

PlotPoints - 1000, PlotStyle - {{Brown, Thickness[0.011]}, GrayLevel[0] }]

1.5F

0.5

n n n n n n n n 1 n n n e
0.002 0.004 0.0 0.008 .010

Show[p3, AxesStyle - Thick, AxesLabel - {" r ", "W(r)"},
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize - 15}]

W(r)
1.5}F
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VIr] W[r]

Plot[{u[r] R R }, {r, a, b}, PlotRange -» All, DisplayFunction - Identity,

MU MV MW

PlotPoints » 10000, AxesStyle -» Thick, LabelStyle - Directive[Bold, Black],
DisplayFunction -» $DisplayFunction, BaseStyle » {FontFamily -» "Times", FontSize - 15},
PlotStyle » {{Blue, Thickness[0.01]}, {Red, Thickness[0.01]}, {Brown, Thickness[0.01]}},

AxeslLabel » {" r ", " Eigenfunction"}, PlotLegends - {u, v, w}]

Eigenfunction
1.5¢

1.0

— ]

0.5f

—

— W

0.002 0.004 0.006

—-0.5¢
—-1.0f
urrl  VIr] W[r
Plot[{ [ ], [l , [ ]}, (r, a, b}, PlotStyle -
mu o omv

{{Black, Thickness[0.008] }, {Gray, Thickness[0.008]}, {Black, Dashing[Large]}},
PlotRange - All, DisplayFunction -» Identity, PlotPoints -» 10000,
AxesStyle - Thickness[Large], LabelStyle - Directive [Bold, GrayLevel[0]],
BaseStyle -» {FontFamily -» "Times", FontSize - 15},

AxeslLabel » {" r ", " Eigenfunction"}, PlotLegends -» {"U[r]l", "V[rl", “W[r‘]“}]
Eigenfunction
1.5f - o
1.0} d
' ulr]
0.5 V[r]
A ro— — W

0.002  0.004 0.0b\6 8~ 6.010

-0.5f

-1.0f

Z[r_] := AlBessell[m, ar] + A2BesselY[m, ar] + A3 BesselI[m, ar] + A4 BesselK[m, ar]
1

X[r_] := SetPrecision [ (— Bl cl (Bessell[-1+n, clr] -BesselJ[1+n, clr]) +
2

1
—n (B3 Bessell[n, c2r] + B4 BesselY[n, c2r]) +
r

1
—B2cl (BesselY[-1+n, clr] -BesselY[1+n, clr]) ) R WP];
2
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1
Y[r_] := SetPr‘ecision[ [— — B3 c2 (BessellJ[-1+n, c2r] -Bessel]J[1+n, c2r]) -
2

1
—n (Bl1Bessell[n, clr] + B2BesselY[n, clr]) -
r

1
— B4 c2 (BesselY[-1+n, c2r] -BesselY[1+n, c2r]) ) R WP];
2

a = SetPr‘ecision[

cl = SetPrecision [7

.. 2p (1+u)
€2 = SetPr‘ec151on[7 -, WP];
EE

¥ = 2.2022288527680195928740381" 7. *"6

2.202229 x 10°

Maxx = FindMaxValue[ {Abs [X[r]], as<r =< b}, {r, b}]
MX = %

1812.84

1812.84

Maxy = FindMaxValue[{Abs[Y[r]], a<r < b}, {r, b}]
MY = %

1579.32
1579.32

FindMaxValue[ {Abs[Y[r]], a s r =< b}, {r, b}]
1579.32

Maxz = FindMaxValue[{Abs[Z[r]], asr s b}, {r, b}]
MZ =%

15.5778

15.5778
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X[r]
pa = Plot[{v}, {r, ©.001, b}, PlotRange » All, DisplayFunction - Identity,

PlotPoints -» 10000, PlotStyle -» {{Green, Thickness[0.911]}, GrayLevel[9] }]

p5

Y[r]
Plot[{—}, {r, 0.001, b}, PlotRange -» All, DisplayFunction - Identity,
MX
PlotPoints -» 10000, PlotStyle -» { {Pink, Thickness[©.011]}, GrayLevel[0] }];
Z[r]
p6 = Plot[{—}, {r, 0.001, b}, PlotRange -» All, DisplayFunction - Identity,
Mz

PlotPoints -» 10000, PlotStyle -» { {Purple, Thickness[0.911]}, GrayLevel[Q] }];
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Show[p4, AxesStyle -» Thick, AxesLabel -» {" r > MU (m)"),
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,
BaseStyle -» {FontFamily -» "Times", FontSize - 12}]

Show[p5, AxesStyle - Thick, AxesLabel - {" ro ", "W, (P,
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize -» 12}]

Uy (r)

1.0f

0.5

0.010

0.002 0.004 0.006

V2,1(r)

0.002 0.004 0.006 0.008 0.010

Show[p6, AxesStyle -» Thick, AxesLabel - {" ro" "W (r) "),
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily - "Times", FontSize -» 12}]

W3,1(r)

0.002 0.004

-1.0f
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Plot[{U[r], V[r], w[r], X[r], Y[r], Z[r]}, {r, .001, b}, PlotRange - All,
MU MU MU MX MX Mz
DisplayFunction -» Identity, PlotPoints - 10000, AxesStyle - Thick,
LabelStyle - Directive[Bold, Black], DisplayFunction -» $DisplayFunction,
BaseStyle -» {FontFamily -» "Times", FontSize -» 12}, PlotStyle -
{{Blue, Thickness[0.01 ]}, {Red, Thickness[0.01 ]}, {Brown, Thickness[0.01 ]},

{Green , Thickness[0.01 ]}, {Pink, Thickness[0.01 ]}, {Purple, Thickness[0.01 1},},

AxeslLabel » {" r ", " Eigenfunction"}, PlotLegends » {U;,0, V3,0, W3,0, Uz,1, V3,1, w3,1}]
Eigenfunction
1.0f
— Uy
—_— V.
0.5F 2,0
—_— W;
. . = Uy
0.002 0.004 . . 0.010
Va1
-0.5
— W3’1
-1.0f

Z11[r_] := A1 Bessell[m, 6 r] + A2BesselY[m, 5 r] + A3 BesselI[m, 6 r] + A4 BesselK[m, 6 r]

1
X1[r_] := SetPr‘ecision[ (— Bl dl (Bessell[-1+n, dir] -Bessel]J[1+n, dlr]) +
2

1
—n (B3 Bessell[n, d2r] + B4 BesselY[n, d2r]) +
r

1
—B2d1l (BesselY[-1+n, d1r] -BesselY[1+n, d1r]) ) R WP];
2
1
Yi[r_] := SetPr‘ecision[ (— —B3d2 (BesselJ[-1+n, d2r] -BesselJ[1+n, d2r]) -
2

1
—n (Bl1Bessell[n, d1r] + B2BesselY[n, di1r]) -
r

1
— B4 d2 (BesselY[-1+n, d2r] -BesselY[1+n, d2r]) ) R WP];
2

& = SetPrecision

—

dl = SetPrecision [A

d2

.. 2p (1+u)
SetPr‘ec151on[A _ WP];
EE
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A = 3.249287320435304251277234° 7. "6

3.249287 x 10°

z2[r_] :

Al Bessell[m, nr] + A2BesselY[m, nr] + A3BesselI[m, nr] + A4 BesselK[m, nr]

