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1. Introduction

Theory of solitons forms the basic fabric in all optical communication systems. There are several developments and
advancements that are observed currently [1–20]. A large variety of results are being relentlessly reported across various
journals throughout the globe. There are in fact several models that are studied in this context. One of the interesting models
that will be revisited in this paper is the resonant nonlinear Schrödinger’s equation (RNLSE). While NLSE is well known to
describe the propagation of solitons through optical fibers, RNLSE comes with an additional quantum Hall effect [1–9].

It is needless to mention that RNLSE has been already extensively studied by several authors including a few of the current
authors of this paper. In the past, this equation was  addressed by simplest equation method, semi-inverse variational prin-

ciple, Kudryashov’s scheme, G′/G-expansion scheme, trial solutions approach, bifurcation analysis, method of undetermined
coefficients as well as several other approaches [1–9,11,12]. This paper is therefore a revisitation of the same model. This
time, RNLSE will be studied with time-dependent coefficients by a different algorithm. This is the modified simple equa-
tion approach. The subsequent section is an introduction to this method that will be followed by its application to RNLSE.
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here are four types of nonlinearity that are studied in this paper. They are cubic or Kerr law, power law, parabolic law and
ual-power law.

. Modified simple equation method

Suppose we have a nonlinear evolution equation in the form

P(u, ut, ux, uxx, utt, utx, . . .)  = 0, (1)

here Pis a polynomial in u(x, t) and its partial derivatives in which the highest order derivatives and nonlinear terms are
nvolved. In the following, we give the main steps of this method [1,2]:

Step-1: We use the transformation

u(x, t) = u(�), � = x − ct, (2)

here c is a constant to be determined, to reduce Eq. (1) to the following ODE:

Q (u, u′, u
′′
, . . .)  = 0, (3)

here Q is a polynomial in u(�) and its total derivatives, while ′ = d
d�

.

Step-2: We suppose that Eq. (3) has the formal solution.

u(�) =
N∑

l=0

al

(
� ′(�)
� (�)

)l

, (4)

here al are constants to be determined, such that aN /= 0, and � (�) is an unknown function to be determined later.
Step-3: We  determine the positive integer N in Eq. (4) by considering the homogeneous balance between the highest

rder derivatives and the nonlinear terms in Eq. (3).
Step-4: We  substitute (4) into (3), then we calculate all the necessary derivatives u′, u′′, . . . of the unknown function u(�)

nd we account the function � (�). As a result of this substitution, we get a polynomial of � ′(�)
� (�) and its derivatives. In this

olynomial, we gather all the terms of the same power of �−j(�), j = 0, 1, 2, . . . and its derivatives, and we equate with zero
ll the coefficients of this polynomial. This operation yields a system of equations which can be solved to find akand � (�).
onsequently, we can get the exact solutions of Eq. (1).

. Application to rnlse

The RNLSE with time-dependent coefficients, which will be studied in this section, is [1–9]

i�t + ˛(t)�xx + ˇ(t)G
(∣∣� ∣∣2)� + �(t)

(∣∣� ∣∣
xx∣∣� ∣∣
)

� = 0. (5)

ere, in (5), the first term is the linear evolution, while ˛(t) is the coefficient of group velocity dispersion (GVD) and ˇ(t) is
he coefficient of nonlinearity. Finally, �(t) is quantum or Bohm potential that appears in the context of chiral solitons in
uantum Hall effect. It is also seen in the context of Madelung fluid in quantum mechanics. Also, the functional G meets the
ollowing technical condition:

G is a real-valued algebraic function, and it is necessary to have the smoothness of the complex function G
(
|q|2
)

q : C → C.

onsidering the complex plane C as a two dimensional linear space R2, the function G
(
|q|2
)

q is k times continuously
ifferentiable, so that

G
(
|q|2
)

q�
⋃∞

m,n=1
Ck
(

(−n, n)×(−m, m); R2
)

. (6)

he starting point for the analysis of this equation is the traveling wave hypothesis

