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1. Introduction

DWDM technology is an essential feature that needs to be incorporated in fiber-optic communication system [1—10]. This
hugely multiplies the information carrying capacity through these fibers. Thus, parallel transmission of data is possible across
trans-continental and trans-oceanic distances in just a matter of a few femto-seconds. Such an engineering marvel can only
be achieved by perfecting this DWDM technology. However, an unwanted, as well as unavoidable, feature of four-wave
mixing (FWM) naturally creeps in. This therefore poses a challenge to retrieve soliton solutions to such systems. This
paper adopts extended trial equation scheme that overcomes this challenge and retrieves exact soliton solutions to DWDM
system with FWM. One restriction that is imposed while extracting soliton solutions is the phase-matching condition. Thus,
bright and singular soliton solutions are recovered for the system. Additional solutions naturally emerge with the imple-
mentation of this integration scheme. These are plane waves and doubly periodic functions. In the limiting case, when the
modulus of ellipticity approaches zero or unity, soliton solutions or periodic singular waves fall out. There are two types of
nonlinear optical fibers studied in this paper. They are with Kerr law and parabolic law. The details are discussed in the
subsequent section.
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2. The model

The model for DIWDM system stems out of nonlinear Schrodinger's equation that is considered in this paper with spatio-
temporal dispersion (STD) in addition to the usual group velocity dispersion (GVD). This only makes the problem well-posed.
The two laws of nonlinearity that will be studied are Kerr law and parabolic law. The study will now be split into the next
couple of subsections where each of these laws are worked out in detail.

2.1. Kerr law
For Kerr law nonlinearity, DWDM model reads [6—9]

AR Iy
}q“ +> g |
n#l

2

q™ =0, (1)

N
. I ! 2
iql’ + gl + by + {qu\ +a
n=+l

where 1 <[ < N. The first term in (1) on left hand side is the linear evolution term, while q; represents the coefficient of GVD;
b; represents the STD. Then, ¢ is the coefficient of self-phase modulation (SPM) while «;, are the coefficients of cross-phase
modulation (XPM), while @, accounts for FWM. The independent variables are x and t that represents the spatial and
temporal variables respectively. The dependent variable is g (x, t) that represents soliton profile in every single channel for
1<I<N.

This subsection will obtain exact bright, dark and singular 1-soliton solutions to (1) by the extended trial scheme approach
[2—5,10]. In order to solve Eq. (1), we use the following wave transformation

g0 (x,t) = PO e, 2)
where

E=k(x—ut), 3)

B(X,t) = —KX + ot + 0. ()

In Eq. (2), the function ®(x, t) is the phase component of the soliton. Then, in Eq. (4), k represents the frequency that stays
the same in all channels, while w is the same wave number, while § is the phase constant that also stays the same in all

channels, while v is the same soliton velocity. The amplitude part is P()(¢). Substituting the wave transformation (2) into (1)
and splitting into real and imaginary parts leads to [1]

K?(a) — bp) (P(’)>N + (biok -0 —ap? )P0+ ¢ (P<’>)3 + { zNj(a,n +B1n) (P<">)2 }P<’> =0, (5)

n=l

and

k{byw — 2aik — v(1 — bik)} (P<’>)’ 0. (6)

The imaginary part equation leads to the speed of the soliton that is given by

_ bjw —2a

The speed of the soliton given by (7) remains valid for

b[K?tl. (8)

Using the balancing principle leads to

pl) — pm) 9)

Consequently, Eq. (5) reduces to
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"

k2(a; — by) (P<’>) + <blwi< - a,KZ)P<’> + {c, + ZN:(a,n + 5,n)} (P<’))3 =0. (10)

n=l

The extended trial function scheme will be applied to Eq. (10) to retrieve bright, dark and singular solitons.
To start with the extraction of solutions to (10), the following assumption for the soliton structure is made

=Y i, (11)

S
i=0
where

W) pu, W7+ -+ ¥+ g
III/ZZAIIJ: _He i 12
() =AM =) = W T g (12)

Here Tg), . Tél), Mos -+, g and Yo, ..., X, are constants to be determined later. Using the relations (11) and (12), we derive
the terms ((P®))? and (PD)" as below:

S . 2
<<P<l)>’>2 - m<;n§’>w”> , (13)

and
(W)Y (W) - &(W)Y(W o)
PO = lT Dyi-1 +3w) 1717 Dgsi-2 14
( ) 272 (W) Z Y(¥) §( ) (14)
where ®(¥) and Y(W) are polynomials of W. We reduce Eq. (12) to the elementary integral form as follows:
Y (W)
w50 = [ = [ Vs (15)

