
TUTDoR

Optical solitons with DWDM
technology and four-wave mixing.

Item Type Article

Authors Ekici, Mehmet;Zhou, Qin;Sonmezoglu, Abdullah;Moshokoa,
Seithuti P.;Ullah, Malik Zaka;Biswas, Anjan;Belic, Milivoj

DOI http://dx.doi.org/10.1016/j.spmi.2017.04.030

Publisher Elsevier

Rights Attribution-NonCommercial-ShareAlike 4.0 International

Download date 2026-02-13 22:50:40

Item License http://creativecommons.org/licenses/by-nc-sa/4.0/

Link to Item https://hdl.handle.net/20.500.14519/1072

http://dx.doi.org/http://dx.doi.org/10.1016/j.spmi.2017.04.030
http://creativecommons.org/licenses/by-nc-sa/4.0/
https://hdl.handle.net/20.500.14519/1072


Superlattices and Microstructures 107 (2017) 254e266
Contents lists available at ScienceDirect
Superlattices and Microstructures

journal homepage: www.elsevier .com/locate/superlat t ices
Optical solitons with DWDM technology and four-wave
mixing

Mehmet Ekici a, Qin Zhou b, *, Abdullah Sonmezoglu a, Seithuti P. Moshokoa c,
Malik Zaka Ullah d, Anjan Biswas c, d, Milivoj Belic e

a Department of Mathematics, Faculty of Science and Arts, Bozok University, 66100 Yozgat, Turkey
b School of Electronics and Information Engineering, Wuhan Donghu University, Wuhan 430212, People's Republic of China
c Department of Mathematics and Statistics, Tshwane University of Technology, Pretoria 0008, South Africa
d Operator Theory and Applications Research Group, Department of Mathematics, Faculty of Science, King Abdulaziz University, PO Box-
80203, Jeddah 21589, Saudi Arabia
e Science Program, Texas A & M University at Qatar, PO Box 23874, Doha Qatar
a r t i c l e i n f o

Article history:
Received 29 March 2017
Accepted 17 April 2017
Available online 21 April 2017

Keywords:
Solitons
DWDM
Four-wave mixing
Integrability
Extended trial equation
* Corresponding author.
E-mail addresses: qinzhou@whu.edu.cn, qzh@w

http://dx.doi.org/10.1016/j.spmi.2017.04.030
0749-6036/© 2017 Elsevier Ltd. All rights reserved.
a b s t r a c t

This paper obtains bright and singular optical soliton solutions to DWDM system in
presence of four-wave mixing. The extended trial function scheme is adopted. The two
types of nonlinear media studied are Kerr law and parabolic law. There are other types of
waves that appears as a byproduct to this scheme.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

DWDM technology is an essential feature that needs to be incorporated in fiber-optic communication system [1e10]. This
hugelymultiplies the information carrying capacity through these fibers. Thus, parallel transmission of data is possible across
trans-continental and trans-oceanic distances in just a matter of a few femto-seconds. Such an engineering marvel can only
be achieved by perfecting this DWDM technology. However, an unwanted, as well as unavoidable, feature of four-wave
mixing (FWM) naturally creeps in. This therefore poses a challenge to retrieve soliton solutions to such systems. This
paper adopts extended trial equation scheme that overcomes this challenge and retrieves exact soliton solutions to DWDM
systemwith FWM. One restriction that is imposed while extracting soliton solutions is the phase-matching condition. Thus,
bright and singular soliton solutions are recovered for the system. Additional solutions naturally emerge with the imple-
mentation of this integration scheme. These are plane waves and doubly periodic functions. In the limiting case, when the
modulus of ellipticity approaches zero or unity, soliton solutions or periodic singular waves fall out. There are two types of
nonlinear optical fibers studied in this paper. They are with Kerr law and parabolic law. The details are discussed in the
subsequent section.
hu.edu.cn (Q. Zhou).

mailto:qinzhou@whu.edu.cn
mailto:qzh@whu.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spmi.2017.04.030&domain=pdf
www.sciencedirect.com/science/journal/07496036
www.elsevier.com/locate/superlattices
http://dx.doi.org/10.1016/j.spmi.2017.04.030
http://dx.doi.org/10.1016/j.spmi.2017.04.030
http://dx.doi.org/10.1016/j.spmi.2017.04.030


M. Ekici et al. / Superlattices and Microstructures 107 (2017) 254e266 255
2. The model

The model for DWDM system stems out of nonlinear Schr€odinger's equation that is considered in this paper with spatio-
temporal dispersion (STD) in addition to the usual group velocity dispersion (GVD). This only makes the problemwell-posed.
The two laws of nonlinearity that will be studied are Kerr law and parabolic law. The study will now be split into the next
couple of subsections where each of these laws are worked out in detail.