� (x, t) = U(�)ei(−�x+ω(t)t), � = x + 2�

∫
0

t

˛(t)dt, (7)

o that Eq. (5) transforms to
(˛(t) + �(t)) U
′′ −
{

t
dω(t)

dt
+ ω(t) + �2˛(t)

}
U + ˇ(t)F

(
U2
)

U = 0. (8)

q. (8) will now be analyzed in the next four subsections that will be based on the type of nonlinearity.
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3.1. Cubic (KERR) nonlinearity

The cubic nonlinearity is the case when G(s) = s . This form of nonlinearity typically arises in the context of deep water
waves or nonlinear fiber optics when the refractive index of the light is proportional to the intensity. For cubic nonlinearity,
RNLS equation with time-dependent coefficients is [1–9]

i�t + ˛(t)�xx + ˇ(t)
∣∣� ∣∣2� + �(t)

(∣∣� ∣∣
xx∣∣� ∣∣
)

� = 0. (9)

In this case, Eq. (9) reduces to

(˛(t) + �(t)) U
′′ −
{

t
dω(t)

dt
+ ω(t) + �2˛(t)

}
U + ˇ(t)U3 = 0. (10)

For the solutions of Eq. (9), assume

U(�) =
N∑

l=0

al

(
� ′(�)
� (�)

)l

, aN /= 0, (11)

where al are all constants to be determined. Balancing U′′ with U3 in Eq. (10) gives N = 1 . Consequently, we  reach

U(�) = a0 + a1

(
� ′(�)
� (�)

)
. (12)

Substituting Eq. (12) in Eq. (10) and then setting the coefficients of �−j, j = 0, 1, 2, 3 to zero, then we obtain a set of algebraic
equations involving a0, a1, �and ω(t) as following

�−3 Coeff.:

a1
(

2 (˛(t) + �(t)) + ˇ(t)a2
1

)  (
� ′)3 = 0, (13)

�−2 Coeff.:

3a1� ′ (ˇ(t)a0a1� ′ − (˛(t) + �(t)) �
′′) = 0, (14)

�−1 Coeff.:

a1

(
−
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2 − 3ˇ(t)a2

0

)
� ′ + (˛(t) + �(t)) �

′′ ′
)

= 0, (15)

� 0 Coeff.:

a0

(
−t

dω(t)
dt

− ω(t) − ˛(t)�2 + ˇ(t)a2
0

)
= 0. (16)

Solving this system, we obtain

a1 = ±
√

−2(˛(t) + �(t))
ˇ(t)

, ω(t) = 1
t

∫
0

t {
−˛(t)�2 + ˇ(t)a2

0

}
dt, (17)

where a0 is a real arbitrary constants. Substituting (17) into Eqs. (14) and (15), we  obtain

�
′′ = ±

√
−2ˇ(t)

˛(t) + �(t)
a0� ′, (18)

�
′′ ′ = − 2ˇ(t)a2

0
˛(t) + �(t)

� ′. (19)

From Eqs. (18) and (19), we can deduce that

� ′ = ± 1
√

− (˛(t) + �(t))
c e±
√

−2ˇ(t)
˛(t)+�(t) a0� (20)
a0 2ˇ(t) 1

� = − (˛(t) + �(t))
2ˇ(t)a2

0

c1e±
√

−2ˇ(t)
˛(t)+�(t) a0� + c2. (21)
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here c1 and c2 are constants of integration. Substituting Eqs. (20) and (21) into Eq. (12), we obtain the following new exact
olution to Eq. (9)

� (x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a0 ±
√

−2(˛(t) + �(t))
ˇ(t)

⎛
⎜⎜⎜⎝

± 1
a0

√
−(˛(t)+�(t))