According to the balance principle, we determine a relation of ¢, p and ¢ is given by
g=p+2¢+2. (16)
When ¢ =4, p=0and ¢ = 1 in Eq. (16), we then assume that Eq. (10) have the following formal solutions:
I I
PO =70 4 g, (17)

where T(()l) and 7'(1!) are constants to be determined later such that 7'(11) #0, and W satisfies Eq. (12). Substituting these formal

solutions and their necessary derivatives into Eq. (10), and solving the resulting system of algebraic equations one recovers
the following solution set:

Ho = Mo, M2 =Hp, M3 =M3, Ty =To, T =795,

1 l 1
278) (uzT(l) - #BTE)>) /.L3Tgl>
My = 2 Ha ==
(T(11>> 47,
k2us(a; — by
Xo = p3( lN 1) 7 (18)
n_(I
ZT(())T(]>{C1 + Z(aln + ﬁln)}
n=l
0 Q) () i
aK? s — i (3,u37'o = 21,7y ) {Cl + Z(aln + 51n)}
w — n+l )

p3 (b —1)

Substituting the solution set (18) into Egs. (12) and (15), we find that
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dw
+(E—Fg) =W :
2t =w [ S
where
AW) = wt  Bay3  Fay2 | Brg  Foooyy X0
Ka Mg Ba g M4

Consequently, we have the traveling wave solutions to Eq. (1) as follows:
When A(¥) = (¥ — ;)% we obtain solutions as

0) { M, 0 w
qVx,t) =7y + 7 M% = x exp i —kx
K(x— {Paehe) —4o

apPus — 7 (3us7y — 2u7) ){cwz’,L,(am +mn)}
t+40
us (b — 1) )

+

When A(W) = (¥ — A))3(¥ — A,) and Ap>2;, we get solutions as

ar"W2(y - 2y) B

awe = (i =) ((x- {i2}e) - 50)

qPxt) =70+ +

alK U3 — 7'0 (3:“'37'0 2:“'27'1 {Cl + er\llil(aln + ﬁln)}
1)

xexp i —kx+
P b[K

When A(W) = (W — 1;)%(¥ — 1,)?, we have solutions as

00 = { 410y 4+ po [A] = (k(x— ({12,?_;,]2} ) g0>] X exp l{ — KX
=

alK2,“'3 - To (3:"'370 2:“271 > {Cl + Zn#l(aln + Bin) }

+ wab—1) )”‘9} :

and

0 W 0 01 = Jp)
qVx,t) =Ty +7 M+ exp[ (k( {b,io—bmk}t) - %)] - x exp [i{ —kx
bk

apps — 70 (3us7y) — 24157 {Cl - N il + mn)}

“( fstbrs 1) )”0} |

When A(¥) = (¥ — 1;)%(¥ — A,)(¥ — J3) and A;>2>A3, we recover solutions as

257



258 M. Ekici et al. / Superlattices and Microstructures 107 (2017) 254—266

21y (1 — 29)(h1 — 73)
2l —da — I3 + (A3 — Jg)cosh [7" i) (x {—bl‘l"ja’x}tﬂ

1K

qx,t) = 7+ 70y —

I 1 1
alps — 1y (3#3"8) - 2#27(1)) {Cl D (e 31n)}

p3 (b —1)

+ t+05]. (25)

When A(W) = (W — A1) (W — 15)(¥ — 23)(¥ — A4) and A1>42>43>14, we find solutions as

V04 = 1) — &)
A — o+ (A — Ag)sn [iiw’wﬁ {k( {uzacly) so} , m}

qVx,t) =70 470, +

I 1 1
aK?us — TB) <3M3TB) - 2#27(1)> {Cl + Y omai(n + 51n)}

+ t+40
p3 (b —1)
(26)
where
2 (h—=A3)(A1 —Ag)

me = -=—————7 27

(M —23) (A2 — Ag) (27)
We note that 4; (i = 1, ...,4) are the roots of the polynomial equation
A(W) =0. (28)
When T((]l) = —T%l)h and £p = 0, the solutions (21)—(25) are reduced to plane wave solutions
Oy alKZNB - To (3/1'37'0 2#271 > {Cl + Zg:#l(aln + ﬁln)}
0] — )+ 1 il _
gV (x,t)={ + x exp |i{ —kx+ t+6 531,
S | (=13 BT
(29)
ar"W2(3y — 1)
qP(x,t) = 1 x exp |i{ — kx
aw? — [k(xl — ) ( {b';[ %‘;'K}t)}
Qs — 74 (3#370 24,7 ){Cl + Y nei(en +3ln)}