1
X2[r_] : SetPr‘ecision[ (— Blml (BessellJ[-1+n, mlr] -Bessel]J[1+n, mlr]) +
2

1
—n (B3 Bessell[n, m2r] + B4 BesselY[n, m2r]) +
r

1
—B2ml (BesselY[-1+n, mlr] -BesselY[1+n, mlr]) ] R WP];
2

1
Y2([r_] := SetPr‘ecision[ (— — B3 m2 (BesselJ[-1+n, m2r] -BesselJ[1+n, m2r]) -
2

1
—n (Bl1Bessell[n, mlr] + B2BesselY[n, m1r]) -
r

1
— B4 m2 (BesselY[-1+n, m2r] - BesselY[1+n, m2r]) ) R WP];
2

x [12p (1-4?)
n = SetPr‘ecision[ - _—
h

ml = SetPrecision [x

2p (1+u)
EE

m2 = SetPr‘ecision[x R WP];

Kk = 3.6280875538738956481422023" 7. "6

3.628088 x 10°

Z3[r_] := Al Bessell[m, tr] + A2BesselY[m, t r] + A3BesselI[m, tr] + AdBesselK[m, T r]

X3[r_]:

1
SetPr‘ecision[ (— Bl sl (Bessell[-1+n, s1r] -Bessel]J[1+n, s1lr]) +
2

n (B3 Bessell[n, s2r] + B4 BesselY[n, s2r]) +

N|R S|k

B2 s1 (BesselY[-1+n, s1r] -BesselY[1+n, s1r]) ) R WP];

1
Y3[r_] := SetPr‘ecision[ (— —B3s2 (BesselJ[-1+n, s2r] -BesselJ[1+n, s2r]) -
2

1
—n (Bl1Bessell[n, s1r] + B2BesselY[n, s1r]) -
r

1
— B4 s2 (BesselY[-1+n, s2r] -BesselY[1+n, s2r]) ) R WP];
2
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o |[12p (1-47)

T = SetPr‘ecision[ - R WP];
h EE
o (1-u?)
sl = SetPr‘ecision[e _—, WP];
EE
L. 2p (1+p)
s2 = SetPr‘ec151on[9 - -, WP];
EE

© = 4.3554872473059969172974369" 7. *"6

4.355487 x 10°

Z4[r_] := AlBessell[m, ¢ r] + A2BesselY[m, ¢ r] + A3 BesselI[m, ¥ r] + A4 BesselK[m, ¥ r]

Xa[r 1 :

1
SetPr‘ecision[ (— Bl f1 (Bessell[-1+n, f1r] -BesselJ[1+n, flr]) +
2

n (B3 Bessell[n, f2r] + B4 BesselY[n, f2r]) +

N|RrR S |k

B2 f1 (BesselY[-1+n, f1r] - BesselY[1+n, f1r]) ) R WP];

1
Y4a[r_] := SetPr‘ecision[ (— — B3 f2 (BesselJ[-1+n, f2r] -BesselJ[1+n, f2r]) -
2

1
—n (Bl1Bessell[n, f1r] + B2BesselY[n, fir]) -
r

1
— B4 f2 (BesselY[-1+n, f2r] - BesselY[1+n, f2r]) ) R WP];
2

Y = SetPrecision [

f1

SetPrecision [Q

2p (1+p)
EE

f2

SetPr‘ecision[Q R WP];

Q = 5.2045155656928513917385405" 7. "6

5.204516 x 10°
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MaxX1l = FindMaxValue [ {Abs[X1[r]], asr b}, {r, b}]
MX1 = %

2674.76

2674.76

MaxY1l = FindMaxValue [ {Abs[Y1[r]], a<r < b}, {r, b}]
MY1 = %

2330.21

2330.21

MaxZ11l = FindMaxValue[{Abs[Z11[r]], asr s b}, {r, b}]
MZ11 = %

274.345

274.345

MaxX2 = FindMaxValue [ {Abs[X2[r]], a
MX2 = %

IA
=

< b}, {r, b}]
2986.58
2986.58

MaxY2 = FindMaxValue [ {Abs[Y2[r]], a
MY2 = %

IA
=

< b}, {r, b}]

1663.18

1663.18

MaxZ2 = FindMaxValue[{Abs[Z2[r]], a<r < b}, {r, b}]
MZ2 = %

615.86

615.86

MaxX3 = FindMaxValue [ {Abs[X3[r]], a
MX3 = %

IA
=

< b}, {r, b}]
3585.37
3585.37

MaxY3 = FindMaxValue [ {Abs[Y3[r]], a
MY3 = %

IA
=

< b}, {r, b}]

3123.52

3123.52
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MaxZ3 = FindMaxValue[{Abs[Z3[r]], asr s b}, {r, b}]
MZ3 = %

2653.89

2653.89

IA

MaxX4 = FindMaxValue [ {Abs[X4[r]], a
MX4 = %

r<b}, {r, b}]

2909.32

2909.32

MaxY4 = FindMaxValue[{Abs[Y4[r]], asr b}, {r, b}]
MY4 = %

2365.64

2365.64

MaxZ4 = FindMaxValue[{Abs[Z4[r]], a
MZ4 = %

IA

r<b}, {r, b}]

12708.1

12708.1

Urr]  X[r] X1[r] X2[r] X3[r] X4[r]
Plot[{ , , , , , }, (r, .001, b},
MU © MX  MX1I  MX2 MX3 MX4

PlotRange - All, DisplayFunction - Identity, PlotPoints - 10000,

AxesStyle -» Thick, LabelStyle -» Directive[Bold, Black],

DisplayFunction -» $DisplayFunction, BaseStyle » {FontFamily -» "Times", FontSize - 15},

PlotStyle » {{Blue, Dashing[0.01 ]}, {Red, Thickness[0.008 ]}, {Black, Dashing[©.01" ]},
{Purple , Thickness[0.008 ]}, {Pink, Thickness[0.008 ]}, {Green, Thickness[0.01°]}},

AxesLabel - {" r ", " U"}, PlotLegends - {Us,0, Us1, Us2s Uz,3s Uz as uz,s}]
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Vir] Y[r] Y1[r] Y2[r] Y3[r] VY4[r]
Plot[{ , , , , , }, {r, 0.001, b},
w S omy T omxa T omxz MX3 MX4

PlotRange - All, DisplayFunction -» Identity, PlotPoints -» 10000, AxesStyle - Thick,
LabelStyle - Directive[Bold, Black], DisplayFunction - $DisplayFunction,

BaseStyle -» {FontFamily -» "Times", FontSize -» 15}, PlotStyle -
{{Blue, Thickness[0.008 ]}, {Red, Thickness[0.008 1}, {Green, Thickness[0.008 ]},
{Brown , Dashing[0.01 ]}, {Black, Dashing[©.01 ]}, {Purple, Thickness[0.008 ]}},

AxesLabel - {" P ", " V"}, PlotLegends - {V3,0, V2,15 V2,25 V2,35 V2,45 vz,s}]
A\Y

— v2,0
0.5} " — W,
. S RN . e V3 5
0.002/ . 0040 0. o0 . Vs
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\:: b, v25
—-1.0f ’




MAPLE CODE FOR ANNULAR DISC
GYROSCOPE FREE AT THE EDGES

DPP=0 and py=v, in the body of thesis. The constants C1, C2, C3 and C4 are arbitrary constants as

defined in the relevant sections.