2ˇ(t) c1e
±
√

−2ˇ(t)
˛(t)+�(t) a0�

−(˛(t)+�(t))
2ˇ(t)a2

0
c1e

±
√

−2ˇ(t)
˛(t)+�(t) a0�

+ c2

⎞
⎟⎟⎟⎠
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

×e
i

(
−�x−
∫

0

t{
˛(t)�2−ˇ(t)a2

0

}
dt

)
. (22)

f we set c1 = −2ˇ(t)a2
0

˛(t)+�(t) e

√
−2ˇ(t)

˛(t)+�(t) a0�0 , c2 =±1, we obtain

� (x, t) = ±a0 tanh

[
1
2

√
−2ˇ(t)

˛(t) + �(t)
a0

(
x + 2�

∫
0

t

˛(t)dt + �0

)]
×e

i

(
−�x−
∫

0

t{
˛(t)�2−ˇ(t)a2

0

}
dt

)
, (23)

� (x, t) = ±a0 coth

[
1
2

√
−2ˇ(t)

˛(t) + �(t)
a0

(
x + 2�

∫
0

t

˛(t)dt + �0

)]
×e

i

(
−�x−
∫

0

t{
˛(t)�2−ˇ(t)a2

0

}
dt

)
. (24)

hese solutions are valid for ˇ(t) (˛(t) + �(t)) < 0.

� (x, t) = ±a0 tan

[
1
2

√
2ˇ(t)

˛(t) + �(t)
a0

(
x + 2�

∫
0

t

˛(t)dt + �0

)]
×e

i

(
−�x−
∫

0

t{
˛(t)�2−ˇ(t)a2

0

}
dt

)
, (25)

� (x, t) = ∓a0 cot

[
1
2

√
2ˇ(t)

˛(t) + �(t)
a0

(
x + 2�

∫
0

t

˛(t)dt + �0

)]
×e

i

(
−�x−
∫

0

t{
˛(t)�2−ˇ(t)a2

0

}
dt

)
. (26)

hese solutions are valid for ˇ(t) (˛(t) + �(t)) > 0.

.2. Power law nonlinearity

The power law nonlinearity arises when G(s) = sn, where the parameter n is referred to as the nonlinearity parameter. This
ind of law appears in the context of plasma physics, trubulence theory and occasionally in the case of nonlinear fiber optics.
t needs to be however noted that one must have 0 < n < 2 in order to arrest self-focusing singularity and soliton collapse. For
ower law nonlinearity, the RNLSE is [1–9]

i�t + ˛(t)�xx + ˇ(t)
∣∣� ∣∣2n

� + �(t)

(∣∣� ∣∣
xx∣∣� ∣∣
)

� = 0. (27)

n this case, Eq. (27) reduces to

(˛(t) + �(t)) U
′′ −
{

t
dω(t)

dt
+ ω(t) + �2˛(t)

}
U + ˇ(t)U2n+1 = 0. (28)

o obtain an analytic solution, we use the transformation U = V
1

2n in Eq. (28) to find

(˛(t) + �(t))
(

2nVV
′′ + (1 − 2n) V ′2)− 4n2

(
t

dω(t)
dt

+ ω(t) + �2˛(t)
)

V2 + 4n2ˇ(t)V3 = 0. (29)

or the solutions of Eq. (27), let

V(�) =
N∑

l=0

al

(
� ′(�)
� (�)

)l

, aN /= 0, (30)

here al are all constants to be determined. Balancing V′′ with V3 in Eq. (29) gives N = 2 . Consequently, we  reach

V(�) = a0 + a1

(
� ′(�)
� (�)

)
+ a2

(
� ′(�)
� (�)

)2

. (31)

ubstituting Eq. (31) in Eq. (29) and then setting the coefficients of �−j, j = 0, 1, 2, 3, 4, 5, 6 to zero, then we  obtain a set of

lgebraic equations involving a0, a1, a2, � and ω(t) as following

�−6 Coeff.:

4a2
2

(
(n + 1) (˛(t) + �(t)) + n2ˇ(t)a2

)(
� ′)6 = 0, (32)
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�−5 Coeff.:

4a2(� ′)4(a1((2n + 1)(˛(t) + �(t)) + 3n2ˇ(t)a2)� ′ − (n + 2)(˛(t) + �(t))a2�
′′
) = 0, (33)

�−4 Coeff.:(
� ′)2

(a2
1

(
(2n + 1) (˛(t) + �(t)) + 12n2ˇ(t)a2

)  (
� ′)2 − 2 (4 + 5n) (˛(t) + �(t)) a1a2� ′�

′′

+ 4a2(3na0
(

˛(t) + �(t) + nˇ(t)a2
)(

� ′)2 + a2(−n2
(

R + ˛(t)�2
)(

� ′)2 − (n − 1) (˛(t) + �(t))
(

�
′′)2

+n (˛(t) + �(t)) � ′�
′′ ′))) = 0, (34)

�−3 Coeff.:

2� ′(2na0� ′ (a1
(

˛(t) + �(t) + 6nˇ(t)a2
)

� ′ − 5 (˛(t) + �(t)) a2�
′′)+ a1(2n2ˇa2

1

(
� ′)2 − (n + 1) (˛(t) + �(t)) a1� ′�

′′

+ a2(−4n2
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2

)(
� ′)2 − 2 (n − 1) (˛(t) + �(t))

(
�

′′)2 + 3n (˛(t) + �(t)) � ′�
′′ ′))) = 0, (35)

�−2 Coeff.:

−6n (˛(t) + �(t)) a0a1� ′�
′′ + 4na0a2(n

(
−2
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2

)
+ 3ˇ(t)a0

)(
� ′)2

+ (˛(t) + �(t))
(

�
′′)2 + (˛(t) + �(t)) � ′� (3)) + a2

1(−4n2
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2 − 3ˇa0

)(
� ′)2

− (2n − 1) (˛(t) + �(t))
(

�
′′)2 + 2n (˛(t) + �(t)) � ′�

′′ ′) = 0, (36)

�−1 Coeff.:

2na0a1

(
−2n
(

2
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2

)
− 3ˇ(t)a0

)
� ′ + (˛(t) + �(t)) �

′′ ′
)

= 0, (37)

� 0 Coeff.:

4n2a2
0

(
−t

dω(t)
dt

− ω(t) − ˛(t)�2 + ˇ(t)a0

)
= 0. (38)

Solving this system, we obtain

a0 = 0, a2 = − (n + 1) (˛(t) + �(t))
n2ˇ(t)

, ω(t) = 1
t

∫
0

t{
−4˛(t)�2 + n2ˇ(t)2a2

1

4(n + 1)2 (˛(t) + �(t))

}
dt, (39)

where a1 is a real arbitrary constants. Substituting (39) into Eqs. (33) and (37), we  obtain

�
′′ = n2ˇ(t)a1

(n + 1) (˛(t) + �(t))
� ′, (40)

�
′′ ′ = n4ˇ(t)2a2

1

(n + 1)2(˛(t) + �(t))2
� ′. (41)

From Eqs. (40) and (41), we can deduce that

� ′ = (n + 1) (˛(t) + �(t))
n2ˇ(t)a

c1e
n2ˇ(t)a1

(n+1)(˛(t)+�(t))
�
, (42)
1

� = (n + 1)2(˛(t) + �(t))2

n4ˇ2(t)a2
1

c1e
n2ˇ(t)a1

(n+1)(˛(t)+�(t))
� + c2. (43)
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here c1 and c2 are constants of integration. Substituting Eqs. (42) and (43) into Eq. (31), we  obtain the following new exact
olution to Eq. (27)

� (x, t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1

⎛
⎜⎜⎜⎜⎜⎝

(n + 1) (˛(t) + �(t))
n2ˇ(t)a1

c1e

n2ˇ(t)a1

(n + 1) (˛(t) + �(t))
�

(n + 1)2(˛(t) + �(t))2

n4ˇ2(t)a2
1

c1e

n2ˇ(t)a1

(n + 1) (˛(t) + �(t))
�

+ c2

⎞
⎟⎟⎟⎟⎟⎠−

(n + 1) (˛(t) + �(t))
n2ˇ(t)