2.1. Kerr law

For Kerr law nonlinearity, DWDM model reads [6e9]

iqðlÞt þ alq
ðlÞ
xx þ blq

ðlÞ
xt þ

(
cl
���qðlÞ���2 þXN

nsl

aln

���qðnÞ���2
)
qðlÞ þ

XN
nsl

blnq
ðlÞ*
���qðnÞ���2 ¼ 0; (1)

where 1 � l � N. The first term in (1) on left hand side is the linear evolution term, while al represents the coefficient of GVD;
bl represents the STD. Then, cl is the coefficient of self-phase modulation (SPM) while aln are the coefficients of cross-phase
modulation (XPM), while bln accounts for FWM. The independent variables are x and t that represents the spatial and
temporal variables respectively. The dependent variable is qðlÞðx; tÞ that represents soliton profile in every single channel for
1 � l � N.

This subsectionwill obtain exact bright, dark and singular 1-soliton solutions to (1) by the extended trial scheme approach
[2e5,10]. In order to solve Eq. (1), we use the following wave transformation

qðlÞðx; tÞ ¼ PðlÞðxÞeiFðx;tÞ; (2)
where

x ¼ kðx� vtÞ; (3)

Fðx; tÞ ¼ �kxþ ut þ q: (4)
In Eq. (2), the function Fðx; tÞ is the phase component of the soliton. Then, in Eq. (4), k represents the frequency that stays
the same in all channels, while u is the same wave number, while q is the phase constant that also stays the same in all
channels, while v is the same soliton velocity. The amplitude part is PðlÞðxÞ. Substituting the wave transformation (2) into (1)
and splitting into real and imaginary parts leads to [1]

k2ðal � blvÞ
�
PðlÞ
�00

þ
�
bluk� u� alk

2
�
PðlÞ þ cl

�
PðlÞ
�3 þ

(XN
nsl

ðaln þ blnÞ
�
PðnÞ

�2)
PðlÞ ¼ 0; (5)
and

kfblu� 2alk� vð1� blkÞg
�
PðlÞ
�0 ¼ 0: (6)
The imaginary part equation leads to the speed of the soliton that is given by

v ¼ blu� 2alk
1� blk

: (7)
The speed of the soliton given by (7) remains valid for

blks1: (8)
Using the balancing principle leads to

PðlÞ ¼ PðnÞ: (9)
Consequently, Eq. (5) reduces to
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k2ðal � blvÞ
�
PðlÞ
�00

þ
�
bluk� u� alk

2
�
PðlÞ þ

(
cl þ

XN
nsl

ðaln þ blnÞ
)�

PðlÞ
�3 ¼ 0: (10)
The extended trial function scheme will be applied to Eq. (10) to retrieve bright, dark and singular solitons.
To start with the extraction of solutions to (10), the following assumption for the soliton structure is made

PðlÞ ¼
X2
i¼0

t
ðlÞ
i Ji; (11)

where
�
J0�2 ¼ LðJÞ ¼ FðJÞ

YðJÞ ¼
msJ

s þ/þ m1Jþ m0
crJ

r þ/þ c1Jþ c0
: (12)

ðlÞ ðlÞ
Here t0 ;…; t2 ; m0;…;ms and c0;…;cr are constants to be determined later. Using the relations (11) and (12), we derive

the terms ððPðlÞÞ0Þ2 and ðPðlÞÞ00 as below:

��
PðlÞ
�0�2

¼ FðJÞ
YðJÞ

 X2
i¼0

itðlÞi Ji�1

!2

; (13)

and
�
PðlÞ
�00

¼ F0ðJÞYðJÞ � FðJÞY0ðJÞ
2Y2ðJÞ

 X2
i¼0

itðlÞi Ji�1

!
þ FðJÞ

YðJÞ

 X2
i¼0

iði� 1ÞtðlÞi Ji�2

!
; (14)

where FðJÞ and YðJÞ are polynomials of J. We reduce Eq. (12) to the elementary integral form as follows:
±ðx� x0Þ ¼
Z

dJffiffiffiffiffiffiffiffiffiffiffiffi
LðJÞp ¼

Z ffiffiffiffiffiffiffiffiffiffiffiffi
YðJÞ
FðJÞ

s
dJ: (15)
According to the balance principle, we determine a relation of s, r and 2 is given by

s ¼ rþ 22þ 2: (16)
When s ¼ 4, r ¼ 0 and 2 ¼ 1 in Eq. (16), we then assume that Eq. (10) have the following formal solutions:

PðlÞ ¼ t
ðlÞ
0 þ t

ðlÞ
1 J; (17)

where t
ðlÞ and t

ðlÞ are constants to be determined later such that tðlÞs0, and J satisfies Eq. (12). Substituting these formal
0 1 1
solutions and their necessary derivatives into Eq. (10), and solving the resulting system of algebraic equations one recovers
the following solution set:

m0 ¼ m0; m2 ¼ m2; m3 ¼ m3; t
ðlÞ
0 ¼ t

ðlÞ
0 ; t

ðlÞ
1 ¼ t

ðlÞ
1 ;

m1 ¼
2tðlÞ0

�
m2t

ðlÞ
1 � m3t

ðlÞ
0

�
�
t
ðlÞ
1

�2 ; m4 ¼ m3t
ðlÞ
1

4tðlÞ0
;

c0 ¼ � k2m3ðal � blvÞ

2tðlÞ0 t
ðlÞ
1

(
cl þ

XN
nsl

ðaln þ blnÞ
);

u ¼
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

XN
nsl

ðaln þ blnÞ
)

m3ðblk� 1Þ :

(18)
Substituting the solution set (18) into Eqs. (12) and (15), we find that
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±ðx� x0Þ ¼ W
Z

dJffiffiffiffiffiffiffiffiffiffiffiffi
LðJÞ

p ; (19)

where
LðJÞ ¼ J4 þ m3
m4

J3 þ m2
m4

J2 þ m1
m4

Jþ m0
m4

; W ¼
ffiffiffiffiffiffi
c0
m4

r
: (20)
Consequently, we have the traveling wave solutions to Eq. (1) as follows:

When LðJÞ ¼ ðJ� l1Þ4, we obtain solutions as

qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l1±

t
ðlÞ
1 W

k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ
� alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ
�
t þ q

9>>>=
>>>;

3
7775: (21)
When LðJÞ ¼ ðJ� l1Þ3ðJ� l2Þ and l2>l1, we get solutions as

qðlÞðx; tÞ ¼ t
ðlÞ
0 þ t

ðlÞ
1 l1 þ

4tðlÞ1 W2ðl2 � l1Þ
4W2 �

h
ðl1 � l2Þ

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i2
o8><

>:

�exp

2
6664i
8>>><
>>>:

� kxþ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (22)
When LðJÞ ¼ ðJ� l1Þ2ðJ� l2Þ2, we have solutions as

qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l2 þ

t
ðlÞ
1 ðl2 � l1Þ

exp
h
l1�l2
W

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i
� 1

9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ
� alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ
�
t þ q

9>>>=
>>>;

3
7775; (23)

and
qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l1 þ

t
ðlÞ
1 ðl1 � l2Þ

exp
h
l1�l2
W

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i
� 1

9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ
� alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ
�
t þ q

9>>>=
>>>;

3
7775: (24)
When LðJÞ ¼ ðJ� l1Þ2ðJ� l2ÞðJ� l3Þ and l1>l2>l3, we recover solutions as
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qðlÞðx; tÞ ¼