0
@D := (CI-Bessell (n, ki(al)-r) + C2-BesselY(n, k(@) r) ) -cos(n o)
(CI Bessell (n, kI(@l) r) + C2 BesselY(n, kI(@l) r)) cos(n ¢)

Py := (C3-Bessell(n, k2( @l) -r) + C4-BesselY(n, k2( @l) 7)) -sin(n-¢)
(C3 Bessell (n, k2(@l) r) + C4 BesselY(n, k2( @l) r)) sin(n ¢)

uy = collect( (dzﬁ‘( DD, r) + %dzﬁ‘( P ) ), [cos, C1, C2, C3, C4])
n Bessell (n, k1( @) r

ki(al) r
n, ki(wl) r) j k() + Bessell (n, k2( @l) r) n C3

r

[C[ [—BesselJ(n +1,kl(al) r) +

n Bessel Y (
k(@) r
N C4 BesselY(n, k2(al) r) n
r

+1,kl(al) r) +

jcos(n o®)

0
0

Yy = collect( (%dzﬁ‘( DD, (p) —diﬁ‘( ‘P‘P,r) j, [sin, C1, C2, C3, C4])

r r

[_ Bessell (n, kI(@l) r) nCI  C2BesselY (n, kI(wl) r)n o3 [—BesselJ(n L

K2(wl) r) + Bl ((’;[’;Zr( o) r) j k2(al) — C4 [—BesselY(n 1, k2( ) 7)
+ 2 BesseZ(Ea) @) r) J k2( cl) J sin(n @)

_ Bessell(n, kI(@l) r) n CI  C2BesselY(n, ki(al) r) n
r r

—C3 [—BesselJ(n +1,

n Bessell (n, k2( wl) 7)
k2(al) r

K2(al) 1) + ij(a)I) 4 (—BesselY(nnL L k2(al) 7)

) ) Jkl(a)l) +C2 (—BesselY(n

)

@)

A3)

“)

®)

(7



n BesselY (n, k2( «l) r)
k2(l) r

] k2( wl) ] sin(n @)
Both uu and vv are respectively, given in the text as "u" and " v", respectively.

diff (uu, r) + %~(diﬁ‘(vv, o) +uu))

cos(n @)

BCI = collect[simplzﬁ/[ ( ], [CI,C2, C3,C4, Bessell,

BesselY, ], factor]

2
r

[[—k](a)[)z— n(n—1) (n—1) ]BesselJ(n,k](a)I) r) ®)

_ kI(el) (un—1) Bessell(n + 1, kI( ) r) ]C]+ [[—k!(a)l)z

r

2
r

_nmn=1) (n—1) ]BesselY(n,kl(a)[) r)

_ kiI(el) (u—1) BesselY(n + 1, kI(al) r) jcz+(
n(n—1) (u—1) Bessell(n, k2( @l) r)

N 2
r

N k2(@l) n (W—1) Bessell(n + 1, k2( @) ) ]C3+[

r

~n(n—1) (u—1) BesselY(n, k2(al) r)
2
r

k2(wl) n (w—1) BesselY(n + 1, k2( al) r)

r

]04

(diﬁ‘(vv, r) + %~(diﬁ‘(uu, o0) —vv))

BC2 = collect[simphﬁ/[ ], [Cl, C2,C3,C4, Bessell,

sin(n @)
BesselY, ], factor]
[_ 2n(n—1) Bess;:l](n,k](a)l) r) N 2 Bessell(n + l,kr](a)l) r) kI( @) n ] cr [ ©)
r

2
7 r

2n (n—1) BesselY(n, ki (al) r) N 2 BesselY(n + 1, k(@) r) ki( ) n ] o

+ [(k2(a)l)2 - M) BesselJ (n, k2( ) r)
r



_ 2Bessell(n + 1, k2(al) r) k2( o) j C3 + [(kZ(a)I)z _ 2”(”_1)) BesselY(n,

r 7

k2(al) r) — 2 BesselY(n + 1, k2(@l) r) k2( @) ] 4

r
)2_ n(-1+n) (u—1)

rr

_ ki(el) (u—1) Bessell(n + 1, kI(al) rr) ]Cl+ [[—k](a)l)z

BC3 := [ [—kl( @l ] Bessell (n, kI( ) rr)

rr

_on (-1 +”)2(“_1) ]BesselY(n,kl(a’I) r)

rr
k() (n—1) Bess;lY(n+l,k1(wI) ) ]C2+[
n(-1+n) (nu—1) Bessell(n, k2( @) rr) N k2(wl) n (W—1) Bessell (n + 1, k2( @) rr)

2

c3 4+ [_ n(-1+n)(nu—1) BzesselY(n, k2( ) rr)

rr
N k2(wl) n (w—1) BesselY(n + 1, k2( @) rr) ]C4

rr

[[_kl(a)[)z_ n(n = 1)2(“_ L j Bessell (n, kI( al) 17) (10)

rr

B kl(wl) (w—1) Bessell(n + 1, kI( ) rr) jc1+ [[—kl(a)l)z

rr

_n(n— 1)2(“_ 1) j BesselY (n, kI(al) rr)

rr

_ kl(al) (w—1) BesselY(n + 1, kI( ) rr) jc2+[

rr

n(n—1) (u—1) Bessell(n, k2( @) rr)

2
rr
N k2(@l) n (W—1) Bessell(n + 1, k2( @) rr) ] C3+ [

rr

n(n—1) (u—1) BesselY(n, k2( @) rr)
2
rr

N k2(wl) n (w—1) BesselY(n + 1, k2( @) rr) j 4

rr

rr

BC4 [_ 2n (-1+n) Bessell(n, kI( ) rr) N 2 kl(al) Bessell(n+1,kl(@l) r7) n ] Cl+[

2
rr



2n (-1+n) BesselY(n, ki( @) rr) n 2 kI(l) BesselY(n + 1, kI( ) rr) n ] )

2

+ [(kZ(a)I)2 — Mj Bessell (n, k2( @) rr)

rr

2 Bessell(n + 1. k2( i) rr) k2( a) ] c3 + [(kZ(a)I)z - 2L ey,

rr v

k2(@l) rr)

rr

_ 2BesselY(n + 1, k2( ) rr) k2( o) ]C4

rr

[_ 2n(n—1) Besse;J(n,kl(a)l) rr) N 2kl(al) Bessell(n+ 1, k(@) rr) n j cl4 [ a1
r
2n (n—1) BesselY(n, kI( @) rr) N 2kl(@l) BesselY(n + 1, ki(@l) rr) n ] o
rr

2
rr

2
rr

+ [ (kZ( a)1)2 _2n(n=1) ) Bessell (n, k2( @) rr)

2 Bessell (n + 1, k2( o) rr) k2( ) JC” ((kg(a,,)z_ W—”j BesselY(n,

2
rr v

k2(@l) rr) —

rr

2 BesselY(n + 1, k2( ) 1) k2( o) J 4

BC1 is the first boundary condition at r=a, BC2 is the second boundary condition at r=a, BC3 is the frist
boundary condition at r=b and BC4 is the second boundary condition at r=b for in-plane vibration of the

disc.
ww in this Maple code corresponds to "w" in the text of the thesis.

ww = (AI-Bessell(m, B(aw) -r) + A2-BesselY(m, B(ao) -r) + A3-Bessell(m, B(aw) -r) + A4
‘BesselK(m, B( o) 7)) -cos(m-o)

(A1 Bessell (m, B(ao) r) + A2 BesselY(m, B(an) r) + 43 Bessell (m, B( av) r) (12)
+ A4 BesselK(m, B(av) r) ) cos(m @)

(2—u)

— N SR 1 1
BCPI = collect[ cos(m-) [dzﬁ‘(ww, rrr) + » diff (ww, r, r) 2 diff (ww, r) + 2

diff (ww, r, @, @) — @ -diff (ww, @, @) ], (A1, A2, A3, A4, Bessell, BesselY, Bessell,
r

BesselK, ], factor]

r »

[[ Blav)"m  m” (u=1) (m=1) ]BGSSGU(%B(&D)F) + [B(wf 13)

