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1. Introduction

Dispersive optical solitons are naturally present in optical fibers whenever there is a dominance of third order and fourth
order dispersion (30D &40D) in addition to nonlinear dispersion. This leads to a different model to study soliton propagation
through optical fibers. It is known as Schrodinger-Hirota equation (SHE) that is not the usual nonlinear Schrédinger’s equa-
tion (NLSE). SHE is derivable from NLSE by Lie transform and subsequently ignoring the higher order terms [1-5]. Finally, in
order to carry out parallel transmission of soliton molecules through optical fibers, SHE is generalized for DWDM technology
with Kerr law nonlinearity.

This paper will study these dispersive solitons with DWDM technology for SHE. There are several integration schemes
that are applied nowadays to obtain soliton solutions to such models and other nonlinear evolution equations [1-25]. This
paper will implement one such integration algorithm to retrieve soliton solutions to DWDM system with SHE that is studied
with cubic nonlinearity. This is the extended trial equation method. After a quick outline of the derivation of SHE from NLSE,
the integration algorithm will be revisited and subsequently applied to SHE.

* Corresponding author.
E-mail addresses: qinzhou@whu.edu.cn, qzh@whu.edu.cn (Q. Zhou).

http://dx.doi.org/10.1016/].ijle0.2017.06.110
0030-4026/© 2017 Elsevier GmbH. All rights reserved.


dx.doi.org/10.1016/j.ijleo.2017.06.110
http://www.sciencedirect.com/science/journal/00304026
http://www.elsevier.de/ijleo
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijleo.2017.06.110&domain=pdf
mailto:qinzhou@whu.edu.cn
mailto:qzh@whu.edu.cn
dx.doi.org/10.1016/j.ijleo.2017.06.110

566 A. Sonmezoglu et al. / Optik 144 (2017) 565-572
2. Governing model
The propagation of solitons through optical fibers with 30D is modeled by NLSE [1-5]:
i + %uxx + [u]Pu = —iAUyex. (1)
In (1), A is the coefficient of 30D. The first term on the left hand side is the linear temporal evolution, while the second term

accounts for group velocity dispersion (GVD). Also, on left side, the third term is the self-phase modulation (SPM) with Kerr
law nonlinearity. Next, the following Lie symmetry is applied [3,13]:

X
g—u_ 3. [ux +2u / |u(s)|2ds] , (@
which transforms (1) to
1 .
iqe + 5 0o + 19120 + i (G + 611°qx) = 0, (3)

after neglecting higher order terms [1-5,18-20,23]. Eq. (3) is SHE with Kerr law nonlinearity.
Thus, SHE models transmission of dispersive optical solitons through nonlinear fibers. With arbitrary coefficients, SHE
can be rewritten as

iq; + gy +€1q1°q + 1 (Yaxw + 01g1%qx) = 0. (4)

Here, o represents nonlinear dispersion. Now, it was pointed out during 2012, that GVD alone makes the governing model
ill-posed [15,17]. Therefore, it was suggested that inclusion of spatio-temporal dispersion (STD) introduces well-posedness
[15,17]. Hence, SHE with STD is

iq; + adyy + bay + €1a1’q + i (Vaux + 01q1ax) =0, (5)
where the coefficient of b represents STD. Finally, in presence of perturbation terms, SHE with STD extends to
iq; + adyy + by + €1a1°q + i (Vaux + 019170x) = iaqx +ir(191%q)  +iv(191?) 4. (6)

In (6), « is the coefficient of intermodal dispersion, A is the self-steepening term to circumvent shock wave formulation
and finally v is the other form of nonlinear dispersion. This equation of perturbed SHE has been studied earlier in several
occasions [18-20,23]. Therefore this paper will simply generalize (5) to DWDM systems in the following section that will be
addressed in details by the aid of extended trial equation method.

For DWDM system, Eq. (6), without self-steepening and nonlinear dispersion, generalizes to [23]

N N

L. ! . 2 2 . 2 2|

iq" +icnq{ + aigf) + bigl + ingi + § ald®|"+ > din|a™|” b aP+iQ &]qV)7+D nnla™|” b e’ =0, (7)
n+l n+l

where 1 <[ <N.The first term in (7) on left hand side is the linear temporal evolution term, while g, represents the coefficient
of GVD and the coefficient of b; is the STD. Then, the coefficient of y; is the 30D. Also, ¢, is the SPM while dj,, gives cross-phase
modulation. Finally, & and 5, are from nonlinear dispersions.