8><
>:t

ðlÞ
0 þ t

ðlÞ
1 l1 �

2tðlÞ1 ðl1 � l2Þðl1 � l3Þ
2l1 � l2 � l3 þ ðl3 � l2Þcosh



k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1�l2Þðl1�l3Þ

p
W

�
x�

n
blu�2alk
1�blk

o
t
��
9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (25)
When LðJÞ ¼ ðJ� l1ÞðJ� l2ÞðJ� l3ÞðJ� l4Þ and l1>l2>l3>l4, we find solutions as

qðlÞðx; tÞ ¼

8><
>:t

ðlÞ
0 þ t

ðlÞ
1 l2 þ

t
ðlÞ
1 ðl1 � l2Þðl4 � l2Þ

l4 � l2 þ ðl1 � l4Þsn2


±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1�l3Þðl2�l4Þ

p
2W



k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�
;m
�
9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775;

(26)
where

m2 ¼ ðl2 � l3Þðl1 � l4Þ
ðl1 � l3Þðl2 � l4Þ

: (27)
We note that li (i ¼ 1, …,4) are the roots of the polynomial equation

LðJÞ ¼ 0: (28)
When t
ðlÞ
0 ¼ �t

ðlÞ
1 l1 and x0 ¼ 0, the solutions (21)e(25) are reduced to plane wave solutions

qðlÞðx;tÞ¼
8<
:±

t
ðlÞ
1 W

k
�
x�
n
blu�2alk
1�blk

o
t
�
9=
;�exp

2
6664i
8>>><
>>>:

�kxþ

0
BBB@
alk

2m3�t
ðlÞ
0

�
3m3t

ðlÞ
0 �2m2t

ðlÞ
1

�(
clþ

PN
nslðalnþblnÞ

)

m3ðblk�1Þ

1
CCCAtþq

9>>>=
>>>;

3
7775;
(29)

8 9 2 8>

qðlÞðx; tÞ ¼

<
: 4tðlÞ1 W2ðl2 � l1Þ
4W2 �

h
kðl1 � l2Þ

�
x�

n
blu�2alk
1�blk

o
t
�i2
=
;� exp

6664i
>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (30)
singular soliton solutions
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qðlÞðx; tÞ ¼ t
ðlÞ
1 ðl2 � l1Þ

2

�
1Hcoth



kðl1 � l2Þ

2W

�
x�

�
blu� 2alk
1� blk



t
��


� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (31)
and bright soliton solutions

qðlÞðx; tÞ ¼
8<
: A

C þ cosh
h
B
�
x�

n
blu�2alk
1�blk

o
t
�i
9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (32)
where

A ¼ 2tðlÞ1 ðl1 � l2Þðl1 � l3Þ
l3 � l2

; B ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 � l2Þðl1 � l3Þ

p
W

; C ¼ 2l1 � l2 � l3
l3 � l2

: (33)
Here, A is the amplitude of the solitons, while B is the inverse width of the solitons. So, the solitons exist for t
ðlÞ
1 <0.

Furthermore, when t
ðlÞ
0 ¼ �t

ðlÞ
1 l2 and x0 ¼ 0, Jacobi elliptic function solutions (26) can be reduced to

qðlÞðx; tÞ ¼
8<
: A1

C1 þ sn2
h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�
;
ðl2�l3Þðl1�l4Þ
ðl1�l3Þðl2�l4Þ

i
9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (34)

where

A1 ¼ t
ðlÞ
1 ðl1 � l2Þðl4 � l2Þ

l1 � l4
; C1 ¼ l4 � l2

l1 � l4
; Bj ¼

ð�1Þjk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 � l3Þðl2 � l4Þ

p
2W

for j ¼ 1;2: (35)

Remark-1. When the modulus m/1, a second form of singular optical soliton solutions fall out
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qðlÞðx; tÞ ¼
8<
: A1

C1 þ tanh2
h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�i
9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (36)

where l3 ¼ l4.