2

— Blaw) nr’ (n—1) ]Bessel](m—l—l,[}(a)o)r)j/ll—l— [[—W

r



m* (u—1) (m—1)
3

r

+ ] BesselY(m, B(av) r) + [B(WO)3

_ B(av) mzz(u—l) ]BesselY(m+1,l3(0)0) r)

r

A2 +

3
+

m* (u—1) (m—1)
3

r

] Bessell (m, B(aw) r) + [[3(0)0)

B(a) m’ (u—1)

2
r

+ (M_lg (m=1) ]BesselK(m, B(av) r) + [‘B(G)O)

+ ] Bessell(m + 1, B(ao) 7)

A3+[

r

_ B(av) mzz(u— 1) ] BesselK(m + 1, B( ) r)]A4

(diﬁ’(ww, r,r) + % . (diﬁ’(ww, r) + %'diﬁ’(ww, 0, Q) ) j

cos(m-)

BCP2 := collect[ , (A1, A2, A3, A4,

Bessell, BesselY, Bessell, BesselK, 7], factor]

[[‘B(G)O)z— = lr)z (n=1) ] Bessell (m, B(aw) r) (14)
_ B(aw) (n—1) Bessell(m + 1, B(aw) r) 2

r

[

_ m(m—l)z(u—l) ]BesselY(m,B(a)O) r)

r

_ B(aw) (n—1) BesselY(m+1,B(av) r) 2

r

o

_ m(m—l)z(u—l) ]Bessell(m,B(O)O) r)

r

o Blew) (u—1) Bessell(m +1, B(av) r) ]A3+ [[B(w)z

r

_ m(m—l)z(u—l) ]BesselK(m,B(wO) r)

r

_ B(aw) (n—1) BesselK(m +1,B(av) r) ]A4

r

0 s)



0 (16)

0
0 a7
2 2
BCP3 = [[— B(wfr) UL (H_l);_l +m) Bessell (m, B(awo) rr) + [[3((00)3
, 2
. B((OO) ":rz(u—l) ]BesselJ(m+1al3(a)0) rr) A1+[ - B((O:r) m
2
I m (H— lr)r?’(_l +m) BeSSGlY(M, B(ap) l"l") + [B(((p)3
. 2
_ B(av) n:rz(u—l) ]BesselY(mH,B(w)W) o+ B(w:r) m
2
+ = i lr)r3(_1 tm) Bessell(m, B(ao) rr) + [[3((00)3
. 2
+ B(a)o)mz(u—l) ]Bessell(m+l,[3(a)0)rr) A3 + W
2
+ (H_lr);}(_l +m) BesselK(m, B(av) rr) + [—[3((00)3

_ B(av) m? (n—1) ] BesselK(m + 1, B(av) r7)

. A4
rr

[[_B(a)o)zm m’ (w=1) (m—1) (18)

rr rr

] Bessell (m, B( ao) rr

_l’_
VRS
=
g

rr

— B(a)o)mzz(u—l) JBesselJ(m—l—l,B(a)o)rr)]Al—ir[ _Blaw) m

3

4+ M (M_i}) m = 1) J BesselY(m, B(av) rr) + [B(a)o)

o B(CLD) mzz(p“_ 1) J BesselY(m +1, B(a)o) I’I")]AZ + [[

rr

2
L (u—l)3(m—l) ]Bessell(m, B(aw) rr) + | B(aw)

B(a) m’ (n—1)

rr

|
+ JBesselI(erl,B(a,o)rr)]Ang[[ B(aw)’ m

L (u—l)3(m—l) ]BesselK(m,B(a)o)rr) —|—[—B(a)o)

rr

_ B(av) mzz(M— 1) J BesselK(m + 1, B( av) rr)]A4

rr



2

BCP4 — [[—[3(0)0)2— m(-lem) (w=1) ]Bessel](m, B(av) rr)
BMM(HHB%fﬂmZLMMﬁW)}“+[[mmﬂ
_m(-1 +Zz) (n—1) ]BesselY(m,B(a)o) rr)

B(ao) (u—1) BesselY(m+ 1, B(av) rr)

. ]A2+[[l3(w0)

2

rr

_om (-1 +Zz) (n—1) jBesselI(M, B(ao) rr)

B(av) (n—1) Bessell(m + 1, B(av0) 1) ]A3+ [[B(w)z

rr

_+_

_ om (-1 +m2) (u—1) ]BesselK(M,B(wO) rr)

rr

_ B(aw) (n—1) BesselK(m +1,B(aw) rr) ]A4

rr

[[Btaw® = = pessci (o pav) ) 19)

rr

B(ao) (w—1) Bessell(m + 1, B(ao) r7)

_ jAH[[—B(aD)

rr

2

_ m(m— 1)2(M_ 1) j BesselY (m, B(av) rr)

B(ao) (u—1) BesselY(m+ 1, B(av) rr)

_ ]AH[[B(@)

rr

2

_ m(m— 1)2(M_ 1) ] Bessell(m, B(ao) rr)

rr

L Blaw) (u—1) Bessell(m + 1, B(av) rr) jAH [[B(w)z

rr

_om(m— 1)2(M_ 1) J BesselK (m, B(av) rr)

rr

_ B(av) (n—1) BesselK(m+1,B(av) rr) J‘M

rr

BCP1 is the first boundary condition at r=a, BCP2 is the second boundary condition at r=a, BCP3
is the frist boundary condition at r=b and BCP4 is the second boundary condition at r=b for out-
of-plane vibration of the disc.

cll = coeff (BCI, CI)



2
r

[—k](a)l)z— nin=1) (k=1) ]Bessel](n,k](a)l) .

kl(wl) (W—1) Bessell(n + 1, kI( @) r)

r

cl2 = coeff (BCI, C2)
[—k](a)l)z— nin=1) (n=1) jBesselY(n,k](a)I) )

2
r

_ kiI(el) (n—1) BesselY(n + 1, kI(al) r)

cl3 = coeff (BCI, C3)

~n(n—1) (u—1) Bessell(n, k2( ) r) N k2(@l) n (uw—1) Bessell(n + 1, k2( @) r)

2
r

cl4 = coeff (BCI, C4)

~n(n—1) (u—1) BesselY(n, k2( ) r) N k2(@l) n (uw—1) BesselY(n + 1, k2( al) r)

r

2
r

c21 = coeff (BC2, CI)

_2n (n—1) Bessell (n, ki () r) N 2 Bessell(n+ 1, ki(@l) r) kI( @) n

r

2
r

c22 = coeff (BC2, C2)

_2n(n—1)BesselY(n, kI(al) r) N 2 BesselY(n + 1, ki (@) r) ki( ) n

r

2
r

c23 = coeff (BC2, C3)

r

2 Bessell(n + 1, k2( wl) r) k2( o)

(kZ(a)I)Z - M;”) BesselJ (n, k2( @) r) —
r

c24 = coeff (BC2, C4)

r

_ 2BesselY(n + 1, k2( ) r) k2( @)

(k2( 60[)2 — Mj BesselY(n, k2( al) r)
7
c31 = coeff (BC3, CI)

[—k](a)l)z— nin=1) (n=1) ]Bessel](n,k](a)l) )

2
rr

ki(wl) (w—1) Bessell(n + 1, kI(al) rr)

rr

c32 = coeff (BC3, C2)
[—k](a)l)z— nin=1) (n=1) ] BesselY(n, k1( al) rr)

2
rr

_ ki(el) (u—1) BesselY(n + 1, ki(al) rr)
rr

r

(20)

@1

(22)

(23)

24

(25)

(26)

@7

(28)



—k]((x))z— nn—1)(u—1)