In order to solve (7) for solitons, the following phase-amplitude form of decomposition for the wave profile g()(x, t) is
carried out.

qO(x, £) = PO(s)eidix.0), (8)
where

s=Xx-—vt, 9)
and the phase component ¢ is given by

¢ (x,t) = -k X + it + 6y, (10)

where 1 <I<N. In (8) and (9), P(x, t) represents the amplitude portion of the soliton and v is the speed of the wave. From
(10), x; is the frequency of the soliton, w is the wave number of the soliton and finally 6, is the phase constant. Substituting
(8) into (7) and decomposing into real and imaginary parts lead to

(a; +3yik — by) (P(l))” + {O{lK[ +wi(bi; — 1) — alKlz - )/[K?} PO 4 (Cl + Klf[) (P(l))3

v , (1)
+<)  (din+ ) (PM) 7 5 PO =0,
n+l
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and

{ + by + 2ap — 3y} —v(1 = b))} (P(l))/ +¥ (P(“)m + (P(’)) g(P?) g Zmn =0. (12)
n#l

Using the balancing principle gives
PO = p(m), (13)

Consequently, Egs. (11) into (12) reduce to

N
(a; + 3yix; — byv) (P(”)” + {aliq + (b — 1) — a,/c,2 - ylicf} PO+ { o+ 108 + Z (din + Mnk1) (P(’))3 =0, (14)
n+l
and
{0([+b[a)l+2(11K1 —3)/1K12 -v(1 —b[lq)} (P(l))/-i-]/[(P(l))m-i- (P( )) P(l) §I+ann =0. (]5)
n+l

From (15), it shows that third order dispersion must vanish, namely
n=0, (16)
for 1 <l <N, so that Egs. (14) and (15) becomes

N
(@ — byw) (P)" + {eyiey + by — 1) — aue? } PO + S ¢+ iy + Z (din + Mink1) (P(l))3 =0, (17)
n#+l
and
{o+ by + 2am —v(1 = b } (P) + (P“)) (PD)' S & + ann =0. (18)

n+l

Eq. (16) shows that dispersive optical solitons in DWDM systems will exist provided the third order dispersion coefficient
is zero. Next, setting the coefficients of the linearly independent functions, in (15), to zero is possible to retrieve the speed
of the soliton

o+ blw, + 2aik;

V= 1 be (19)
as long as the constraints
bll(’ + 1, (20)
N
E+) mn=0, 21)
n#l

remain valid. The extended trial scheme approach will now be applied, in the subsequent subsection, to Eq. (17) to retrieve
bright, dark and singular soliton solutions to DWDM system given by (7).

3. Extended trial equation method

To start off with extended trial scheme approach, the following initial assumption for the solution structure of (17) is
made:

S
p — Zti(l)\yi’ (22)

where

DW)  pweWo+--+ Vo

. 23
T = oW+ 1V o (23)

(W'Y = A(P) =
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(0 OR

Herezy’, ..., 75 oy - - o Mo and xo, . . ., Xp are constants to be determined later. Using the relations (22) and (23), we derive
the terms ((P(’))/)2 and (P®)” as below:
c 2
72 [olQY) . i
((PDYY" = —Tgwi (Zn,‘”\v"]) : (24)
i=0
and
S S
o D(W)T(V) — d(W)Y'(W)  (Darii oY) . i
(Dy" _ (D\gsi—1 FUE) . (D\yi-2
Py = Y0} (thi v >+ ) (Zz(z v ) (25)
i=0 i=0

where ®(W¥) and Y(W¥) are polynomials of W. We reduce Eq. (23) to the elementary integral form as follows:

YA AT
i(s—so)—/m—/1/¢(w)dw. (26)