⎛
⎜⎜⎜⎜⎜⎝

(n + 1) (˛(t) + �(t))
n2ˇ(t)a1

c1e

n2ˇ(t)a1

(n + 1) (˛(t) + �(t))
�

(n + 1)2(˛(t) + �(t))2

n4ˇ2(t)a2
1

c1e

n2ˇ(t)a1

(n + 1) (˛(t) + �(t))
�

+ c2

⎞
⎟⎟⎟⎟⎟⎠

2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

×e

i

(
−�x−
∫

0

t
{

4˛(t)�2−
n2ˇ(t)2a2

1

4(n + 1)2 (˛(t) + �(t))

}
dt

)
. (44)

f we set c1 = n4ˇ(t)2a2
1

(n+1)2(˛(t)+�(t))2 e
n2ˇ(t)a1

(n+1)(˛(t)+�(t))
�0 , c2 =±1, we obtain

� (x, t) =
{

n2ˇ(t)a2
1

4(n  + 1) (˛(t) + �(t))
sech2

[
n2ˇ(t)a1

2(n  + 1) (˛(t) + �(t))

(
x + 2�

∫
0

t

˛(t)dt + �0

)]} 1
2n

×e
i

(
−�x−
∫

0

t
{

4˛(t)�2−
n2ˇ(t)2a2

1
4(n+1)2(˛(t)+�(t))

}
dt

)
, (45)

� (x, t) =
{

− n2ˇ(t)a2
1

4(n  + 1) (˛(t) + �(t))
csch2

[
n2ˇ(t)a1

2(n  + 1) (˛(t) + �(t))

(
x + 2�

∫
0

t

˛(t)dt + �0

)]} 1
2n

×e
i

(
−�x−
∫

0

t
{

4˛(t)�2−
n2ˇ(t)2a2

1
4(n+1)2(˛(t)+�(t))

}
dt

)
, (46)

.3. Parabolic law nonlinearity

For parabolic-law nonlinearity, G(s) = ˇs + �s2, where  ̌ and � are in general constants. Such as kind of nonlinearity appears
lso in nonlinear fiber optics. In this case, the RNLSE is [1–9]

i�t + ˛(t)�xx +
{

ˇ(t)
∣∣� ∣∣2 + �(t)

∣∣� ∣∣4}� + d(t)

(∣∣� ∣∣
xx∣∣� ∣∣
)

� = 0. (47)

n this case, Eq. (47) reduces to

(˛(t) + d(t)) U
′′ −
{

t
dω(t)

dt
+ ω(t) + �2˛(t)

}
U + ˇ(t)U3 + �(t)U5 = 0. (48)

o obtain an analytic solution, we use the transformation U = V
1
2 in Eq. (48) to find

(˛(t) + d(t))
(

2VV
′′ − (V ′)2)− 4

(
t

dω(t)
dt

+ ω(t) + �2˛(t)
)

V2 + 4ˇ(t)V3 + 4�(t)V4 = 0. (49)

or the solutions of Eq. (47), assume
V(�) =
N∑

l=0

al

(
� ′(�)
� (�)

)l

, aN /= 0, (50)
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where al are all constants to be determined. Balancing V′′ with V3 in Eq. (49) gives N = 1 . Consequently, we reach

V(�) = a0 + a1

(
� ′(�)
� (�)

)
. (51)

Substituting Eq. (51) in Eq. (49) and then setting the coefficients of �−j, j = 0, 1, 2, 3, 4 to zero, then we  obtain a set of algebraic
equations involving a0, a1, a2, � and ω(t) as following

�−4 Coeff.:

a2
1

(
3 (˛(t) + d(t)) + 4�(t)a2

1

)(
� ′)4 = 0, (52)

�−3 Coeff.:

4a1
(

� ′)2 (
a0
(

˛(t) + d(t) + 4�(t)a2
1

)
� ′ + a1

(
ˇ(t)a1� ′ − (˛(t) + d(t)) �

′′)) = 0, (53)

�−2 Coeff.:

−a1(6 (˛(t) + d(t)) a0� ′�
′′ + a1(4

(
t

dω(t)
dt

+ ω(t) + ˛(t)�2 − 3ˇ(t)a0 − 6�(t)a2
0

)(
� ′)2 + (˛(t) + d(t))

(
�

′′)2

− 2 (˛(t) + d(t)) � ′�
′′ ′)) = 0, (54)

�−1 Coeff.:

2a0a1

((
−4
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2

)
+ 6ˇ(t)a0 + 8�(t)a2

0

)
� ′ + (˛(t) + d(t)) �

′′ ′
)

= 0, (55)

� 0 Coeff.:

4a2
0

(
−t

dω(t)
dt

− ω(t) − ˛(t)�2 + ˇ(t)a0 + �(t)a2
0

)
= 0. (56)

Solving this system, we obtain

a0 = −3ˇ(t)
4�(t)

, a1 = ±
√

−3 (˛(t) + d(t))
4�(t)

, ω(t) = 1
t

∫
0

t{
− 3ˇ2(t)

16�(t)
− ˛(t)�2

}
dt (57)

where a1 is a real arbitrary constants. Substituting (51) into Eqs. (53) and (55), we  obtain

�
′′ = ±

√
−3ˇ2(t)

4 (˛(t) + d(t)) �(t)
� ′, (58)

�
′′ ′ = −3ˇ2(t)

4 (˛(t) + d(t)) �(t)
� ′. (59)

From Eqs. (58) and (59), we can deduce that

� ′ = ±
√

−4 (˛(t) + d(t)) �(t)
3ˇ2(t)

c1e
±
√

−3ˇ2(t)
4(˛(t)+d(t))�(t) �

, (60)

� = −4 (˛(t) + d(t)) �(t)
3ˇ2(t)

c1e
±
√

−3ˇ2(t)
4(˛(t)+d(t))�(t) �

+ c2. (61)

where c1 and c2 are constants of integration. Substituting Eqs. (60) and (61) into Eq. (51), we  obtain the following new exact
solution to Eq. (47)⎛ √ ⎧⎪⎪⎪ √

−4(˛(t)+d(t))�(t) ±
√

−3ˇ2(t)
4(˛(t)+d(t))�(t) �

⎫⎪⎪⎪⎞

� (x, t) =

⎜⎜⎜⎝−3ˇ(t)
4�(t)

± −3 (˛(t) + d(t))
4�(t)

⎨
⎪⎪⎪⎩

±
3ˇ2(t)

c1e

−4(˛(t)+d(t))�(t)
3ˇ2(t)

c1e
±
√

−3ˇ2(t)
4(˛(t)+d(t))�(t) �

+ c2

⎬
⎪⎪⎪⎭
⎟⎟⎟⎠

×e
i

(
−�x−
∫

0

t
{

3ˇ2(t)
16�(t) +˛(t)�2

}
dt

)
. (62)
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f we set c1 = −3ˇ2(t)
4(˛(t)+d(t))�(t) e

√
−3ˇ2(t)

4(˛(t)+d(t))�(t) �0
, c2 =±1, we obtain

� (x, t) =
(

−3ˇ(t)
8�(t)

{
1 ∓ tanh

[
1
2

√
−3ˇ2(t)

4�(t) (˛(t) + d(t))

(
x + 2�

∫
0

t

˛(t)dt + �0

)]}) 1
2

×e
i

(
−�x−
∫

0

t
{

3ˇ2(t)
16�(t) +˛(t)�2

}
dt

)
, (63)

� (x, t) =
(

−3ˇ(t)
8�(t)

{
1 ∓ coth

[
1
2

√
−3ˇ2(t)

4�(t) (˛(t) + d(t))