BesselY(n, k1(®) rr)
rr

kl(®) (w—1) BesselY(n + 1, kI(®) rr)

rr
¢33 = coeff (BC3, C3)
~n(n—1) (u—1) Bessell(n, k2( @) rr) N k2(wl) n (u—1) Bessell (n + 1, k2( @) rr)

e rr
c34 = coeff (BC3, C4)
~n(n—1) (u—1) BesselY(n, k2(al) rr)
r?
N k2(@l) n (W—1) BesselY(n + 1, k2( @) rr)
rr

c41 = coeff (BC4, CI)
_2n(n—1)Bessell(n, kI () rr) N 2 kl(al) Bessell(n + 1, kl( @) rr) n

2
v rr

c42 = coeff (BC4, C2)
_2n (n—1) BesselY(n, ki () rr) N 2 kI(l) BesselY(n + 1, kI( ) rr) n

2

c43 = coeff (BC4, C3)
2 2n(n—1)

2
rr

c44 = coeff (BC4, C4)
)2 _2n(n—1)
2

rr

2 Bessell(n + 1, k2( @) rr) k2( @)

rr

(k2( ol) j Bessell (1, k2( @) rr) —

2 BesselY(n + 1, k2( @) rr) k2( o)

rr

(k2( ol j BesselY (n, k2( @) rr) —
d11 == coeff (BCPI, Al)
[_ Blav)'m  m* (u=1) (m—1)

r »

3

Bessell (m, B(aw) r) + [[3(0)0)

_ B(a) mzz(u—l) ]Bessel](m+1,l3(0)0) r)

r

d12 = coeff (BCPI, A2)

[_ B(awo) m L (H—lg (m—1) ]BesselY(m,B(wO) r) + [[3(0)0)

r v

3

_ B(av) mzz(u—l) ]BesselY(m+1,l3(0)0) r)

r

d13 = coeff (BCPI, A3)
[B(wo)zm Lo (1) m=1)

r »

3

] Bessell(m, B(av) ) + [[3(0)0)

(30)

31

(32)

(33)

(34)

35)

(36)

37

(33%)

(39)



Bao) m” (n—1)

2
r

d14 = coeff (BCP1, A4)
[B(wo)zm e (w—1) (m—1)

+ ] Bessell(m + 1, B(ao) 7)

r - 3
. B(av) m? (n—1) ] BesselK(m + 1, B(av) r)

2
r

d21 = coeff (BCP2, A1)
[—[3(0)0)2— m(m=1) (w=1) ]BesselJ(m,B(a)o)r)

r

_ B(aw) (n—1) Bessell(m + 1, B(av) r)

d22 = coeff (BCP2, A2)
[—[3(0)0)2— m (m — 1)2 (k=1) ] BesselY(m, B(aw) r)

r

B(ao) (w—1) BesselY(m+ 1, B(awo) r)

r

d23 = coeff (BCP2, A3)
[[3(0)0)2— m (m — 1)2 k=1 ] Bessell (m, B(av) )

B(ao) (W—1) Bessell(m + 1, B(av) r)

+

r

d24 = coeff (BCP2, A4)
[[3(0)0)2— m(m=1) (n=1) j BesselK(m, B( av) r)

2
r

B(ao) (u—1) BesselK(m+ 1, B(av) r)

r

d31 = coeff (BCP3, Al)
[_ Blan)*m , w (u=1) (m—1)

3
rr rr

o B(av) mzz(u_ 1) ] Bessell (m + 1, B(aw) rr)

rr

d32 = coeff (BCP3, A2)
[_ Blaw)'m , ® (u=1) (m—1)

rr v

B B(aw) mzz(u_ 1) ] BesselY(m + 1, B(aw) )

rr

d33 = coeff (BCP3, A3)

]BesselK(m,B(a)o)r)+ B(aw)’

Bessell (m, B(aw) rr) + [[3(0)0)

3 ] BesselY(m, B(av) rr) + [[3(0)0)

(40)

41)

42)

43)

(44)

45)

(46)



3

J Bessell(m, B(an) rr) + [[3(0)0) 47

[B(w)zm Lot (=) =1

rr rr

4 Blew) i (u—1)

] Bessell(m + 1, B( o) rr)

d34 = coeff (BCP3, A4)

[ B(afr) m n m2 (H_l) (m—1) ]BGSSCIK(WZ, B(O)O) l"l") + [_B(a)o)3 (48)
o B(av) mzz(u_ 1) ] BesselK(m + 1, B(av) )

d41 = coeff (BCP4, Al)

[—[3(0)0)2— m (m = 1)2(H— b ] Bessell (m, B( o) rr)

rr

B(ao) (LW—1) Bessell (m + 1, B(av) rr)

rr

[—[3(0)0)2— m(m=1) (u=1) ]BesselJ(m, B(an) ) (50)

rr

B(ao) (u—1) Bessell (m + 1, B(ao) rr)

rr

d42 = coeff (BCP4, A2)
[—[3(0)0)2— mm=1) (n=1) ]BesselY(m, B(a) ) 1)

2
rr

_ B(aw) (n—1) BesselY(m +1,B(av) rr)

rr

d43 = coeff (BCP4, A3)
[[3(0)0)2— m(m=1) (n=1) ]Bessell(m, B(aww) ) 52)

2
rr

B(ao) (u—1) Bessell(m + 1, B(aw) rr)

rr

+
d44 = coeff (BCP4, A4)
[[3(0)0)2— mm=—1) (n=1) ]BesselK(m,B(a)o) ) 53)

2
rr

_ B(aw) (n—1) BesselK(m +1,B(av) rr)

rr

with(LinearAlgebra) :
M = Matrix([[cll, cl2,cl3,cl4], [c21,c22,c23,c24], [c31,c32,c33,c34], [c4l, c42, c43, c44]])

H[—k!(a)l)z— nin=1) (n=1) ]Bessel](n,k](a)l) ) (54)

2
r



_ ki(el) (u—1) Bessell(n + 1, kI(al) r)
r
n(n—1) (p—1)

_ 2 BesselY(n, k1( al) r)

2

-kl ( )

_ kiI(el) (n—1) BesselY(n + 1, kI(al) r)

b

r

~n(n—1) (u—1) Bessell (n, k2(al) r)

2
r

N k2(wl) n (w—1) Bessell(n + 1, k2( @) r)

b

r

~n(n—1) (u—1) BesselY(n, k2(al) r)

2
r

N k2(@l) n (W—1) BesselY(n + 1, k2( @) r)

b

r

2 >

l_ 2n (n—1) Bessell(n, ki( @) r) N 2 Bessell(n + 1, kI( ) r) kI( @) n
7 r

2n(n—1)BesselY(n ki(al) r) N 2 kl(al) BesselY(n+ 1, kI(al) r) n
r

jBesseH nk2(al) r) — 2 Bessell(n+ 1, k2( wl) r) k2( @) ’ k2(wl)z

r

, kZ(a)I)2

2BesselY(n+ 1, k2(al) r) k2( ) |
r

jBesselY n,k2(wl) r) —

[[ k(o) — " ”‘”2(“_ ) ]BesselJ(n,k](a)I) )

kl(wl) (W—1) Bessell(n + 1, kI( @l) rr)
rr
_nle- 1)2(H_ b ] BesselY(n, k1( al) rr)

rr

,[—kl(aol)2

ki(wl) (w—1) BesselY(n + 1, kI( @) rr)

b

rr
~n(n—1) (u—1) Bessell(n, k2( @) rr)
l’l"z
N k2(wl) n (w—1) Bessell(n + 1, k2( al) r7)

b

rr

n(n—1) (u—1) BesselY(n, k2( al) rr)