I t+051, (30)

p3(bix — 1)

singular soliton solutions
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n
) _ 71 (Az — ;\1) _ k(/h — )\2) _ blw — Za,K )
q“(x,t) = 5 1¥coth W X T t X exp |i KX

I I I
alps — 1y <3M3T(()) - 2#27(1)> {Cl (e 51n)}

+ t+0%], 31
i3 —1) G31)
and bright soliton solutions
A )
0) — _
q\“(x,t) = x exp |i KX
{C + cosh [B(x - {b"]"_’—lfli"’(}tﬂ }
alK2/~L3 - T(<)I) (3/"'37(%[) - 2/«‘27(11)> {Cl + Z’:;tl(aln + Bln)}
+ t+03], 32
b~ 1) 52
where
27 (0 = Ja) (hy = 23) ky/Ch =)0y = 73) 2M — g~ 3
e P W T )

Here, A is the amplitude of the solitons, while B is the inverse width of the solitons. So, the solitons exist for 7(1’) <0.

Furthermore, when rg) = —r(l’)/\z and &g = 0, Jacobi elliptic function solutions (26) can be reduced to
e - {b'?%‘zm}r»zi:;::;zi;ﬁ:ﬂ} T
aK?uz — TE)D (3M37g) - 2#27(11)> {Cl + (e + 51n)}
* us(bk —1) RE (34)
where

Remark-1. When the modulus m— 1, a second form of singular optical soliton solutions fall out
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g (x.t) = 5 A x exp [id —kx
C1 +tanh [Bj (x - {b’]”%;ﬂ“}t)]

I 1 1
alps — 1y (3#378) - 2#27(1)) {Cl D (e 6ln)}

+ t+051, 36
i3y —1) (30)
where A3 = A4.
Remark-2. However, if m— 0, periodic singular waves emerge
A
0 - 1 i
q (x.,t){ 3 }xexpl — KX
; bw—2
Cq +sin {Bj <x - { '(fjfb,ilk}t)]
l 1 I
s — 7y (3.u375)) - 2#27” {Cl + i + 51n)}
+ t+65|, 37)

p3(bix—1)

where 12 = /13.

2.2. Parabolic law
This law is alternatively known as the cubic-quintic nonlinearity and arises in the nonlinear interaction between Langmuir

waves and electrons. It describes the nonlinear interaction between the high frequency Langmuir waves and the ion acoustic
waves by ponderomotive forces. For parabolic law nonlinearity, DWDM, with FWM, is modeled as [7,8]:

ofg®[ + 3 di afg"[ + i{\q“) * (B a'[’) }} q"
n#l n#l

2) + Ay XN: )q(l)‘zq(l)* (q<n>)2 . XN:qa)*)q(n) 2 (q<n>)2 Yoy XN: <q(l)*)2 (q(n))3 —o0,
n=+l n+l n=+l

2
qm

W I I 2
iq” + gy +bgl + q¥ + q“”‘ + Vi

(38)

o> gl (Ja™
n#l

for1 <1< N.In(38), SPM terms are the coefficients of ¢; and d;, while XPM coefficients are ay,, 81, and y,. Also, the terms with
Oin, Al Vin and gy, are accounted for FWM in parabolic law medium.

In this case, substituting (2) into (38), leads to the same imaginary part as given by (6). Again, the speed will be the same as
(7). The real part equation however from (38) is

"

k2 (a; — by) (P<’>) + (ble —w-— a,KZ)P<’> +q (P<’>)3 +d (p<’>)5 + { i(oqn +0p) (P<">)2 }P<’> + (Bin

n=l (39)
o (pm)* ) (pm? ) (pm)?
+ )P (P4 (g + 2 (P) (P g3 (PO) " (PM)” = 0,
Using the balancing principle leads to
pd = pm, (40)

Consequently, Eq. (39) reduces to
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" N 3 5
k%(a; — bp) (P(’)> + (b,wk —w— a,xz)P(” + {cl +> (g + 6,n)} (P(”) + (d; + Bin + Vin + Yin + A + O1n) <P<’)>
n=l
=0.
(41)
Balancing (P)" with (P() in Eq. (41), we obtain
1
h_ 2
M 3 (42)
To obtain an analytic solution, we employ the transformation
1
pi — <Uu>>27 (43)
in Eq. (41) to find
" "2 2 N 3
k% (a; — b,u){2u<’> ud) —((ud } +4(bwk —w—a?) (UD)" + 4{c, +> (g + 5,n)} ud
(@) - (0"} +4( ) safes Damhor)