(
x + 2�

∫
0

t

˛(t)dt + �0

)]}) 1
2

×e
i

(
−�x−
∫

0

t
{

3ˇ2(t)
16�(t) +˛(t)�2

}
dt

)
, (64)

.4. Dual-power law nonlinearity

For dual-power law nonlinearity, G(s) = ˇsn + �s2n, where  ̌ and � are in general constants although in this paper they are
aken to be time-dependent. This nonlinearity serves as a basic model to describe the solitons in photovoltaic-photorefractive

aterials such as LiNbO3. Moreover, this law is a generalization of the parabolic law nonlinearity. In fact, setting n = 1, the
ual-power law nonlinearity. In this case, the RNLSE is [1–9]

i�t + ˛(t)�xx +
{

ˇ(t)
∣∣� ∣∣2n + �(t)

∣∣� ∣∣4n
}

� + d(t)

(∣∣� ∣∣
xx∣∣� ∣∣
)

� = 0. (65)

n this case, Eq. (65) reduces to

(˛(t) + d(t)) U
′′ −
{

t
dω(t)

dt
+ ω(t) + �2˛(t)

}
U + ˇ(t)U2n+1 + �(t)U4n+1 = 0. (66)

o obtain an analytic solution, we use the transformation U = V
1

2n in Eq. (66) to find

(˛(t) + d(t))
(

2nVV
′′ + (1 − 2n)(V ′)2)− 4n2

(
t

dω(t)
dt

+ ω(t) + �2˛(t)
)

V2 + 4n2ˇ(t)V3 + 4n2�(t)V4 = 0. (67)

or the solutions of Eq. (65), we assume:

V(�) =
N∑

l=0

al

(
� ′(�)
� (�)

)l

, aN /= 0, (68)

here al are all constants to be determined. Balancing V′′ with V3 in Eq. (67) gives N = 1 . Consequently, we  reach

V(�) = a0 + a1

(
� ′(�)
� (�)

)
. (69)

ubstituting Eq. (69) in Eq. (67) and then setting the coefficients of �−j, j = 0, 1, 2, 3, 4 to zero, then we  obtain a set of algebraic
quations involving a0, a1, a2, � and ω(t) as following

�−4 Coeff.:

a2
1

(
(1 + 2n) (˛(t) + d(t)) + 4n2�(t)a2

1

)  (
� ′)4 = 0, (70)

−3 Coeff.:

2a1
(

� ′)2
(2na0

(
˛(t) + d(t) + 4n�(t)a2

1

)
� ′ + a1

(
2n2ˇ(t)a1� ′ − (1 + n) (˛(t) + d(t)) �

′′)
) = 0, (71)

−2 Coeff.:
a1(−6n (˛(t) + d(t)) a0� ′�
′′ + a1(−4n2

(
t

dω(t)
dt

+ ω(t) + ˛(t)�2 − 3ˇ(t)a0 − 6�(t)a2
0

)(
� ′)2

− (−1 + 2n) (˛(t) + d(t))
(

�
′′)2 + 2n (˛(t) + d(t)) � ′�

′′ ′)) = 0, (72)
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�−1 Coeff.:

2na0a1

(
2n
(

−2
(

t
dω(t)

dt
+ ω(t) + ˛(t)�2

)
+ 3ˇ(t)a0 + 4�(t)a2

0

)
� ′ + (˛(t) + d(t)) �

′′ ′
)

= 0, (73)

�−2 Coeff.:

4n2a2
0

(
−t

dω(t)
dt

− ω(t) − ˛(t)�2 + ˇ(t)a0 + �(t)a2
0

)
= 0, (74)

Solving this system, we obtain

a0 = −(2n + 1)ˇ(t)
2(n + 1)�(t)

, a1 = ±
√

−(2n + 1) (˛(t) + d(t))
4n2�(t)

, ω(t) = 1
t

∫
0

t{
− (2n + 1)ˇ2(t)

4(n  + 1)2�(t)
− ˛(t)�2

}
dt (75)

where a1 is a real arbitrary constants. Substituting (69) into Eqs. (73) and (71), we  obtain