2
rr




N k2(@l) n (w—1) BesselY(n + 1, k2( @) rr)
rr ’
l_ 2n (n—1) Bessell(n, kI( @) rr) N 2kl(al) Bessell(n+ 1, kI (@) rr) n

2
rr rr

2n (n—1) BesselY(n, kI( @) rr) N 2 ki(@l) BesselY(n + 1, kI( ) rr) n

2
v rr

)2 B Mj Bessell (n, k2( al) rr)

rr

(k2(a)l

_ 2Bessell(n + 1, k2(al) rr) k2( )
rr

, [1{2(61)1)2 — %) BesselY( n,

k2(al) ) — 2 BesselY(n + 1,rkrz(a)1) rr) k2( o) H
0
0 (55)
0
0 (56)

d4411)
2 2
l [ Blav) m  m (“_13 (m—1) ]BesselJ(m, B(aw) r) + [B(ap)3 57

r v

B(an)’ m

r

_ Blaw) mzz(u—l) ]BesselJ(m+l,[3(a)o) r), [—

r

m* (u—1) (m—1) 3
3

r

_ Blao) n (u=1) ]BesselY(m+l,[3(a)o)r), [ Blav) m

2
7 r

] BesselY(m, B(av) r) + [[3(0)0)

m* (u—1) (m—1) 3

r

B(av) mzz(u—l)

+ ] Bessell (m, B(aw) r) + [[3(0)0)

B(an)’m

r

+

] Bessell(m + 1, B(aw) 7),

m* (u—1) (m—1) 3

r

. B(G)O) m2 (“_ 1) ] BesselK(WH' ],[3(0)0) r) ],

] BesselK(m, B(av) r) + [—[3(0)0)

Bl = L esets(m B )

r



_ B(aw) (n—1) Bessell(m + 1, B(av) r) ’

r

_ m(m_l)z(“_l) ]BesselY(m,B(a)O) r)

r

_ B(aw) (n—1) BesselY(m +1,B(av) r) ’ [[3(0)0)2

r

_ m(m_l)z(“_l) ]Bessell(m,ﬁ(a)o) r)

r

B(ao) (u—1) Bessell(m + 1, B(an) r) ’

r

_ m(m_l)z(“_l) ]BesselK(m,B(wO) r)

r

+

r

B(ao) (L—1) BesselK(m+ 1, B(av) r) l’

3

“ Blan)*m , w’ (u=1) (m—1)

rr v

] Bessell (m, B(ao) rr) + [[3(0)0)

_ Blav) mzz(u—l) ]BesselJ(m+l,[3(a)0) ), [— B(a)o)zm

" rr

O ey (o, B an) ) + (B

_ Bla) ’:’;(“_1) ]BesselY(m+l,[3(a)0) "), [W
N mzw_i; (m—1) ]Besseu(m, B(aw) ) + [B(wof

;. Blav) f:lj(u—l) ]Bessell(m+l,[3(a)0)rr), B(wfr)zm
N mz(u—i; (m—1) ]BesselK(m, B(aw) 1) + [—B(wof

o B(av) m22(u— 1) ] BesselK(m + 1, p(av) rr)],

rr

[[‘B(a)o)z_ m (m — 1)2(u— 1) ] Bessell (m. B(av) r7)

rr

_ B(aw) (n—1) Bessell(m + 1, B(av) rr) ’ [—[3(0)0)

rr




m(m—1) (u—1)

rr

] BesselY (m, B( o) )

B(ao) (Lu—1) BesselY(m+ 1, B(av) rr) ’

m(m—1) (u—1)

rr

rr

] Bessell (m, B o) r)

+

m(m—1) (u—1)

rr

rr

B(ao) (u—1) Bessell(m + 1, B(an) rr) ’ [B(a)o)z

j BesselK (m, B( av) r7)

0
0

m:=3
n=m-—1

s 1 4251
100 1000
a =r

e L

10

b = rr

h = 0.004824
E :=70-10°

p = 2700

L

=7

B(ao) (w—1) BessclK(m + 1, B(av) rr) H

rr

4251
100000

0.004824

70000000000

2700

(58)
(39)
(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)



0

0

wl— evalf|, a)l/p(

1)
E

p —u2+1)
E
( )
E

1
E
wl—evalf,| @ | ————
p-(

2
k() = evalf[l7][a)l-sqrt[M]
E

k2( wl) = evalf[l7](a)l-sqrt( 2

(
a)1—>eva[f17[a)1/ MJ

l2p )

1+u) j

B(awo) = evalf[17] [sqr‘[[ﬁ -sqrt

/ 12 p
a)0—>eva1f17

plot([log[lO](( abs(Determinant(M ], @[=10- 10°..50-10° numpoznts—IOO)

(69)

(70)

(72)

(73)

(74)



10000 20000 30000 40000 50000
o

plot([ log[10]( ( abs(Determinant(MP)))) — 71, wo =10-10"..50-10°, numpoints = 100)



12.51

121

11.57

114

10.57

10

9.5

10000 20000 30000 40000 50000
ao

evalf (h)
0.004824
evalf (rr)
0.1000000000
evalf (r)
0.04251000000
36132.79859817449
34336.66468118740

1.052309505
wD = evalf[16]( fiolve( { Determinant(M)-10"'* =0}, { @/=10-10" ..100-10°}) ) [1]
wl=36141.54818193475
wP = evalf[16]( fsolve( { Determinant(MP) 10" =0}, {aw =10-10 .50-10°}) ) [1]
ao =36139.78695872854
evalf[16]( D — a)P)
ol — 1. av = 1.76122320621

(75)

(76)

(77

(78)

(79)

(80)

@1



wD — wP
ev“lf[m]( 2-Pi- 1000 ]
0.0001591549430918954 el — 0.0001591549430918954 aw =0.0002803073791564780

D
ev“lf( 2-Pi-1000 j
0.0001591549430 @l =5.752106042
wP
ev“lf( 2-Pi-1000 ]

0.0001591549430 @wo =5.751825735

ol == evalf[16](36141.54818193475)
36141.54818193475
0
0
MM = ({cl2,c22,c32)|{cl3,c23,c33)|{(cl4,c24,c34)|(-cll,-c21,-c31))

-34586.75324  21.05013857 11836.31291 -7.013937018
-1.051613512 10° -63.17079083 35570.10606 21.94105380
-1086.916806 15.38113189 430.0616817 -5.045436859
SolMM = LinearSolve( MM)

(82)

(83)

(84)

(85)

(86)

@7

(88)

0.00642419830312352
-0.402371015828906
0.0188950893574095
BesselJ (1, kI( @) R
Uim (1 [ -Bessell (n + 1. ki () -R) + DS K@) R) A 0 n oo [ - BesselY(n
ki(@l)-R
1L kI( @) R) + n BesselY(n, kI ( @l) -R) k() + Bessell(n, k2( wl) -R) n C3
ki(al) R R
C4 BesselY(n, k2( ) -R nj
* R

6.6921143487466615 CI ( -BesselJ (3, 6.6921143487466615 R)

4 0.2988592089 BesselJ (2, 6.6921143487466615 R)
R

) + 6.6921143487466615 C2 (

-BesselY(3, 6.6921143487466615 R)

4 0.2988592089 BesselY (2, 6.6921143487466615 R) )
R

4 2 BesselJ (2, 11.591082062089926 R) C3 4 2 C4 BesselY(2, 11.591082062089926 R)
R R