Remark-2. However, if m/0, periodic singular waves emerge

qðlÞðx; tÞ ¼
8<
: A1

C1 þ sin2
h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�i
9=
;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
alk

2m3 � t
ðlÞ
0

�
3m3t

ðlÞ
0 � 2m2t

ðlÞ
1

�(
cl þ

PN
nslðaln þ blnÞ

)

m3ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (37)

where l2 ¼ l3.
2.2. Parabolic law

This law is alternatively known as the cubic-quintic nonlinearity and arises in the nonlinear interaction between Langmuir
waves and electrons. It describes the nonlinear interaction between the high frequency Langmuir waves and the ion acoustic
waves by ponderomotive forces. For parabolic law nonlinearity, DWDM, with FWM, is modeled as [7,8]:

iqðlÞt þ alq
ðlÞ
xx þ blq

ðlÞ
xt þ

"
cl
���qðlÞ���2 þXN

nsl

aln

���qðnÞ���2
#
qðlÞ þ

"
dl
���qðlÞ���4 þXN

nsl

n���qðnÞ���2�bln���qðnÞ���2 þ gln

���qðlÞ���2�o
#
qðlÞ

þ dln
XN
nsl

qðlÞ*
����qðnÞ���2�þ lln

XN
nsl

���qðlÞ���2qðlÞ*�qðnÞ�2 þ nln
XN
nsl

qðlÞ*
���qðnÞ���2�qðnÞ�2 þ sln

XN
nsl

�
qðlÞ*

�2�
qðnÞ

�3 ¼ 0;

(38)

for 1 � l � N. In (38), SPM terms are the coefficients of cl and dl, while XPM coefficients are aln, bln and gln. Also, the termswith
dln, lln, nln and sln are accounted for FWM in parabolic law medium.

In this case, substituting (2) into (38), leads to the same imaginary part as given by (6). Again, the speed will be the same as
(7). The real part equation however from (38) is

k2ðal � blvÞ
�
PðlÞ
�00

þ
�
bluk� u� alk

2
�
PðlÞ þ cl

�
PðlÞ
�3 þ dl

�
PðlÞ
�5 þ

(XN
nsl

ðaln þ dlnÞ
�
PðnÞ

�2)
PðlÞ þ ðbln

þ nlnÞPðlÞ
�
PðnÞ

�4 þ ðgln þ llnÞ
�
PðlÞ
�3�

PðnÞ
�2 þ sln

�
PðlÞ
�2�

PðnÞ
�3 ¼ 0:

(39)
Using the balancing principle leads to

PðlÞ ¼ PðnÞ: (40)
Consequently, Eq. (39) reduces to
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k2ðal � blvÞ
�
PðlÞ
�00

þ
�
bluk� u� alk

2
�
PðlÞ þ

(
cl þ

XN
nsl

ðaln þ dlnÞ
)�

PðlÞ
�3 þ ðdl þ bln þ nln þ gln þ lln þ slnÞ

�
PðlÞ
�5

¼ 0:

(41)
Balancing ðPðlÞÞ00 with ðPðlÞÞ5 in Eq. (41), we obtain

MðlÞ ¼ 1
2
: (42)
To obtain an analytic solution, we employ the transformation

PðlÞ ¼
�
UðlÞ

�1
2
; (43)

in Eq. (41) to find

k2ðal � blvÞ
�
2UðlÞ

�
UðlÞ

�00

�
��

UðlÞ
�0�2
þ 4

�
bluk� u� alk

2
��

UðlÞ
�2 þ 4

(
cl þ

XN
nsl

ðaln þ dlnÞ
)�

UðlÞ
�3

þ 4ðdl þ bln þ nln þ gln þ lln þ slnÞ
�
UðlÞ

�4 ¼ 0;

(44)

where 1 � l � N.
The extended trial function scheme will be applied to Eq. (44) to retrieve bright, dark and singular solitons. Balancing the

orders of UðlÞðUðlÞÞ00 and ðUðlÞÞ4 in Eq. (44), we determine a relation of s, r and 2 as

s ¼ rþ 22þ 2: (45)
Let us choose s ¼ 4, r ¼ 0 and 2 ¼ 1 in Eq. (45). This means that the extended trial function scheme suggests the use of the
finite expansion

UðlÞ ¼ t
ðlÞ
0 þ t

ðlÞ
1 J; (46)
where tðlÞ0 and t
ðlÞ
1 are constants to be determined later such that tðlÞ1 s0, andJ satisfies Eq. (12). Substituting Eq. (46) into Eq.