According to the balance principle, we determine a relation of o, p and ¢ is given by
o=p+25+2. (27)
Wheno=4, p=0and ¢=1inEq. (27), we then assume that Eq. (17) have the following formal solutions:
! I
PO = ) 4 7Dy, (28)
where T(()l) and 1:5” are constants to be determined later such that rgl) #+ 0, and W satisfies Eq. (23). Substituting these formal

solutions and their necessary derivatives into Eq. (17), and solving the resulting system of algebraic equations one recovers
the following solution set:

[o = [o, K2 = U2, Xo = Xo. Ty =73, T =7,

2
27! <M2 (a;— bw) +2x0 (T((,l)) {Cz + 161+ 3oy, (din + nanl)})

M1 = ] >
rg)(al - bw)
n_( N
2077 {Cl g+, (din + ﬂanl)}
M3 == a — blU ’ (29)
0% N
X0 (Tl ) {CI +iE+Y 0, 21(din+ ﬂanz)}
Ha== 2(a;— by) ’
m\? N
bpa +a; (xok? — p2) — xo <061K1 +3 (To ) {Cl g+, (din + ’7an1)}>
w) =

Xo (bik; — 1)
Substituting the solution set (29) into Egs. (23) and (26), we recover that

dw
i($—50)=Q/7, (30)
VAW
where
AW =Wty B3y F2ge Py o g [ X0 (31)
M4 Ha Ha Ha Ha
As a result, we obtain the traveling wave solutions to Eq. (7) as follows:
When A(W)=(W- A;)?4 rational function solutions are:
0]
qD(x, t) = rél) + TEDM + e
X { o + bjw; + 2aik; } s
1- b[K{ (32)
2
bwpz +a; (xok? - 12) = xo (am +3(0) {a+mg+ 3 (dn+ mm)})
xexp |id —kx+ t+6

Xo (bik — 1)
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When A(W)=(¥- A;)3(W—A,) and A, > A1, plane wave solutions are:

479Q% (A2 — M)

o) + bjw; + 2aik 2
407 - [(M —)»2)()(— {#}t_so)}
1—b(K1

bwpz +a; (xok? = 112) = xo (am +3 (tf]”)z {errrasi+ S0 (e mwen

a0 = ¢ ¥ +0h+

)

xexp [i{ —kx+
! Xo (bik; — 1)

When A(W)=(W- Aq)2(W— Ay)2, hyperbolic function solutions are:

(0, - 1)

A — A2 o) + bjw; + 2aik,
_— —y 3t -1
exp [ ) (x { T b, So

btz +ai ( x0k? = pz) = Xo (auq +3 (rf,”)z {a+mg+3 0 i+ nue) }

g, )= ¢ P+ +

xexp | i< —Kkx+

Xo (b — 1)
and

(g = 2)

A — A2 a; + bjwy + 2ak;
exp[T (x—{w t—So -1

bpa +a (XOK,2 - V«z) - Xo (OtrKl +3 (Tf)”)z {Cl + K& + Z:#,(d]n + 77an!)}

a0 = ¢ ¥ +0h+

xexp |i{ —kx+

)

Xo (b — 1)

When A(W)=(W—Aq)2(W—Ay)(W—A3)and Aq > Ay > A3, bright soliton solutions are:

2700 = 22)(h1 = A3)

qO(x, t) = rf)” + ri“)q -
(A = A2)(A1 = A3)
20 — Aa — A3 + (A3 — Az)cosh x_ d athon+2ame |
Q 1- bk
2 N
bz +ai ( x0k? = 12 = Xo (auq +3(a)) {a+ g+ 3, (dn+mue) }
xexp |i< —Kkx+

Xo (b — 1)

t+6

t+6

t+6

t+6

When A(W)=(W—A)(W—A2)(W—A3)(W—A4) and Aq > Ay > A3 > A4, Jacobi elliptic function solutions are:

(1
T (M — A2)(ha — A
qO(x, t) = r(()’)+r§’))»2+ 1 (1 2)(4 2)

2Q 1- b[KI

bwpz +a; (xok? ~ 12) = xo (am +3 (rff))z {errrag+ S0 (e mue

(A = 2A3)(A2 — A4)
At —Aa + (A1 — Ag)SN2 li |:X_ {ou + by + 2a;k; } t—50:| ,m]

)

xexp [i{ —kx+
P ! Xo (bik; — 1)

where

m2 — 2 =23)(1 — Aa)
(A1 —A3)(A2 — Ag)’