5.8313176620302085 C! (—BesselJ(3, 5.8313176620302085 R) 90)

0.3429756559 BesselJ (2, 5.8313176620302085 R)
R

+ ) +5.8313176620302085 C2 (

-BesselY(3, 5.8313176620302085 R)

n 0.3429756559 BesselY (2, 5.8313176620302085 R) )
R
n 2 BesselJ (2, 10.100138465710080 R) C3 n 2 C4 BesselY(2, 10.100138465710080 R)
R R
B 1 1 ‘R 1 2B 1Y 1 ‘R
v [ essell (n, kil (@l)-R) nCI  C2BesselY(n, ki(a@l)-R) n 3 [—Bessel](n+1,
R R
B 1 2(wl)-R
k2(al)-R) + 2 essell (n, k2( @) :R) k2(@l) — C4 | -BesselY(n + 1, k2( @) -R)
k2(al) R
n BesselY(n, k2( @) -R) k2( o)
k2(@l) R
_ 2 BesselJ (2, 6.6921143487466615 R) C1 2 C2 BesselY (2, 6.6921143487466615 R) 1)
R R
—11.591082062089926 C3 (—BesselJ(3, 11.591082062089926 R)
n 0.1725464447 Bessel](2,Rl1.591082062089926 R) ) 11.591082062089926 C4 (
-BesselY(3, 11.591082062089926 R)
n 0.1725464447 BesselY(2, 11.591082062089926 R) )
R
Cl =1.
1. 92)
C2 = SolMMT1]
0.00642419830312352 93)
C3 == SolMM|[2]
-0.402371015828906 %4)
C4 := SolMM|[3]
0.0188950893574095 95)
0
0 (96)
0
0 ©7)

ao = evalf[161(36139.7869587285)
36139.7869587285 (98)
MMP = ((d12,d22,d32)|(d13, d23, d33)|(d14, d24, d34)|(-dl],-d2],-d31))



-2.607882155 10° 1.941837104 10° -10329.16393 77952.14169
410.858567 5946.287666 1293.968136  640.5039265 99)

62344.91268 2.429563497 107 -274.4451435 -89294.60527

SolIMMP := LinearSolve( MMP)

-0.325231175366365
-0.00283385607619319 (100)

0.611281562954837

W:= (Al-Bessell(m, B( o) -R) + A2-BesselY(m, B(ao) -R) + A3-Bessell(m, B(av) -R) + A4

-BesselK(m, B(ao) R))
Al BesselJ (3, 69.320670766679665 R) + A2 BesselY (3, 69.320670766679665 R) (101)

+ A3 Bessell (3, 69.320670766679665 R) + A4 BesselK(3, 69.320670766679665 R)
Al == 1.

1. (102)

A2 == SolMMP[1]
-0.325231175366365 (103)

A3 == SolMMP[2]
-0.00283385607619319 (104)

A4 == SolMMP[3]
0.611281562954837 (105)

plot( 1_1~[ ULR=r.rr)



-0.308

-0.310

-0.312

-0.314

-0.3161

-0.318

-0.320+

-0.3221

0.005  0.006 0007 0008 0009  0.010
R

plot( [I_I-V],R=r..rr)



0.251

0.201

0.157

0.10

0.05

plot( [1_1' W,0l,R=r.rr)

0.5]
0.4
0.31
0.24
0.1

-0.1-
-0.2
-0.3
-0.4

0.05 0.06 0.07 0.08




wl
evalf | ——~
f[ 2-Pi-10° ]

5.752106042

58.23353366 107)
evalf[ L3 ]
2-Pi-10
5.751825735 (108)
0
0 (109)
U
-6.692114349 BesselJ (3, 6.6921143487466615 R) (110)
n 2.000000000 BesselJ(2,£.692l 143487466615 R) 0.0429914696451544 BesselY (3,
6.6921143487466615 R) + 0.0128483966075992 Bessel};(2, 6.6921143487466615 R)
~0.804742031657812 BesselJ (2, 11.591082062089926 R)
R
n 0.0377901787148191 BesselY(2, 11.591082062089926 R)
R
w
1. BesselJ (3, 69.320670766679665 R) — 0.325231175366365 BesselY (3, 111)
69.320670766679665 R) — 0.00283385607619319 Bessell (3, 69.320670766679665 R)
+0.611281562954837 BesselK (3, 69.320670766679665 R)
0
0 (112)
0
0 113)
U := 3.23548485861240 - U
-2.068349766 BesselJ (3, 6.6921143487466615 R) (114)
n 0.6181453746 BesselJ(Z}e6.692l 143487466615 R) 0.0132874890542042 BesselY (3,
6.6921143487466615 R) + 0.00397108846700689 Besse;Y(2, 6.6921143487466615 R)
~0.248723782307741 BesselJ (2, 11.591082062089926 R)
R
n 0.0116799120889364 BesselY (2, 11.591082062089926 R)
R

V= 3.23548485861240 -7
~ 0.6181453746 BesselJ (2, 6.6921143487466615 R)
R
~0.00397108846658897 BesselY (2, 6.6921143487466615 R)
R

(115)




— 1.44148888550130 BesselJ (3, 11.591082062089926 R)
n 0.248723782267815 BesselJ (2, 11.591082062089926 R)
R
+0.0676914097382238 BesselY (3, 11.591082062089926 R)
~0.0116799120870615 BesselY(2, 11.591082062089926 R)
R

W= 0.559139410005858 - W

1.788462738 Bessell (3, 69.320670766679665 R) — 0.581663838378688 BesselY (3,
69.320670766679665 R) — 0.00506824599712640 Bessell (3, 69.320670766679665 R)
+1.09325429777113 BesselK (3, 69.320670766679665 R)

plot([U, V, W],R=r..rr)

N

0.8
0.6
0.4
0.21

0 T T T _ T \\ T 1
0705 0706 0707 0708 0709 0710
-0.21

R
-0.4
-0.67

-0.8

2-evalf (int(U-V-R,R=r..rr))

pl =
evalf( int( ( U + Vz) ‘R, R=r.rr))
-0.7515544830
_evalf(im((U+V)-W-R,R=r.rr))
'BZ ‘_ . 2 2 _
2 evalf(znt( (U +V ) ‘R, R—r..rr) )
-0.1063962520
5 evalf (int((U+V)-W-R,R=r..rr))
B3 = . > -
2 evalf(znt( ( (W) ) ‘R, R —r..rr) )
-0.003233973327
sqrt(abs(B4-35) )
0.01854946471

rt( 0.464633987642163 j
0.132676119506226
1.871367604

(116)

117)

(118)

(119)

(120)

(121)



MAPLE CODE FOR KINETIC ENERGY FOR A
DISC GYROSCOPE WITH MASS

IMPERFECTIONS
0 1)
assume(m, integer)
0 (2)
m=2
2 3)
u:=U-(C(t)-cos(m-@) + S(t)-sin(m-@))
U(C(t) cos(2 @) +S(¢)sin(2¢)) “)
vi=V-(C(t)-sin(m-¢)-S(t)-cos(m-@))
V(C(t)sin(2¢@) —S(t) cos(2)) B
wi= W-(A(t)-cos((m—+1)-¢@) +B(t)-sin((m—+1)-¢))
W (A(t) cos(3 @) +B(t) sin(3 o)) 6)

du = diff (u, t)

U((i C(t)) cos(2 @) + (gt S(t)) sin (2 (p)) (7
dv == diff (v, 1)

v (5 cn)sin2o) = (5 St cosi20) ) ®)
dw = diff (w, 1)

W((gt A(t)) cos(3 @) + (gt B(t)) sin(3 (p)) )
dut = du +e- ( (- Q&(1)sin(@) + (1) -cos(¢) ) -w — 1) -v)
U((gt C(t)) cos(2 @) + (gt S(t)) sin(2 (p)) +e ((-£2&41) sin(o) (10)

+.0n(t) cos(@)) W (A(t) cos(3 @) +B(t) sin(3 @)) —£24t) V (C(t) sin(2 @)