�
′′ = ±

√
−n2(2n + 1)ˇ2(t)

(n + 1)2 (˛(t) + d(t)) �(t)
� ′, (76)

�
′′ ′ = −n2(2n + 1)ˇ2(t)

(n + 1)2 (˛(t) + d(t)) �(t)
� ′. (77)

From Eqs. (75) and (76), we can deduce that

� ′ = ±
√

−(n + 1)2 (˛(t) + d(t)) �(t)
n2(2n  + 1)ˇ2(t)

c1e
±
√

−n2(2n+1)ˇ2(t)

(n+1)2(˛(t)+d(t))�(t)
�
, (78)

� = −(n + 1)2 (˛(t) + d(t)) �(t)
n2(2n  + 1)ˇ2(t)

c1e
±
√

−n2(2n+1)ˇ2(t)

(n+1)2(˛(t)+d(t))�(t)
�

+ c2. (79)

where c1 and c2 are constants of integration. Substituting Eqs. (77) and (78) into Eq. (69), we obtain the following new exact
solution to Eq. (65)

� (x, t) =

⎛
⎜⎜⎜⎝−(2n + 1)ˇ(t)

2(n  + 1)�(t)
±
√

−(2n + 1) (˛(t) + d(t))
4n2�(t)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

±
√

−(n+1)2(˛(t)+d(t))�(t)
n2(2n+1)ˇ2(t)

c1e
±
√

−n2(2n+1)ˇ2(t)

(n+1)2(˛(t)+d(t))�(t)
�

−(n+1)2(˛(t)+d(t))�(t)
n2(2n+1)ˇ2(t)

c1e
±
√

−n2(2n+1)ˇ2(t)

(n+1)2(˛(t)+d(t))�(t)
�

+ c2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⎞
⎟⎟⎟⎠

×e
i

(
−�x−
∫

0

t
{

(2n+1)ˇ2(t)

4(n+1)2�(t)
+˛(t)�2

}
dt

)
. (80)

If we set c1 = −n2(2n+1)ˇ2(t)
(n+1)2(˛(t)+d(t))�(t)

e

√
−n2(2n+1)ˇ2(t)

(n+1)2(˛(t)+d(t))�(t)
�0

, c2 =±1, we obtain

� (x, t) =
(

−(2n + 1)ˇ(t)
4(n  + 1)�(t)

{
1 ∓ tanh

[
1
2

√
−n2(2n  + 1)ˇ2(t)

(n + 1)2 (˛(t) + d(t)) �(t)

(
x + 2�

∫
0

t

˛(t)dt + �0

)]}) 1
2n

×e
i

(
−�x−
∫

0

t
{

(2n+1)ˇ2(t)

4(n+1)2�(t)
+˛(t)�2

}
dt

)
, (81)

� (x, t) =
(

−(2n + 1)ˇ(t)
4(n  + 1)�(t)

{
1 ∓ coth

[
1
2

√
−n2(2n  + 1)ˇ2(t)

(n + 1)2 (˛(t) + d(t)) �(t)

(
x + 2�

∫
0

t

˛(t)dt + �0

)]}) 1
2n

×e
i

(
−�x−
∫

0

t
{

(2n+1)ˇ2(t)

4(n+1)2�(t)
+˛(t)�2

}
dt

)
, (82)

4. Conclusions
This paper revisited RNLSE with time-dependent coefficients that comes with four types of nonlinearity. The study was
devoted to the application of modified simple equation method. This resulted in bright, dark and singular soliton solutions.
The solitons exist with several constraint conditions that naturally appear from the solution structure. Another important
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spect for these solitons to exist is that the time-dependent coefficients must be Riemann integrable. The results of this
aper are indeed encouraging. Later, these results will be explored further. Besides time-dependent coefficients, stochastic
oefficients will be considered in future. This will lead to additional interesting results. Furthermore, fractional temporal
volution will be studied. The results of those research will be reported as well.
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