Note that A; forj=1, ..., 4 are the roots of the following equation:

A(Y)=0.

t+6

)

569

(37)
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When T(()’) = —‘L'gl))q and sg =0, solutions (32)-(36) are reduced to plane wave solutions

0}
T
al(x, )= ¢ =+ 12
. { a; + bjwy + 2aik }t
1- blK[ (40)
2 N
bwpz +ay (xok? = 112) = xo (am +3()) {a+kgi+ Y, (dn+ mm)})
xexp [i{ —Kkx+ t+6 s
P : Xo (b — 1) :
2 _
qO(x, £) = 4 QM — M) ~
2 B Jat biw; + 2aik;
4Q {(M A2) (X {71 b, t 1)
2 N
bwpz +ay (xok? = 112) = xo (am +3()) {a+rksi+ Y, (dn+ mm)})
xexp [iq —Kkx+ t+0 s
P : Xo (b — 1) :
singular soliton solutions
()
7, (A2 — A1) i — A o + b + 2aik
0 _ & 1 hlMi=2e (0 [ ot o+ 20
qY(x, t) 5 F cotl 20 X b, t
2 N 42
bpa +a (XOK,2 - Mz) - Xo (OttKl + 3(r§”) {Cl +abi+ Znil(d]n + Wanr)}) (42)
exp |i4 —Kkix+ t+6
x exp I Yo (b —1) I
and bright solitons

q(x, t) = R
T+ cosh [s(x_{w}t)}
a0 (43)
2
e (XOKf _ “2) o (a‘KI +3(t[(’l)) {Cl + Kk + Zfl’#l(d]n + ﬂlnkl)}>
T t+6 s
Xo (b — 1)
where
go 2 halha ) o VO Z AR T As) o 2 ha—hs (44)
e Q A3 — A2

We note that R is the amplitude of the soliton, while S is the inverse width of the soliton. So, the solitons are valid for ‘L'gl) < 0.
Furthermore, when r(()’) = —ti’)xz and sg =0, the solutions (37) are simplified below:

q(x, t) = Ry
2l [y a,+b,w,+2a,/(,} } (A2 — A3)(Mq —14):|
fen [S} [X { 1-bik o (A1 = A3)(A2 — Ag) (45)
2
by, +a ()(oIC,2 - Mz) = Xo (ou/q +3(rg)) {c, + Kki&i +Z:#l(d]n + 771nK:)}>
xexp i< —kix+ Yo —1) t+6; s
where
0 .
77 (A = A)(hg — A — -1 M —A3)(Aa — A
R, = 1 (A1 = 2A2)(Ag — A2) T—M A2 s (=1Y /(A1 = A3)(A2 4)’ (-1.2). (46)

A — g UL PR e

Remark 1. When the modulus m — 1, singular optical soliton solutions emerge:
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qO(x, t) = Ri —
Ty + tanh?® Si{x— Gt oot 2aia L
1- bllq (47)
2 N
bps +a (Xo/q2 - ll«z) — Xo (alkl +3 (ré”) {CI + g+ Zn#l(d]n + 77an!)}>

t+6

xexp [i{ —kx+ s
! Xo (b — 1)

where A3 =Ag4.

Remark 2. However, if m — 0, periodic wave solutions are obtained as

R

Ty +sin® {s,- (xf {M}t)}
ol (48)
2 N
bps + (XolqZ - ﬂz) - Xo <au<1 +3 (rél)) {c, +rg Yy, (it mm)})
Xo (b — 1)

qOx, t) =

xexp [i{ —kx+ t+6 s

where A = A3.
4. Conclusions

This paper secured bright and singular dispersive optical solitons to DWDM systems that is governed by SHE with Kerr
law nonlinearity with STD. The extended trial equation scheme was implemented successfully to retrieve these soliton
solutions. The results came up with a number of constraints that must hold for these solutions to exist and these conditions
are listed. The dark solitons were not obtainable from this algorithm. This is the drawback of this integration scheme. The
results of this paper carry a lot of future prospects. The algorithm can be applied to various other situations such as Bragg
gratings, optical couplers and other cases. Those results will be later available. This is just a tip of the spear.
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