(44), and solving the resulting system of algebraic equations, we obtain

m0 ¼ m0; m2 ¼ m2; c0 ¼ c0; t
ðlÞ
0 ¼ t

ðlÞ
0 ; t

ðlÞ
1 ¼ t

ðlÞ
1 ;

m1 ¼
k2H1ðal � blvÞ þ 2c0

�
t
ðlÞ
0

�3(
cl þ 2tðlÞ0 H3 þ

XN
nsl

ðaln þ dlnÞ
)

k2tðlÞ0 t
ðlÞ
1 ðal � blvÞ

;

m3 ¼ �
2c0t

ðlÞ
1

(
3cl þ 8tðlÞ0 H3 þ 3

XN
nsl

ðaln þ dlnÞ
)

3k2ðal � blvÞ
;

m4 ¼ �
4c0

�
t
ðlÞ
1

�2H3

3k2ðal � blvÞ
;

u ¼
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

XN
nsl

ðaln þ dlnÞ
)

4c0ðblk� 1Þ ;

(47)
where
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H1 ¼ m2

�
t
ðlÞ
0

�2 þ m0

�
t
ðlÞ
1

�2
; H2 ¼ al

�
4k2c0 � k2m2

�
; H3 ¼ dl þ bln þ gln þ lln þ nln þ sln: (48)
Substituting the solution set (47) into Eqs. (12) and (15), we recover that

±ðx� x0Þ ¼ Q
Z

dJffiffiffiffiffiffiffiffiffiffiffiffi
LðJÞp ; (49)
where

LðJÞ ¼ J4 þ m3
m4

J3 þ m2
m4

J2 þ m1
m4

Jþ m0
m4

; Q ¼
ffiffiffiffiffiffi
c0
m4

r
: (50)
Consequently, we have the traveling wave solutions to Eq. (38) in the forms:

When LðJÞ ¼ ðJ� l1Þ4, we obtain solutions as

qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l1±

t
ðlÞ
1 Q

k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

9=
;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (51)
When LðJÞ ¼ ðJ� l1Þ3ðJ� l2Þ and l2>l1, we get solutions as

qðlÞðx; tÞ ¼ t
ðlÞ
0 þ t

ðlÞ
1 l1 þ

4tðlÞ1 Q2ðl2 � l1Þ
4Q2 �

h
ðl1 � l2Þ

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i2
1
2


8><
>:

�exp

2
6664i
8>>><
>>>:

� kxþ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (52)
When LðJÞ ¼ ðJ� l1Þ2ðJ� l2Þ2, we have solutions as

qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l2 þ

t
ðlÞ
1 ðl2 � l1Þ

exp
h
l1�l2
Q

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i
� 1

9=
;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (53)
and
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qðlÞðx; tÞ ¼
8<
:t

ðlÞ
0 þ t

ðlÞ
1 l1 þ

t
ðlÞ
1 ðl1 � l2Þ

exp
h
l1�l2
Q

�
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

�i
� 1

9=
;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (54)
When LðJÞ ¼ ðJ� l1Þ2ðJ� l2ÞðJ� l3Þ and l1>l2>l3, we recover solutions as

qðlÞðx; tÞ ¼

8><
>:t

ðlÞ
0 þ t

ðlÞ
1 l1 �

2tðlÞ1 ðl1 � l2Þðl1 � l3Þ
2l1 � l2 � l3 þ ðl3 � l2Þcosh



k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1�l2Þðl1�l3Þ

p
Q

�
x�

n
blu�2alk
1�blk

o
t
��
9>=
>;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775: (55)
When LðJÞ ¼ ðJ� l1ÞðJ� l2ÞðJ� l3ÞðJ� l4Þ and l1>l2>l3>l4, we find solutions as

qðlÞðx; tÞ ¼

8><
>:t

ðlÞ
0 þ t

ðlÞ
1 l2 þ

t
ðlÞ
1 ðl1 � l2Þðl4 � l2Þ

l4 � l2 þ ðl1 � l4Þsn2


±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1�l3Þðl2�l4Þ

p
2Q

h
k
�
x�

n
blu�2alk
1�blk

o
t
�
� x0

i
;m
�
9>=
>;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775;