0)*
+ 4(d; + Bin + i+ Yin + 2+ 710) (U) =0,

where 1 <I<N.
The extended trial function scheme will be applied to Eq. (44) to retrieve bright, dark and singular solitons. Balancing the

orders of UO(U®)" and (UM)* in Eq. (44), we determine a relation of ¢, p and ¢ as
g=p+2¢+2. (45)

Let us choose ¢ =4, p = 0 and ¢ = 1 in Eq. (45). This means that the extended trial function scheme suggests the use of the
finite expansion

ub =70 470w, (46)

where TE)D and T%I) are constants to be determined later such that 7(1’) +0, and W satisfies Eq. (12). Substituting Eq. (46) into Eq.
(44), and solving the resulting system of algebraic equations, we obtain

I ! ! !
Mo = Mo, K2 = M2, Xo = Xos TB)=TB>7 7(1)275)’

N
03 !
K21 (0 = bw) + 2x0 (g ) {q + 21 Hy + (o + %)}

= n#l
= n(
kZT(())Tg)(al — blv)
! ! -
2xo7 {3c, + 870 H; +3> (g + 6m)}
_ n#l (47)
ks 3’{2((1[ — b,v) ’
2

4x0 (T(ll)> H3

H = 312~ by
! ! N
Hy + bikPupy — 207y {3C1 + 4t Hs + 3 > (e + 51n)}

W= n=l

4xo(bik —1)

where
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Hi = #p (Tg)>2 + Ho (Tgl)>2

Substituting the solution set (47) into Egs. (12) and (15), we recover that

aw
VAW)

i(gfsco:q/

where

AW) = wt o Bays | Hag2 By Hoo g X0
2! 2! My Hg My

Consequently, we have the traveling wave solutions to Eq. (38) in the forms:
When A(W) = (¥ — A;)%, we obtain solutions as

1

] ] 7Q
ax,t) = 78+ 70+ 1 x exp i —kx

k(x - {—b‘f:;i’K}t) - fo}

) 1
Hy + kP — 2x7Y) {3c, + 470z + 35N (g + 5,n)}

t+40
4xo(bik — 1)

+

When A(W) = (¥ — A))3(¥ — A,) and Ay>1, we get solutions as

Oty = 370 4 70 41Q2 (0 — 1) }%
0Vt = q1g) + 7Y 1+4Q2,[(Alflz)(k(xf{b’]"’%ﬁl‘;”‘}t)fgoﬂz

Hy + bik2upy — 270 {3c, +4r0H; + 35N (@ + 5“1)}

xexp |i{ —kx+ t+4

4xo(bik — 1)

When A(W) = (¥ — A;)%(¥ — A,)%, we have solutions as

1

0~ h)

e}

) 1
Hy + bik2upy — 2,7y {3c, + 410 Hs + 35N (o + 61n)}

x exp|i{ —kx

g (x,t) = {Tg) +T§l)12 +

+ t+653]|,

4xo(bik —1)

and

. Ha= 01(4K2X0 - kz#z), Hz = d;+ Bin + Yin + Ain + Vin + -

(48)

(49)

(50)

(51)

(52)

(53)
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0 0, 40 (01 — 22) : .
VXt =91 +7 1+exp[%<k(x—{b';*’:;i‘“}t) 7§0>] - x exp |i{ —kx

1 1
Hy + bik2upy — 27l {3c, +410H; + 35N (o + 61n)}

t+65%|. 54
Aol — 1) (54)

When A(¥) = (¥ — 11)%(¥ — A,)(¥ — J3) and A;>2Ay>43, we recover solutions as

2] (01 = o) (s — o)
2} — J — A3+ (A3 — Ap)cosh {kv (h*g)()“%) (x - {b’“’za"‘}t)}

1-bik

q(l) (x,t) = T(()l) + 7'(1”/11 —

l} 1
Hy + kP — 2x07Y) {301 +4r0H3 + 35N (ay + %)}

+ t+651|. 55
axo(byx — 1) (55)

When A(W) = (W — A1) (¥ — A5)(W — A3)(W — A4) and A1>Ax>A3>14, we find solutions as

Tgl) (/\1 — /12)(A4 — /12)
TR o~ {oiel) s ]