—8(1) cos(2 ¢)))
avt :i=dv +e- (- (L&t)-cos(p) + 2n(t)-sin(@))-w+ 2t)- (r+u))

V((gtC(t))st(p) (((LS(I‘))COSQ(P)) e (- (£2£(1) cos() (an

+ 2n(t) sin(@ )) W (A(t) cos(3 @) +B(t)sin(3 @)) + £2¢t) (r+ U (C(t) cos(2 o)
+S(t) sin(2 @)) )
dwt == dw +¢&- ((2&(t) -cos(@) + 2n(t)-sin(@)) v — (-2&¢) sin(p) + 2n(t) cos(@)) - (r+u))

W((gtA(t))cosB(p) (gtB(t))sinB(p)) e ((£L2&1) cos(o) (12)

+.0n(t) sin(@)) V (C(¢) sin(2 @) —S(¢) cos(2 @)) — (-2&¢) sin(o)
+2n(t) cos(@)) (r+U(C(t) cos(2 @) +S(t) sin(29))))



0 13)

0
0 (14)
Ll := collect(convert(serles(mt(% 2-1Pi '(dut2+dvt2+dwt2),(p=0..2-Pi),£=0,2),polyn0m),
Ldiff, C, S],factor)
L(d YR L 1
4 (dt At )) w +( 4 wont) (V4+U) e C(r) 4 W Q) (V (15)
d 1(d Ve (1
+U)8S(t)) (dt A(t))+ 4 (dt B(t)) w +(4 WQLt) (V+U)eCl(t)
1 d 1 2,1 2\(d 2
by wWoni) (V+U) eS(t )) (EB(t)) + (Z U +Z V) (E C(t))
+ (V.Q{(t) UeS(1) —% W (V+U) (L2&t) B(t) —2n(t) A(1)) 8) (% C(t))
1 2.1 2\(d 2 1
+ (Z U + 7 V) (E S(t)) + (—V.Q{(t) Ue C(1) +Z W (V+U) (924t) A(t)
ronn B)e) (4 sw)

p = p0 + p0-e-sum(pCk]- cos(k-@) + pS[k]- sin(k-@), k=1..6)

p0+p0£(pClcos((p)+pSlsm +pC2cos 2¢) +pS,sin(2 @) + pC, cos(3 @) o)
+pS3 sin(3 @) +pC4cos(4 o) +pS4sin(4 o) +pC5 cos(5 o) +pS5 sin(5 @)
+pC6cos(6(p)+/196sin(6(P))

duf*

(U((% C(t))cos(2®)+(% S(t))sin(ch))+s(( £2i1) sin(o) a7

+ 02n(t) cos((p)) W (A(t) cos(3 @) +B(t)sin(3 ¢)) —£2(¢t) V (C(t)sin(2 @)
2
—8(1) cos(2 9))) )

vt
(V((% C(t)) sin(2 @) — (% S(l‘)) cos(2 (P)) +¢ (- (£21) cos(9) 18)

+ 02n(t) sin((p)) W (A(t) cos(3 @) +B(t)sin(3 @)) + £2(¢t) (r+ U (C(t) cos(2 o)
2
+8(1)sin(2¢)))))

dwr*
(W((%A(t))cos@ (p)%-(% B(t))sin(3 (p)) +¢& ((£2&¢) cos(o) 19)

+02n(t) sin(@)) V (C(t) sin(2 @) —S(t) cos(2 @)) — (- 4£24t) sin(@)
2
+ 2n(t) cos(@)) (r+ U (C(t) cos(2 @) +S(t) sin(29)))))



2-1
Ue :=J duf’ do
0

2

2 2
U2 p0 (% C(t)) n+ U2 p0 (% S(t)) T+ (% U2 p0 (% C(t)) pC, 20)
2
—% U2 p0 (% S(t)) pC, =2 Uph (% S(t)) Q1 Ct) Vn
d _ d
+2Up0 ( < C(r)j Q1) S(1) V—Upo ( < C(t)) Q1) B(1) W
+Up0 (% S(t)) Q&) A(1) W+ U p0 (% S(t)) Qn(1) B(t) Wn

+Up0 (% C(t)) Q1) A(1) W+ U po (% C(t)) (% S(t)) pS4fcj e +0(g’)

2-Pi

Ve :=J dvtzd(p
0
2 o0 (% C(t))ZTH— 2 p0 (% S(t))ZTH— (—2 Up0 (% S(t)) Q1) Cl1) Vn @1)
a 2

W p0 (i A(t)) T+ W2 p0 (% B(t))ZTH— (% W p0 (EA(t)j pC 22)



ul = convert( int(dutz, o=0 ..2'Pi) , polynom, simpliﬁ/)
2 2

UZpO(% C(t)) n+U2p0(iS t)) n+

2

(ivzm(% cm) P,
—S U (s )pC4 —2Up0(—S )) @) o v

L2UM (% ) Q) S() Vi — U po (% ) QA1) B(1) Wn
+UP0 (5 S0 ) 260 4 WTH—UpO( S0 ) 2ntn) B W

+Up0( )_(277() ()WTH—UZpO(EC(t))(%S(r))p&‘njs

vl = convert( znt( dvtz, ¢=0 ..2~Pi),polyn0m, simplifj/)
S O B R S O (N R d
v pO(dt C(t)) T+ pO(dt S(t)) n+( 2Up0(dt S(r)).@((r) C(t) Vn
d 1 d
+2Up0(a )_Qg ) VRt Vpo(E S(t)) pC, T
I 2 d 2 2 d d
— V0 (E C(t)) pC,m— V2 0 (? C(t)) (E S(t))pSﬂt

d
& Sw)
d
c |
wl = convert( znt( dwt® ,0=0 ..2~P1),polynom, szmplzfj/)
2 2

W p0 (%A(t)) T+ W p0 (% B(t)) T+ (% w7 p0 (%A(r))szn

— V0 (i C(t)) Q&(t) B(t Q&) A(t) Wn
B(t On(1)

t
)WTH—VpO(
)WTH—VpO(

+Vp0( ).(277() A1) Wn)e

— W0 (imr))zp%nwzp” (a4 [ B0 ) 8

+ W p0 QK1) % )Vn—Wpo_Qg (%A(r))lfn

~

— W p0 21(t) % )Vn—WpO-Qﬂ S()(%
% )Un—WpO.Q?] S()(%B(t))wc

+ W p0 QK1) % )Un— W p0 QE(t) S(t) (% A(t)) Unj g

collect( combine(ul +vI +wl), [&, p0, pC[4], pS[4], diff, 2& 2n, 2L pC[6], pS[6

1 d
((EE(U_V) (V+U) (

B(t)) Vr

~

~

|
cw |
— Wp0 £2n(1) (
|

2

o) (g s (g co) e+ 5 w4 (t))pc6n

(23)

24

(25)

2 1 2
EC(r)) ~Lrw-n (V+U)( )pC4 T(U  (26)



+ (WZ (% B(t)) pPSgm—nS(t) W(V+U) Q1) —nC(t) W(V

2
+ U) !277(1‘)) (iA(t)) —% W (% B(t)) pC T+ (R C(t) W (V+U) Q1)
B(t)j + (-mB(t) W(V+U) Q&t) +mA(t) W(V

+U) Qn(t) +4m0Q0¢) S(¢) UV) (% C(t)) + (mA() W (V+U) Q1)

+mB(t) W(V+U) Qn(t) —4n2t) C(t) UV) (% S(t)))pOs

+ ((%A(t))ZWZTH— (% B(t))2W2n+n(U2+V2) (% C(t))zntfc(U2

+77) (% S(1) )ZJ 20