(56)

where
m2 ¼ ðl2 � l3Þðl1 � l4Þ
ðl1 � l3Þðl2 � l4Þ

: (57)
We note that li (i ¼ 1, …,4) are the roots of the polynomial equation

LðJÞ ¼ 0: (58)
When t
ðlÞ
0 ¼ �t

ðlÞ
1 l1 and x0 ¼ 0, the solutions (51)e(55) are reduced to plane wave solutions

qðlÞðx; tÞ ¼
8<
:±

t
ðlÞ
1 Q

k
�
x�

n
blu�2alk
1�blk

o
t
�
9=
;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (59)
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qðlÞðx; tÞ ¼
8<
: 4tðlÞ1 Q2ðl2 � l1Þ
4Q2 �

h
kðl1 � l2Þ

�
x�

n
blu�2alk
1�blk

o
t
�i2
9=
;

1
2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (60)

singular soliton solutions
qðlÞðx; tÞ ¼ t
ðlÞ
1 ðl2 � l1Þ

2

�
1Hcoth



kðl1 � l2Þ

2Q

�
x�

�
blu� 2alk
1� blk



t
��
1

2

� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (61)

and bright soliton solutions
qðlÞðx; tÞ ¼

8><
>:

A2�
C2 þ cosh

h
B3
�
x�

n
blu�2alk
1�blk

o
t
�i�1

2

9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (62)

where
A2 ¼
 
2tðlÞ1 ðl1 � l2Þðl1 � l3Þ

l3 � l2

!1
2

; B3 ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 � l2Þðl1 � l3Þ

p
Q

; C2 ¼ 2l1 � l2 � l3
l3 � l2

: (63)

ðlÞ
Here, A2 is the amplitude of the solitons, while B3 is the inverse width of the solitons. So, the solitons exist for t1 <0.

Furthermore, when t
ðlÞ
0 ¼ �t

ðlÞ
1 l2 and x0 ¼ 0, Jacobi elliptic function solutions (56) can be reduced to

qðlÞðx; tÞ ¼

8><
>:

A3�
C3 þ sn2

h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�
;
ðl2�l3Þðl1�l4Þ
ðl1�l3Þðl2�l4Þ

i�1
2

9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (64)

where

A3 ¼
 
t
ðlÞ
1 ðl1 � l2Þðl4 � l2Þ

l1 � l4

!1
2

; C3 ¼ l4 � l2
l1 � l4

; Bj ¼
ð�1Þjk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl1 � l3Þðl2 � l4Þ

p
2Q

for j ¼ 4;5: (65)
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Remark-3. When the modulus m/1, a second form of singular optical soliton solutions fall out

qðlÞðx; tÞ ¼

8><
>:

A3�
C3 þ tanh2

h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�i�1

2

9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk

2vm2 � 2c0t
ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (66)

where l3 ¼ l4.

Remark-4. However, if m/0, periodic singular waves emerge

qðlÞðx; tÞ ¼

8><
>:

A3�
C3 þ sin2

h
Bj
�
x�

n
blu�2alk
1�blk

o
t
�i�1

2

9>=
>;� exp

2
6664i
8>>><
>>>:

� kx

þ

0
BBB@
H2 þ blk2vm2 � 2c0t

ðlÞ
0

(
3cl þ 4tðlÞ0 H3 þ 3

PN
nslðaln þ dlnÞ

)

4c0ðblk� 1Þ

1
CCCAt þ q

9>>>=
>>>;

3
7775; (67)

where l2 ¼ l3.
3. Conclusions

This paper recovered optical soliton solutions to DWDM systems that is studied with FWM. Two types of nonlinear media
are considered and they are with Kerr law and parabolic law. Bright and singular soliton solutions are recovered by the
extended trial equationmethod that is implemented in this paper. A few additional forms of wave solutions also emerged as a
byproduct of the integration scheme. These are plane waves and Jacobi's elliptic functions. These doubly periodic solutions, in
the limiting case of modulus of ellipticity, led to periodic singular solutions and singular soliton solutions.

The results of this paper are thus very encouraging. Other integration schemes will be applied to secure soliton solutions to
DWDM systems with FWM. Moreover, in future, it is necessary to consider additional features such as conservation laws,
time-dependent coefficients, stochastic coefficients, fractional temporal and spatial evolution and others. All of these results
are on the horizon, only to be fully visible in no time.
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