1 1
Hy + kP — 2x07Y) {3c, + 470z + 35N (g + 61n)}

qO(x,t) = T(()l) + 7(1'>/12 +

14 — 12 + (11 — 14)51'12

4 t+03 1,
4xo(bik — 1)
(56)
where
A —A3)(A1 — Ag)
2 = e =) — Aa) 57
(M = 4A3)(A2 — Aa) 57)
We note that 4; (i = 1, ...,4) are the roots of the polynomial equation
A(¥) = 0. (58)

When T(()l) = —T(l’)h and &g = 0, the solutions (51)—(55) are reduced to plane wave solutions
1
2

0 { Tgl)Q }
gV (x,t)=<( % x exp [i{ — kx
biw—2
k(x - { '?fb‘ﬁ"‘}t>

1 )
Ha + bik2uy — 2x078) {Bq + 41013 35N (g + %)}

t+05], 59
axo(b — 1) (>9)

_l’_
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1

4722y — 1)

O (x.t) = |

) 1
Hy + bik2upy — 2xo7l) {3c, +410H; + 35N (o + 61n)}

X exp |i{ —Kkx

" t+03], (60)

4xo(bik — 1)

singular soliton solutions

Der, — 2 3
) T (A2 1) _ k(A] — )\2) B bl(l) — 2aiK )
q (x.,t)f—2 {l+coth{ 20 X T t x exp |i KX

Hy + bikupy — 2x078) {361 + 4013 + 35N (g + 5m)}

+ dxg (b= 1) t+05%], (61)
and bright soliton solutions
qO(x,t) = A T X explid —kx
(Cz + cosh [83 (x - {—b’fjlﬂ"‘}tﬂ >2
Ha + bikupy — 2x078) {3c, +4r0H; + 35N (@ + 6,n)}
+ dxg(brc—1) t+031, (62)
where
200y — 1) — 23)\* kn/Th = 72) 0 = 73) 24 — g — A
A = [20 By vz mA) A Ay 63
2 ( pr—N 3 0 2 e (63)

Here, A, is the amplitude of the solitons, while B3 is the inverse width of the solitons. So, the solitons exist for T(]l) <0.

Furthermore, when TE)D = —Tgl)/b and £p = 0, Jacobi elliptic function solutions (56) can be reduced to

g (x,t) = As x exp |i{ —kx

1
) bw—2 (O2=23)(h—20)])\ 2
(s +sn2[B;(x— {Py=p2}r). =it )
bik2u, — 23074 3¢; + 47 33N o
Hy + bik“vuy — 2xo7y’ § 3¢ + 41y H3 + 3 35 (din + Opn)

4xo(bik —1)

+ t+05%], (64)

where

0 3 ;
(11 = A) (A — ) R N G ) NV S ) .
Az = ( Py , C3= P B; = 20 for j =4,5. (65)
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Remark-3. When the modulus m— 1, a second form of singular optical soliton solutions fall out

qO(x,t) = As x exp |i{ — kx

<C3 + tanh? [Bj (X - l”i”%f,‘i“}tﬂ )%

l} )
Hy + bk — 2x07Y) {3c, + 470z + 35N (g + 6ln)}
t+46

+ , 66
axo(by — 1) (66)
where A3 = A4.
Remark-4. However, if m— 0, periodic singular waves emerge
gV x.t) = A3 5 0 xexp|i{ —kx
<C3 + sin? {Bj (x — {—b'g":li‘;"‘}t)] )Z
Mo + bikupy — 2%tV 3¢+ 415 + 350N 5
2+ bik“vpy — 2x07y ¢ 3¢+ 415 Hz + 3 37541 (04n + O1n)
+ t+03, (67)

4xo(bik — 1)

where Az = )Lg.

3. Conclusions

This paper recovered optical soliton solutions to DWDM systems that is studied with FWM. Two types of nonlinear media
are considered and they are with Kerr law and parabolic law. Bright and singular soliton solutions are recovered by the
extended trial equation method that is implemented in this paper. A few additional forms of wave solutions also emerged as a
byproduct of the integration scheme. These are plane waves and Jacobi's elliptic functions. These doubly periodic solutions, in
the limiting case of modulus of ellipticity, led to periodic singular solutions and singular soliton solutions.

The results of this paper are thus very encouraging. Other integration schemes will be applied to secure soliton solutions to
DWDM systems with FWM. Moreover, in future, it is necessary to consider additional features such as conservation laws,
time-dependent coefficients, stochastic coefficients, fractional temporal and spatial evolution and others. All of these results
are on the horizon, only to be fully visible in no time.
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